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Abstract 

In this study we reconsider the effect of variable transformations on the 
redistribution of income. Under the assumption that the theorems should hold for 
all income distributions, earlier given conditions are both necessary and sufficient. 
Different versions of the conditions are compared. We also consider the 
consequences if we drop the explicit continuity restriction on the transformations. 
One main result is that continuity is a necessary condition if one pursues that the 
income inequality should remain or be reduced. In our earlier studies concerning 
tax policies the assumption that differentiable transformations satisfying a 
derivative condition could be reduced to transformations satisfying only a 
continuity condition. 
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1  Introduction  

It is a well-known fact that variable transformations are valuable when one 
studies the effect of tax and transfer policies on the income inequality. Usually the 
transformation is assumed to be positive, monotone increasing and continuous. 
Under the assumption that the theorems should hold for all income distributions, 
earlier given conditions are both necessary and sufficient [1] and we reconsider 
the effect of variable transformations on the redistribution of income. Different 
versions of the conditions are compared ([1] - [4]). We drop the explicit 
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assumption of continuity of the transformations, but it can be implicitly included 
in the necessary and sufficient conditions. One main result is that continuity is a 
necessary condition if one pursues that the income inequality should remain or be 
reduced. In addition, in our earlier studies of classes of tax policies, the results 
were based on the assumption that the transformations were differentiable 
satisfying a derivative condition [5], [6]. It is possible to reduce this assumption to 
a continuity condition. is the text of the introduction.  
 
 
2  Main Results  
2.1  Properties of Continuous Transformations  

Consider the income X with the distribution function )x(FX , the mean Xµ , 
and the Lorenz curve )p(LX . We assume that X is defined for 0≥x . If we 
assume that the density function )(xf X  exists, we obtain the formulae 
      )( pxFp = ,                                                              (1) 

     ∫
∞

=
0

XX dxxxf )(µ                                                         (2)

  
and 

     ∫=
px

0
X

X
X dx)x(xf1)p(L

µ
.                                                 (3) 

We consider the transformation )X(uY = , where )(⋅u  is non-negative and 
monotone increasing. The transformation can be considered as a tax or a transfer 
policy and consequently, the transformed variable is the post-tax or post-transfer 
income, respectively. For the transformed variable Y we obtain the distribution 
function 

( ) ( ) ( ) ( ))y(uF)y(uXPy)X(uPyYP)y(F 1
X

1
Y

−− =≤=≤=≤=  

Using this result we obtain the mean and the Lorenz curve for the variable Y. They 
are 

        ∫
∞

=
0

XY dxxfxu )()(µ                                                    (4) 

and  
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        ∫=
px

0
X

Y
Y dx)x(f)x(u1)p(L

µ
.                                          (5)

 A fundamental theorem concerning the effect of income transformations on 
Lorenz curves and Lorenz dominance is  

Theorem 1. ([1], [2], [3]). Let X be an arbitrary non-negative, random variable 
with the distribution )x(FX , mean Xµ  and Lorenz curve )( pLX . Let )(xu  be 
non-negative, continuous and monotone-increasing and let ( ))(XuEY =µ  exist. 
Then the Lorenz curve )( pLY  of )X(uY =  exists and the following results 
hold  

(i) )()( pLpL XY ≥  if 
x
xu )(  is monotone decreasing, 

(ii) )()( pLpL XY =  if 
x
xu )(  is constant and 

(iii) )()( pLpL XY ≤  if 
x
xu )(  is monotone increasing. 

According to this theorem we obtain in (i) a sufficient condition that the 
transformation )(xu  generates a new income distribution which Lorenz 
dominates the initial one ( )( pLi  in Figure 1) 
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Figure 1: Lorenz Curves and Lorenz Dominance 
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If we analyse the proof of the case (i) in Theorem 1 in [2] we observe that the 
difference )p(L)p(L XY −  can be written 

 ( ) ( ) dxxfx
x
xudxxfxxupLpLpD

Y

x

0 X

Y
x

0 XY
XY

pp

)()()()()(
µµ

µ
µµ ∫∫ 








−=








−=−= .  (6) 

In any case, 0)1(D)0(D == . In order to obtain Lorenz dominance the 
difference )( pD  must start from zero and then attain positive values and after 
that decrease back to zero and the integrand in (6) must start from positive 
(non-negative) values and then change its sign and become negative. 

