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Calculating the Values of Multiple Integrals by
Replacing the Integrands Interpolation by
Interpolation Polynomial

Sh.A. Nazirov! and A.A. Abduazizov?

Abstract
The work deals with the construction of multidimensional quadrature formulas for
computation of the multiple integrals’ values by replacing the integrands by

interpolation polynomial. We’ve proved the quadrature formulas’ correctness.
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1 Introduction

In [1-4] we’ll consider the methods of constructing cubature formulas on the
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2 Calculating the Values of Multiple Integrals...

basis of the method of repeated application of different, Simpson and Chebyshev.
In this paper, to construct cubature formulas for the n-fold integrals values
calculating, we used method of replacing of the integrands by interpolating

polynomial. For this purpose, let’s replace the f(x;,X,,...x,) integrand by the
following polynomial:
f (X0, X9,y X)) = L(Xg, X400y Xpy ) = f(xl(l),xgl),...,xﬁ,l))Pl(xl,xz,...,xn)+
+ f(Xl(z),ng),...,X,(12))P2(X1,X2,...,Xn)+...+
+ f(xl(”),xgn),...,xﬁn))Pn(xl,xz,...,xn).
Integrating (1) ,we have:

J z”(g)...j f (X0 Xy ey X, JOX A, ...0X z”(mj L (X, Xy res X, )X, AX,...dX, ~
=Zn: f (Xfi)'xg)’...,xﬁ”)ﬂ(m...j P (X, Xg1eve0 X, )X, 0X,...0X, =
i=1

=>Cf O, xP,...,xD),
=1 )

where
Ci = J.(D)J‘ B (X1, X200y X )AXAX5...0Xp,.

In simple fields, the C, values calculation is not difficult because

P (X,,X,,...,X,) is a polynomial. In complex areas to calculate the C, values it

is appropriate to use the V.L. Rvachev’s R-functions [2,5]. This method
determines the points of integration.

For simplicity, let’s consider the n-dimensional rectangular region and some grid
lines on it, formed by:

X, =a +ih
..................... 3)
X =a,+ih,
N — N h-— N
Il—O,nl, |2—0,n2, In= ,nn,h,:—,lzl,
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In this case we use the (xilyxi X, ). interpolation formula, using the nodes:

------

(X, Xy peens xn):inﬁ if(x X, e X, ) W, CW, (%), (%,) R (4)

W00 0 6 = X)) =X, ) (X = X)W (%)W (X )
where
w,, () = (% = %) =x).. (%, = %),
W, (%) = (6 = X)X, =X?)...(X, = x?)
.................................................................. (5)
W, (%) = 06 =X ) (%, = %) (X, =)

Integrating it, we obtain

M 17 M

J =”(Q)..._[ F O X e X JOX XX = DT D DT F (XX e X, )X

=0 i,=0 i,=0

T w,, (x,) dXT w,, (X5) dzT w, (X,)

2 (X)W () (= wp, () ) (=%, )wp, (%)

”(Q) I Rax, dx,...dx, .

dx +

n

(6)
Here R is the remainder of interpolation formula (6).

In the last equation, introducing the notation,

(|) J’ Ny (X ) Xy

we have

n;

= [fy o] T X0 X000 X, )X 0, ..., X :Z Z Z chc.., ®)
C(”’f(x,,x,, x)+” dexdx X . "

Ci(k') are the coefficients of numerical integration formulas of homogeneous

integrals.
On this basis in the work [4] and introducing the notation
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X, — X3
h 9)
4" =0 (G —D-(g —n), k=121

and coefficients (7) , we reduce to

O =

Ci(l) = (AI _al) Hi(l)l I = Oll""ln; I :1,n, (10)
_ n, =i n [n+1] _
Ho =2 OO 19 gq i —012.nit=1n.
n, Ik!(nl _I|)!0ql —1

Now, let’ consider the special cases. Calculating the double integrals’ values.

