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1 Introduction

Consider a system consisting of two seemingly unrelated regressions (SUR)

{ Yi=X16+e (1.1)

Yo=Xof+6€
where Y;(i = 1,2) are n x 1 vectors of observations, X;(i = 1,2) are n X p;
matrices with full column rank, §;(i = 1,2) are p; x 1 vectors of unknown

regression parameters, ¢€;(i = 1,2) are n x 1 vectors of error variables, and
E(el) = 07 COU(EZ‘, 6]) = O-ij]na Z,j = 1, 2,

where ¥* = (0y;) is a 2 x 2 non-diagonal positive definite matrix. This kind of
system has been widely applied in many fields such as econometrics, social and
biological sciences and so on. It was first introduced to statistics by the Zell-
ner’s pioneer works (Zellner (1962, 1963)) and later developed by Kementa and
Gilbert (1968), Revankar (1974), Mehta and Swamy (1976), Schmidt (1977),
Wang (1989) and Lin (1991), etc.

Denote Y = (yi,v5)', X = diag(X:, X»), 8 = (81,535, € = (€],€,). One

can represent the system (1.1) as the following regression model
Y=X0+¢ e~ (0,Y®1I,), (1.2)

where ® denotes the Kronecker product operator.
Following from Wang et al (2011), we know that if ¥* is known then the

generalized least square estimator of 3;(i = 1,2) would be

_ N > , o
1,GLS = 1341 1 |dn — P P Ial7) 1721V, 1——1222 .

3 (X1 X)X, | L, —p* Y (pPPPP)' PN, | (Y - NoYsy)  (1.3)

i=0 22
and

_ b . o

Boars = (X5X5) ' X5 [In — Z(PQP1P2)1P1N2 (Y2 — O_Qllel)a (1.4)
i=0 1
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where P, = X;(X/X;)"' X/, N; = I,, — P, and p* = 03,/(011092).

Further, also by the Theorem 3.1 of Wang et al (2011), we know that
under the condition that X{X; = 0 (see Zellner (1963)) or X; = (X», L)
(see Revankar (1974)) or P,P,PiN; = 0 (see Liu (2002)), formally 3; s and
BQ,G’ s have unique simpler form, respectively. Thus, in what follows we assume
X1 X2 = 0 which implies XN, = 0(i # j) and causes Bi.ars and Baars to be

simplified into

5 > 012

Po= B (XXX Ya, (1.5)
022

- A o

D= B (0K XY, (1.6)
11

where

B = (X1X1) 7' XY, By = (X5X5) ' X1Ys.

In Section 2 we derive the Bayes minimum risk linear unbiased (MBRLU)
estimator for 4 and accordingly the MBRLU estimators for §;(i = 1,2). In
Section 3 the superiorities of the MBRLU estimators of (3;(i = 1,2) are estab-
lished based on the mean square error matrix (MSEM) criterion. In Section
4 we discuss the superiorities of MBRLU estimators in terms of the predic-
tive Pitman closeness (PRPC) criterion and the posterior Pitman closeness
(PPC) criterion, respectively. In the case that the design matrices are non-full
rank, we investigate the superiorities of BMRLU estimators of some estimable

functions. Finally, brief concluding remarks are made in Section 6.