Consequently, 
x
xu )(  has to be a decreasing function. The condition is necessary if 

the rule should hold for all income distributions )x(FX  [1]. Assume that the 

quotient 
x
xu )(  is both increasing and decreasing. If 

x

)x(u  is monotonously 

increasing for all 0x >  then the proposition (iii) holds and this case can be 
ignored. Let a transformation )(xu  satisfy the initial conditions (non-negative, 

continuous and monotone increasing) and let 
x
xu )(  be increasing within some 

interval ( ∞<<<< bxa0 ). Now we present a distribution such that the 
transformed variable )(XuY =  does not Lorenz dominate the initial variable X. 
Consider a distribution with a continuous density function, 

               








>
≤≤>
<≤

=
bx

bxaxf
ax

xf X

0
0)(

00
)( 0                               (7) 

For the pair ( )(xf X , )(xu ) the formula (6) can be written 

               dxxf
x
xuxpD X

x

a X

Y

Y

p

)()()( ∫ 







−=
µ
µ

µ
,                             (8) 

where bxa p ≤≤ .  

We observe that 0)1()0( == DD , that Theorem 1(iii) holds and that the 
transformation results in a new variable Y which is Lorenz dominated by the initial 
variable X. Hence, if we demand that the transformed variable )X(uY =  shall 
Lorenz dominate X for all distributions )x(FX , then the condition in Theorem 
1(i) is necessary ([1], [7], Chapter 8). 

Hemming and Keen [4] gave an alternative condition for the Lorenz 
dominance. Their condition is, with our notations, that for a given distribution 

)x(FX  the function )(xu  crosses the line x
X

Y

µ
µ  once from above, that is that 
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x
xu )(  crosses the level 

X

Y

µ
µ  once from above. We observe that if their condition 

holds then the integrand in (6) starts from positive values, changes its sign once 
and ends up with negative values and their condition is equivalent with our 
condition. For the example considered above, the Hemming-Keen condition is not 
satisfied. The integrand is zero for ax <  and for bx > . For bxa ≤≤  the ratio 

x
)x(u  is increasing and if it crosses 

x

Y

µ
µ

 it cannot do it from above.      

Consequently if 
x
xu )(  is not monotone decreasing then there are distributions for 

which the Hemming-Keen condition does not hold.  

On the other hand if we assume that 
x
xu )(  is monotone decreasing then 

x
xu )(  satisfies the condition “crossing once from above for every distribution 

)x(FX ”. Hence, our condition and Hemming-Keen condition are also equivalent 
as necessary conditions. In a similar way we can prove that if the other results in 
Theorem 1 should hold for every income distribution the conditions in (ii) and in 
(iii) are also necessary. 

 
 
2.2 The Effect of Discontinuities in the Transformation u(x) 

The results obtained, indicate that if 
x
xu )(  is continuous and monotone 

increasing even in a short interval, then there are income distributions such that 
the transformation )(xu  cannot result in Lorenz dominance. What can be said if 

)(xu  is discontinuous? Assume that )(xu  is still positive and monotone 
increasing. Assume furthermore, that ( ) YXuE µ=)(  exists for every stochastic 
variable X with finite mean Xµ . The discontinuities of )(xu  can only consist of 
finite positive jumps. For realistic models within this framework, the number of 
jumps can be assumed to be finite or countable. Assume that elsewhere )(xu  
satisfies all the other conditions including the condition in Theorem 1(i). We will 
prove that if )(xu  is discontinuous there exists a distribution )x(FX  such that 
the transformation )X(uY =  does not Lorenz dominate the initial variable X. 
Again we follow the arguments given by Jakobsson [1]. However, the 
discontinuity demands a more detailed reasoning. A detailed presentation of the 
discontinuity case was earlier given in [8]. 
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Let 0>a  be a discontinuity point, such that 0)(lim uxuax =−→  and 
duxuax +=+→ 0)(lim , where the jump 0>d . (The notation )(lim xuax −→  

indicates limit from the left and )(lim xuax +→  limit from the right.) We do not 
assume anything about how )(xu  is defined in the point a . Choose 0>h  so 
small that the point a  is the only discontinuity point within the interval 
( )haha +− , . (Later we may reduce the interval even more). Let t and z be 
arbitrary values satisfying the inequalities 

hazatha +<≤≤<− . 