2 Double integrals’ values’ calculation algorithm’s description

Theorem 1. Suppose that the f (X,,X,) function is defined and continuous in a
given region of integration. Then the cubature formula for the double integral
values, obtained by replacing the integrand by a polynomial interpolation for

n,=1 and n, =1 has the form

J =[] f(x,x,)dx,dx, =

hx hy ;)
??[f (Xo’ yo) + f(Xo’ yl) + f(Xﬂ yo) + f (Xl’ yl)] =
_ hxh2
~h

Proof. In proving theorems we use equations (8) - (11). In this case, (8) and (11)

[fo,o + fO,l + flO + fn]-

respectively have the form

ALA, NNy
3= [[Foodixd= [ [ Fxydxdy =Y >COCHf(x,.x,),  (13)

(D) a; a, ip=0i,=0
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[n;+1]

Hl(ll) 1 ( 1)1 ' ql dq11 | _012’ 3
N t(n =)o G -

H(Z) :i (_1)n2—|2 :{n1+1]
" n2 i2!(n 2) 0 q2

dqz, i,=012,...,n,.

Calculate the values of Hj andH;_ ,for n; =1 and np =1 respectively:

1-0 1
(1) 1 ( 1) ql(ql q _ J‘(q 1)dq _ (ql_

Ho 10|(1 O)IO 0 - 2 0:
1
:——0 1{==.
o-1)-
111 2
@ _ 1 (-1 Q1(Q1—) _ _aift_t
Hy 110! .[ day .[qldql_ 210 2

In the same way we calculate the values H 62) and Hl(z) :

WO RN
2

1
0 2 ! 1

On the basis of H{®,H® we compute CPand C®, as well as on the Héz)

and Hl(z) base ,the C{”and Cl(z)value and taking into account (10):

c® _ C(1) C(Z) C(z)__y (15)
0 2 2

Here  fi j = f(xi,xj).i,j=01

Substituting this result in (13), we obtain (12).

This result coincides with the result, obtained by repeated application of the
trapezoidal quadrature rule, which shows the equivalence of the method of the
integrand interpolation replacing by polynomial method and re-use of quadrature
formulas.

Theorem 2. Suppose that the f (X,,X,) function is defined and continuous in the

1172

closed area of integration. Then the cubature formula for the double integral
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values, obtained by replacing the integrand by a polynomial interpolation for
n,=2,n,=2 hasthe form
hxh
1= [[ foapade = L0 + 120+ fo2-+ 122) +4(11,0+ To + f21+ f,2) +16 111 (16)
(D)

Proof. For this purpose, we calculate the Ci(l) and Ci(z) values now for ny =2
1 2

and n,=2:

2-0 2
po_1CD (@ -1,
0 2012-0)1 a3 -0

2 3 2 2
1¢, o (97 .,qf 1[8 j 1
4_([((11 g, +2)dgy 4( 3 + %JO 113 + 5

2
— e 1)@ - 2)dos -
0

2

2-1 2 1o —
T LT
0

2 3
1042 lhal 2
- g (of ~20, )day - —{;—ql j

Hz(l) :i (_1)2_2 J‘ql(ql 1)(q1 )dql _
222-2)1% —2

In the same way, for H® (i =0,1,2) we have

HE L H@ -2 yo
e 3 6

Then ,based on the H” and H{® valueswe calculate C® and C{?. Then,
substituting the C and C{* values in (13), we obtain (16).

Equation (16) coincides with the result, obtained, using the re-use of Simpson’s

quadrature formulas. This fact confirms the equivalence of double integrals,



Sh.A. Nazirov and A.A. Abduazizov 7

obtained by the repeated application of quadrature formulas and methods of
replacing the integrand by interpolating polynomial ,computing.

Let’s rewrite (12) and (16) ,respectively, in the form of a component as:

:Hf(xl,xz)dxldx2 :hfyi Zl:f“, 17)
S:”f(xl, X, )dx,dx, = n, VZO Zo(c )?(Cr)*f,. (18)

To calculate the n-fold integrals, using (7), we can derive the corresponding

formulas.