2 The BMRLU Estimators of Regression Pa-

rameters

Normally, there are two different approaches concerned with Bayes esti-

mation in linear model. The first one supposes that the prior of regression
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parameter is normal which implies under the normal linear model the poste-
rior is still a normal distribution. Thus under the quadratic loss the Bayes
estimator of the regression parameter would be the posterior mean (see Box
and Tiao (1973), Berger (1985) and Wang and Chow (1994), etc). Recently,
Wang and Veraverbeke (2008) employed this approach to exhibit the superi-
orities of Bayes and empirical Bayes estimators in two generalized SURs. The
second approach proposed by Rao (1973) which yields the minimum Bayes risk
linear (MBRL) estimator of the regression parameter by minimizing the Bayes
risk under the assumption that some moment conditions of the prior are given.
Rao (1976) further pointed out that the admissible linear estimators of regres-
sion parameter are either MBRL estimators or the limit of MBRL estimators.
Gruber (1990) proposed a MBRL estimator for an estimable function of the
regression parameter and obtained an alternative form of MBRL estimator.
Some results related to this area can be found in Trenkler and Wei (1996),
Zhang (2005) and others. In this paper, we use the second approach to derive
MBRL estimator of the regression parameter and discuss the superiorities of
MBRL estimator in terms of MSEM, PRPC and PPC criterion, respectively.

Denote the prior of 3 by 7(/3). It is assumed that the prior 7(/3) satisfies:

E(B) = ( - ) =p, Cov(B) = ( il 0 )ﬁv, (2.1)

H2 0 7—22]P2

where u; and 7;(i = 1,2) are known.

Let the loss function be defined by
LG, B)=(6-8)(6-75), (2.2)
and the linear estimator class of 3 be

F = {E = AY + b : where A is (p; + p2) X 2n matrix, bis (p1 + p2) x 1 Vector} .
(2.3)
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Then the MBRLU estimator BB is defined to minimize the Bayes risk
R(Bp, 8) = min R(3, ) = min E[(5 — 5) (5 — )] (24)

and subject to the constraint £ (ﬁ — ) = 0, where E denotes the expectation
with respect to (w.r.t.) the joint distribution of (Y, 3).
From the constraint, we have b = (I — AX)u. Note that the fact that

R(B.B) = E{AY + (1 - AX)u - B] [AY + (I - AX)u - f]}
= {1y - Xp) - (8- W] [AY = Xp) = (8- )]}
= Bt {[AY = Xp) = (8- W] [A(Y - Xp) = (8- )] }
= tr {A(XVX’ +O)A +V — AXV — VX’A’} ,

by solving aRgi’B) = 0, we obtain
A=VX'(XVX' +®) (2.5)
By the fact that
(P+BCB)Y!'=P*'-P'B(C'+BP'B)'BP, (2.6)
we obtain
A=VX'(XVX +0) ' = (X' ' X +V )Xo (2.7)
and

[—AX =1 — (XX +V ) 'Xo'X = (XO'X +V ) 'v-1 (2.8)

Hence, we have

~

By = AY +b=AY + (I — AX)u
= (XX +VH (X' X s + V)
= frs— (X' X + V)W (Brs — )
_ BAT — (TR0 X1 X1 + ‘[pl)il(ﬁ/\f — pi1) ‘
B —(

= , 1A (2.9)
7220221.1X2X2 + [pz) 1(52 - MQ)
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Thus the MBRLU estimators of 3; (i = 1,2) are

B = 0F — (207X, X0 + L) " (6 — ), (2.10)

BQB = B; - <T220-2_21.1X;X2 + 1102)_1(332k - MQ)a (2'11)

_ 2 _—1 _ 2 1
where 0119 = 011 — 079055 and 0991 = 099 — 075077 -

3 The Superiorities of MBRLU Estimator Un-
der MSEM Ceriterion

We state the following MESM superiorities of @3(@' =1,2).
Theorem 3.1 Let the GLS estimators and MBRLU estimators of 3; are
given by (1.5),(1.6) and (2.10), (2.11) respectively, then

Proof: We only prove the above conclusion for the case of © = 1. Denote

By = (120X, X1 + 1,)) 7!, we have
M(bis) = B |(Bis— 00— 5)']
= F { [(ﬁf - 51) - BI(BT - M1)} [(Bf - 51) - BI(BT - M1)} }
= M(BT) - E[(Bik - 51)(BT - Nl)l]Bi - BlE[(BT - ,Ul)(ﬁik - 51)l]