If )(xu  is monotone increasing we have )z(uduu)t(u 00 ≤+<≤  and  







=

+
<=








+→−→ z
)z(ulim

a
du

a
u

t
)t(ulim az

00
at . 

Hence, the quotient 
x
xu )(  cannot be monotone decreasing within the interval 

( )haha +− , . Consider a variable X, having the symmetric density function 

            










−>

+≤≤−





 −−

−<

=

hax

haxhaxa
hh

hax

xf X

0

111
0

)( .                    (9)

  
The mean aXE X == µ)( . For the transformed variable )(XuY =  the mean is 

    =+== ∫∫
+

−

ha

a
X

a

ha
XY dxxfxudxxfxuYE )()()()()(µ                           (10) 

( ))()(
2
1)()()()( 2121 αααα uudxxfudxxfu

ha

a
X

a

ha
X +=+= ∫∫

+

−

, 

where aha 1 <<− α  and haa +<< 2α . If 0→h  then duY 2
1

0 +→µ .  

Assume furthermore, that we have chosen h so small that duY 4
1

0 +>µ . Consider 

now 

        ∫
−









−=−=

px

ha
X

X

Y

Y
XY dxxf

x
xuxpLpLpD )()()()()(

µ
µ

µ
,             (11) 

where p)x(F pX = . In order to obtain Lorenz dominance the integrand must start 
from positive (non-negative) values and then change its sign and become negative 
in such a manner that the difference )( pD  starts from zero and then attains 
positive values and after that it decreases back to zero. Within the interval 
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( )haha +− ,  the sign of the integrand depends on the factor 
X

Y

x
xu

µ
µ

−
)( , which 

starts from the value 

)(

)
4
1(

4
1

4
1

)( 00
0

haa

duhad

a

du

ha
u

aha
hau Y

−

++−
≤

+
−

−
≤−

−
− µ . 

If we assume that h satisfies the earlier conditions and in addition, the condition 

du
adh
+

<
04

, the parenthesis in (11) starts from negative values and consequently, 

the whole integrand is negative and )( pD  starts from negative values. For the 
corresponding income distribution the transformed variable Y does not Lorenz 
dominate the initial variable X. Hence, the continuity of )x(u  is a necessary 
condition if we demand that the transformed variable should Lorenz dominate the 
initial variable for every distribution. From this it follows that if the condition in 
Theorem 1(i) has to be necessary it implies continuity and hence, an explicit 
statement of continuity can be dropped. If we study the condition in (ii) we 
observe that kxxu =)(  and consequently, )(xu  has to be continuous.  

However, in the case (iii) the discontinuity does not jeopardize the monotone 

increasing property of the quotient 
x
xu )(  and the result in Theorem 1 (iii) holds 

even if the function is discontinuous. Therefore, also in this case we can drop the 
explicit continuity assumption. 

Summing up, for arbitrary distributions, )x(FX , the conditions (i), (ii), and 
(iii) in Theorem 1 are both necessary and sufficient for the dominance relations 
and an additional assumption about the continuity of the transformation )(xu  can 
be dropped. We obtain the more general theorem. 

 
Theorem 2. ([8], [9], [10]) Let X be an arbitrary non-negative, random variable 
with the distribution )x(FX , mean Xµ  and the Lorenz curve )( pLX , let )(xu  
be a non-negative, monotone increasing function and let )(XuY =  and 

YYE µ=)(  exist. Then the Lorenz curve )( pLY  of Y exists and the following 
results hold: 

(i) )()( pLpL XY ≥  if and only if 
x
xu )(  is monotone-decreasing 

(ii) )()( pLpL XY =  if and only if 
x
xu )(  is constant 

(iii) )()( pLpL XY ≤  if and only if 
x
xu )(  is monotone-increasing. 
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Remark. From the discussion above it follows that only in the case (iii) the 
transformation )(xu can be discontinuous. 