Theorem 3. Let the f(x;,X,,...,X,) functions be defined and continuous in the
closed domain of integration(2,.. Then n-dimensional cubature formulas for
f(x,%X,,0%,) for ny=n,=..=n,=1 and n,=n,=..=n,=2 approximate

calculations will relatively take the form

3= [ ] £ %, )., = 2SS S )

(D) 2" ;=0 ;=0 in=0

where h, = A —a;;

3= o] £ X, 0, e, =2 hzz 3 ©hyreh)y .y 1, (20

(D) =0 i;=0 i,=0 iz

Here h = A‘;a‘.

The proof of this theorem can also be made by induction.

(19) and (20), respectively, coincide with the formulas ,obtained by the repeated
application of the quadrature trapezoidal and Simpson, and are given in [2].
Based on these results, let’s make the following conclusions.

1.Ifweput n,=n,=..=n, =1 to(7), we obtain cubature formulas of the form

(19), which coincides with the formula, obtained by repeated application of a

quadrature trapeze formula to calculate values of multiple integrals.
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2. If we put n,=n,=..=n, =2to (7), we obtain formulas for the approximate
calculation of n-fold integrals of the form (20), which coincides with the formula,
obtained by repeated application of the Simpson quadrature formula to compute
the values of multiple integrals.
3. Ifweput n =n,=..=n,=k(k>2) to(7), we obtain the Newton-Cotes high
order formulas for the approximate calculation of n-fold integrals, and thus
provide a high order of accuracy of n-fold cubature formulas.
4.1f we put

M =S1,Np =S5,...,N, =S, to(7) (21)
we ‘Il get the n-fold composite cubature formulas for n-fold integrals.

The essence of (21) means that for each x; (k=1n) we use different

Newton-Cotes’ formulas. This is of interest to the construction of n-dimensional

cubature formulas.

Theorem 4. Let f(x,,x,) be defined and continuous in the closed area of
integration. Then the cubature formula for the approximate calculation of values
by replacing the integrand interpolation by polynomial obtained when
n, =n, =3, has the form

[] £ 063 g, = k=Y Zcmc o) = Iy + x50+

D =0 i,=0

+ 106, Yo) + (% Yo) ]3] F (g0 o) + T (g0 ) + F (X0 ¥o) + (X y3) + 0, ) +
(22)

+E0G Ya) 4 T (X Y) + £, Y)IHO0F O, yo) + £ O Yo) + £, Y,) + T (%, ¥)I =

(hlh )Z Z c:hCIZf(X| r N, )

=0 i,=0

where h, =

N

ATa 17
3
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Proof. For this purpose, in accordance with paragraph 3, we derive cubature

formulas to calculate values for double integrals for n, =n, =3 in (12). In this

case, the H{ and Hi‘zz) values, according to (13), take the form

3-i; [3+1] 3 3
HO = 1 (G zl( 1)_ J‘ql(ql D(a, —2)(q, - 3)dq i, =012,3
LT3 i,/(3—i)!] ql—l 3L E-i)l o, — iy