/

+BE [(Bf - ,Ul)(Bik - ,Ul)/} By
= M(B;) — J\B, — BiJ; — Bi)yB,, (3.1)

where

= Coo(B)) = E{Cov (518) } +cov {E (5715) }
= F {cov (Bf | ﬁ)} + 721, (3.2)
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and

p{con(ia)} = £{B|(5-0) (5 -5) 1]}
= B {COU(Blwl) + Cov <0120521(X1X1)71X1Y2 \51)
~2Cov (1, o000 (X, X0) XYz |1) }
= on (X, X1) T 4 0105 (X, X0) 7 = 207,05, (X, X0) 7!

= (o —0hoy) (X1X1) ' =ona(X X)) (33)
Putting (3.3) into (3.2) we have
Jy=E {Cov (Bf]ﬁl)} 472 = oy (XL X)) 4 T2 (3.4)
Then J; can be expressed as follows
h=E (B = 803 —m) | = o = Cov() = ona(XyX0) " (35)
Combining (3.4) and (3.5) with (3.1), we obtain

M(Bip)— M) = LB, +B\J, — BiL,B,
= Bl [Bl_l(fll'g(Xin)_l + 011'2<X1X1)_1Bl_1

—7'12] — Ull_g(Xin)_l] Bl
- B [Tfl n am(X;Xl)—l} B, > 0. (3.6)

Theorem 3.1 has been proved.
Obviously, the MSEM is much stronger than the MSE. A point estimator

could be MSE superior to another, but not necessarily superior in sense of

MSEM. Hence, we have

MSE(3;) — MSE(fig) >0, i=1,2.
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4 Superiorities of MBRLU Estimators Under
PRPC and PPC Criterion

The criterion of Pitman Closeness (PC), originally introduced by Pitman
(1937), is based on the probabilities of the relative closeness of competing
estimators to an unknown parameter or parameter vector. After a long fallow
period, renewed interest in this topic has been sparked in the last twenty
years. Rao (1981), Keating and Mason (1985) and Rao et al. (1986) helped
to resurrect the criterion as an alternative comparison criterion to traditional
criterion such as MSE criterion and mean absolute error (MAE) criterion.
Mason et al. (1990) and Fountain and Keating (1994) proposed some general
methods for the comparisons between linear estimators under PC criterion.
Many important contributions to this direction were described by Keating et
al. (1993) and others.

Definition 4.1 Let 6; and 6, be two different estimators of 6, L(6, 6) be

the loss function. if
P(L(6y,0) < L(62,0)) > 0.5, ¥V 6 € ©,

with strict inequality “ > 7 for some 6 € ©, the parameter space, then 0, is
said to be Pitman closer than ég, or 6 is said to be superior to 05 under PC
criterion.

Ghosh and Sen (1991) introduced two alternative notions of PC moti-
vated from Bayesian viewpoint, which are called Predictive Pitman Closeness
(PRPC) and Posterior Pitman Closeness (PPC) criterion. They are defined as
follows:

Definition 4.2 Let I' be a class of prior distributions of 6, 0, and 0y be
two different estimators of #, then 0, is said to be superior to 65 under PRPC

criterion if

~ ~

Pr(L(61,0) < L(6,0)) > 0.5, VreTl,
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where P, is computed under the joint distribution of Y and 6 for every w € I'.
Definition 4.3 Suppose 7 is a prior distribution of 6, 6; and 6 are two
different estimators of ¢, then 6, is said to superior to 65 under PPC criterion
if
Pr(L(6:,0) < L(62,0)|y) > 05, Vye,
with strict inequality “ > " for some y € ), where ) is the sample space.
Obviously, if an estimator 6, of 0 is superior to 0y for every m € I'under PPC
criterion, then it is also superior to 05 under PRPC criterion. The converse is
not necessarily true. Ghosh and Sen presented an example to show that the
classical James-Stein estimator is superior to the sample mean under PRPC
criterion for all priors, but it is not hold under the PPC criterion.