Now, we analyse the effect of a finite step in )(xu  on the Lorenz curve. We 
use the notations presented above. Let zat ≤≤ , )t(Fr X= , )a(Fq X=  and 

)z(Fs X= . Consider the difference 

( ) ( ) ( ) ==−= ∫ −
s

r

1
X

Y
XYXYY dp)p(Fu1)t(FL)z(FLL

µ
∆  

    ( ) ( ) =+= ∫∫ −−
s

q

1
X

Y

q

r

1
X

Y

dp)p(Fu1dp)p(Fu1
µµ

( ) ( )qs)(urq)(u
Y

1

Y

1 −+−
µ
β

µ
α , 

where at 1 ≤≤α  and za 1 ≤≤ β . 
When −→ at  and +→ az , then 0rq →− , 0qs →−  and 0LY →∆ . Hence, 
although the transformation )(xu  is discontinuous in the point a, the Lorenz 
curve is continuous. However, it is not differentiable. For every at <  we obtain  

( )11 ( )( ) ( ) ( ) ( )
q

Y Y Y X
Y Yr

uL L q L r u F p dp q rη
µ µ

−∆ = − = = −∫  

where at <<η . We obtain 
Y

Y )(u
rq

L
µ
η∆

=
−

. When +→− 0rq  then −→ aη  

and 
Y

0Y u
rq

L
µ

∆
→

−
. Hence, )p(LY  has the left derivative 

Y

0

qp

Y u
dp

)p(dL
µ

=








−=

. 

For every az >  we obtain  

=−= )q(L)s(LL YYY∆ )qs()(udp))p(F(u1
X

s

q

1
X

Y

−=∫ −

µ
ς

µ
, 

where za << ς . We obtain  

Y

Y )(u
qs

L
µ
ς∆

=
−

. 

When +→− 0qs  then +→ aη  and 
Y

0Y du
qs

L
µ

∆ +
→

−
.  

Hence, )p(LY  has the right derivative 

            
−=+=









=≠

+
=





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

qp

Y

Y

0

Y

0

qp

Y

dp
)p(dLudu

dp
)p(dL

µµ
.               (12) 

Consequently, )p(LY  is continuous in the point )a(Fq X=  but it is not 
differentiable and has a cusp for qp = .  
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Remark. If the transformation )(xu  is continuous then 0d =  and we obtain 
equality in (12) and the Lorenz curve is differentiable with the derivative 

Y

p
Y

y
pL

µ
=′ )( .  

In our earlier studies we noted that realistic tax policies demand continuous 
transformations. In addition the results concerning tax policies were based on the 
assumption of differentiable transformations satisfying a derivative condition ([5], 
[6]). Fellman ([10]) stressed that this restriction could be reduced to 
non-differentiable transformations satisfying a continuity condition. Consequently, 
the results in this study can only be applied on transfer policies. 

 
 
3  Discussion 

In this study we reconsidered the effect of variable transformations on the 
redistribution of income. The aim was to generalise the conditions considered in 
earlier papers. Particularly we were interested if we can drop the assumptions of 
continuity of the transformations. We have obtained that, if we demand sufficient 
and necessary conditions, theorems earlier obtained, still hold and the continuity 
assumption can be included in the general conditions. The main result is that 
continuity is a necessary condition if one pursues that the income inequality 
should remain or be reduced. 

Studies of the class of tax policies indicated that the differentiability, earlier 
assumed, can be dropped but if one wants to retain the realism of the class the 
transformations should still be continuous and satisfy the restriction x)x(u ∆∆ ≤ . 
The earlier results obtained and presented in [5] and [6] still hold.  

Empirical applications of the optimal policies of a class of transfer policies 
and the class of tax policies considered here have been discussed in Fellman et al. 
([11], [12]). There we developed ''optimal yardsticks'' to gauge the effectiveness of 
given real tax and transfer policies in reducing inequality. 
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