o_1 (D" j %% = 2(% ~2% =3 4 i _0123,

"3 i,'(3—1,)y q-i, (23)
1 (D" rau(e-D(a—-2)(q -3
" _ 1\M1 1 1 _
M =3 e ool j 00 d, =~ 33, j(ql 1)(d, - 2)(q, ~3)dg, =
1 1(q 9 ’
=== 2.0 +11- 2 —6q, | ==,
3 3!(4 @ 2 , 8
1 (=D tau(g 1)(q 2)(q -3)
o _ =, 1\M1 1 1
HY =3 ﬂ(3_1),j d,, = 32,j(q1 2)(q, - 3)4,dg, =
_11 q1_5.q_+ ) ]
3 2 4 3 2 )o 8
11 % 11(1, 4, 3, 3
o__+ + — .| gt =gi+ S| =22
H2 32['_ ql(ql l)(ql 3)dql_ 3 2!(4ql+3q1+2q1j0 8
11 1 1(q 0 o
H<1>=—— -1 2)d A3 A =2
s ~330 & (G ~1)(0 —2)dg =5 3,( 37 8
In the same way, for H® (i =0,12,3) \we have
H® — 1 H(2) H(Z) 3 H® :1.
° g 8 8
Let’s rewrite the formula (23) in the form of:
AA,
j j f (x, xz)dxldxz_j j f(x, x2)dx1dx2_—h1hzz z CiCy fii,
(D) a,a, ;=0 i,=0 (24)
3 : 3!

h I

Cim> —, Ch= >
where & TiiE—iyr T LI,
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Theorem 5. Let f(x;,X,,...,X,) be defined and continuous in n-dimensional
integration region (2 .Then cubature formula for the approximate computation

of the values of the f(x;,X,,...,X,) integrand by interpolation polynomial ,

obtained for n, =n, =...=n_ =3,, has the form:
ARy Ay
” I f(xl,xz,...,xn)dxidx2,...,dxn=j_[ j f (X, X550, X, )AX,AX, .0, AX =
(D) a1 a; a,
3 n n 3.3 3
== TTh LY chck.chf
SIS -
, 3l _
where C;=———, k=1n.
113-1i)!

Proof. In the equations to calculate the values of double integrals (17) and (18),

respectively, and produced byn, =n, =1 and n,=n, =2, and the values of

n-fold integrals (19) and (20), respectively, and produced by n, =n, =...=n, =1
un=n,=.=n =2 and (24) to calculate the values of n-fold integrals as
n,=n,=..=n, =3 , are useful when the size of the region is very small. If the

A —a; dimensions are large, then to increase the accuracy of the n-fold cubature
formulas of each [a,, A ], we ‘Il divide the system under the

[a,A]l=[a =a?,a”1U[a® Ua®1U..U[a%*™",af = A]
integrals, and apply to each the appropriate cubature formulas.

To understand this approach fully, we’ll first consider the double integrals. Here

the two [a,,A] and [a,,A,] interpolations correspond to directions along

theox,and ox,. axes The [a,,A] intervals are divided byn,, and the[a,, A,]

interval —by "2 parts. Next , for n,=n, =2, we have

ho—h, =P (26)
nl n2
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And for n,=n, =2

h-— el A2 — b2
hy =hy =

Taking into account (25) and (26), the (17) and (18) can be respectively rewritten

hy =ty =

as

N

hh mn 1 1
RPIDIDIDIR I )
i;=01i,=0 j;=0 j,=0

[T £ (x,, %, )dx,dx, _j J' f (x,,x,)dx,dx, =

a &

”f(x X, )dx, dX, _j j f (x,,%,)dx,dx, = L1} 2]20202_(0'1) CEV i, . (29)

Reasoning by analogy (28) and (29), the formulas (19), (20) and (24) respectively,

are rewritten as following:

An

j f (X X0 X, ) X OX, X, =

St

” J 0 Xy e X, X X, X, ::f

! (30)
n h 4 hn 1 1 ;.
B i-1 (2)2%“2 =0 'ZOhOJz =0 Z il tleehtd,
AA A
.”'.[ f(X1,%2,..., xn)dxldx2...dxn:j .[ J' f(X1,%2,..., Xp) dXqdx2...dxp =
a a, a, (31)
N 2n 2n, 2n. 2 2 2 . . .
=11 (a'j T YT 3 3 % CHXCHEACHP i i i e
i-1 i,=0i,=0 i =0j,=0j,=0 j =0 e
A KA
J.J'J' f(xl,xz,...,xn)dxldxz...dxn:J' jj f (X)) Xg ey X, ) AX,OX,...0X, =
(D) a a a,
h nonoom 3003
ZHh' 2 PPN z CIlCIZ C3 f'1 Jlgs Sz el J
i1 |i:0|2:0 |n:0 /=0 j,=0  j,=0 <’
It should be noted that in the calculation of multiple n,=n,=..=n, =2
integrals, CJ) will be present under the sum, and when n,=n, =..=n =3 -
Cl etc. Note that this rule, since n, =n, =...=n =4 is violated. For clarity,

we present below the Cotes coefficients (Table 1).