Let the loss function be defined by (2.2) and in this section
el ~ N(0,X" ®1,). (4.1)

For the MBRLU estimator ﬁl B, we have the following results.
Theorem 4.1 Let the GLS estimator and MBRLU estimator of 3; be given
by (1.5) and (2.10). If

o112~ 2pA}

(4.2)

then
P, <L(BIB,51)) < L(ﬁ},@l)) > 0.5, for every 7 € ['(5,),

where \; and \,, are the maximum and the minimum eigenvalues of XX
and ['(81) = {7(01) : E(61) = 1, Cov(Br) =771, }.
Proof: Denote B; = (1205, X, X,+1,,)~" and W (Bw, B 51) = L(fip, B1)—
L(B7, Br).
By (2.10) we have
L(1g. 1) = [(B; — 1) — Bu(B} — m)] [(B; — 1) — Bu(B; — )]
= L(3;, B1) — 2(8; — ) By (87 — B1) + (B — 1) BE(B} — ). (4.3)
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Hence W < 0 is equivalent to
(85 = ) BY(B = ) = 2057 — ) By(B] = B) < 0. (44)
Since B} < By, we know that (4.4) is implied by
(57 = ) Bu(By — ) = 2(65 — ) Bu(B — Br) <0, (4.5)

Substituting 57—y = 5% — 1 — (1 — B1) into (4.5), it is equivalent to

(Bi — 1) Bi(By — 1) < (B — 1) Bi(B5 — ). (4.6)
Since
7_2 -1 7_2 -1 7_2 -1
( : >\1+1> I, < B = < L XX, +Ip1> < (—1Ap1 +1) I,
011.2 011.2 011.2

It is easy to see that inequality (4.6) is implied by

(T—lAmH)(ﬁl ) (B — ) < ( i ml)(ﬁr B (i - B). (A7)

011.2 011.2

-1
Since 0 < A2+ < M g6 (4.7) s implied by

2ol Ap 1 = Any
A , A ,oa
28— ) (5~ m) < (B~ B0 (5~ ) (49

Note that (3;—31)]3 ~ N (0, 0112(X; X)) . Let Z = 07,57 (X, X)) V/2(3; —
B1), then Z|3 ~ N (0,1,,). So the inequality( 4.8) is equivalent to

AL

h\ (B — 1) (B — ) < 01122 (X1 X1) 7' Z. (4.9)

P1
Notice that (X;X;)~! > A '1,,, hence (4.9) is implied by

A

>\p1<711.2

16— mll* < Z' 2. (4.10)
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Since Z'Z|3 ~ Xz%v by (4.4)—(4.10) and Markov inequality we have

15 —M1||2)

2
1

P (W (Bip.1:81) <0) > P, (Z’Z > A

p1011.2

A /
—1-P, (|Iﬁ1 — > 202 7 Z)

%%

A / /
=1-F {P,, (Hﬁl —w]? > ”1;“'22 Z ’Z Z)}

1
Y -1 i ArlConhl (1)
- )\plall.QZ,Z 0'11.2/\171 ZIZ
_ A L
o122, (1 —2) — 2

The proof of Theorem 4.1 is finished.

For the estimator 32 B, we have similar result as below.

Theorem 4.2 Let the GLS estimator and MBRLU estimator of 35 are
given by (1.6) and (2.11). If

021~ 2paA}

, (4.11)
then
P, (L(/}2B,52)) < L(B;,@)) > 0.5, for every 7 € ['(f),

. .. . !
where AJ, A}~ are the maximum and the minimum eigenvalue of X, X, and

T(B2) = {m(B2) : E(B2) = pi2, Cov(B2) = 731, }.
To discuss PPC properties of MBRLU estimators, we further assume the

prior 7(() is the normal distribution,i.e.
B~ N, V). (412)

Thus we have the following results.