12 Calculating the Values of Multiple Integrals...

According to the values of numbers, standing in rows and columns (see Table 1),
the Cotes coefficients are increasing rapidly with the increasing of values and,
since n =8 ,become negative. Therefore, we have developed a program in Maple
11 mathematical system for the coefficients’ and constructed square Newton -
Cotes formulas’ calculating. We now give a quadrature formulas, constructed by
using this Maple procedure.

In Table 1 (for convenience), according to [4], the Coates recording rate for each

d. . . H :
H1 s presented in the form of fractions: H. = WI with a common factor N. It

is clear ,that Z Hi = N. According Table 1, with large values,the results may be

i=n
negative.
Now, the value of this integral is calculated approximately by the Newton-Cotes,
when n = 6 (seven ordinates)

Example. Let’s calculate

Table 1
U P P P R R
1 1
2 4 1
3 3 3 1
4 32 12 32 7
5 75 50 50 75 19
6 216 27 272 27 216 41
7 3577 1323 2989 2989 1313 3572
8 5888 -928 10469 -4540 10496 -928
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9 15741 1080 19344 5778 5778 19344
10 106300 -48525 272400 260550 472368 -260550
11 13486539 | -3237113 25226685 | -9595542 | 15493566 | 15493566
12 9903168 | -7587864 35725120 | -5149130 | 87516288 | 87797136
Continuation of table 1
" n n " n " " " " Value
H~ Hs Ho H 1o Hu Hi Hiz| His| His .
objects
2
6
8
90
288
840
751 17280
5888 989 28350
1080 15741 | 2857 89600
272400 106300 | 106300 16067 598732
-9595542 25226685 | -3237113 1348653 2171465 87091200
9
87516288 -5149130 | 35725120 | -7587864 | 9903168 | 1364651 63063000
The exact value of the integral is the following:
1 In2 0,7935
j jydy—£n|x+14 2. 1oIn2_ 07935 4o
o 2 2 2
1- 1 1-0 1
1776 "6 2 Y 6 6

Let’s draw up a table of values (Table 2), assuming that H; = 840A,.
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Table 2:. Calculating values.

i %) I R H; f,(x) H; T, (vi)
1+ Xi
0 0 0 0 0 41 41 0
1] 6 1 1 26 _3
6 7 6 6 216 | 18514257 | 72
2 |1 3 1 1 21 _3_4
3 4 3 3 27 20,25 18
3| 1 2 11 272 136
2 3 2 2 272 | 181,3333 | 4
4|2 3 2 1 327 y2
3 5 3 3 27 16,2 189
5 5 6 5 1 25:26 a0
6 11 6 6 216 | 117,81918 | 72
2
6 71 1 2 41 2025 [ 41_,,
> 2
S 581.99437 | 420
2

Now, based on this table we calculate the value of double integral:

I, = 1 591,994372 - 420 =0,6933- 1 0,3466
840 940 2

np
despite the fact that the values 1, (precision) and 1, (approximate) are close

enough. Along with this, we note that the n of Cotes coefficient are negative, large
(in absolute value) that are very different from each other. Therefore, the Newton -

Cotes is not recommended for large n.
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Instead, when n =1 or n = 2 or n = 3 each integration interval should be divided

into n parts and use the appropriate Newton-Cotes in each of them.

3 Conclusions

Thus we have constructed the multi-dimensional cubature formulas to

approximate the values of multiple integrals by replacing the integrands by

interpolation polynomial, which can be easily implemented on a computer.
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