Theorem 4.3 Under the assumptions (4.1) and (4.12).

Pe (L(Bin, ) < L(G: B)IY = y) = 0.5 for any y € Y.

. A . . Ak . . .
i.e., B;p is superior over 3; under PPC criterion, where ) is sample space.
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Proof: We only prove the case of ¢ = 1. The proof of BQB is similar. Note

that
W (Bis. 823 81) = 1us — 31l = 113 = AP
= [Bua = B+ (55 — 8] [(Bun = B1) + (B — 3] — l13; -l
= 1165 = Busl® + 251 — i) [(B1 — Bum) — (5 = )]
=2(8; — Bip) (B — Bip) — 116 — Busl*. (4.13)
Obviously

W <0« 2(6; — big) (B — bis) < |16 — Busl*

From (4.12) we know that the prior of ; is normal distribution, hence the
posterior distribution of ; given Y = y is still normal distribution. Under
the quadratic loss function the Bayes estimator of 3y is F(/31|y), which has the
same expression as (2.10), therefore the posterior of 3y — 5 = 1 — E(Bi|y)
given Y = y is distributed as p;-dimension normal distribution with zero mean.
Thus, the posterior of 2(31* — @13)'(51 — BlB) given Y = y is one dimension

normal distribution with zero mean. Hence we have
Pr (LB 1)) < LB, B0ly) = Pr (W (Bus, B3 1) < 0ly)
— P (203 = Bis) (81 — Bus) < 115 = BuslPly)
> P (2(@ — BIB)/(ﬁl — 313) <0 y) = 0.5,

the last inequality is true due to || Bf — B B||? > 0 with probability one. The

Theorem 4.3 has been proved.

5 The MBRLU Estimators of Estimatable Func-

tion and Its Superiorities

In this section we consider the case that in (1.2) the rank of X is non-
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full rank, i.e., R(X) < p. Note that in this case [ is un-estimable, hence we
consider the estimable function n = X 3. Since any estimable function of § can
be expressed by the linear function of 7, it is enough to study the estimator of

1. It is obvious that the GLS estimator of n = X3 is
fars = X (X 071X) "X o7y,

where the expression of fjgrg does not depend on g-inverse (X ®~1X)~, so it

can be replaced by Moore-Penrose inverse (X ®~'X)*. Then we have
flors = X(X @71 X)* X 071y — ( i ) , (5.1)
T2

where 7} is the GLS estimator of 7, = X;3; (i=1,2), and

012

ho= Xi(XX)TX Y - O,—Xl(XinVXin
22
R g ’ ’
= - X (X X)X Y, (5.2)
022
ok ’ ’ o ’ ’
My = XZ(X2X2)+X2Y2 - J_HX2(X2X2)+X2Y1
11
R g ’ ’
= fy— U—”XQ(X2X2)+X2Y1, (5.3)
11

with i = X1 (X X1) T X[V, 7 = Xo(XpX0) T X, Y5.
Similar to the way used in section 1, we may obtain the MBRLU estimator
of n = X3. Let nyp = Xp. Then we have
ip = XVX (XVX +0)7Y + [ - XVX (XVX + &)Y n. (54)
By (2.6) and the fact that X' &' = X' &' X (X 1 X)* X d~! we know
that
XVX'(XVX +®) P =XVX [0 —d ' X(V I+ X o1 X)1X 7Y
= XV[[ - X' X(V I+ X o 'X) X ot
—X(V I I+ X' X)'Xd ' =H
=XV 14+ X o' X)X o X (X o IX)T X ¢!
= HX(X' o 'X)*X o1, (5.5)
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Therefore, using (5.4) and (5.5) and the fact that X (X X)*X'X = X we
have
g = HX(X @' X)TX' O7Y + (I — H)np
= Higrs + (I — H)no = fers — (I — H)(fers — o)
= fows — [X = HX(X'X)" X' X](Bors — 1)
= fers — [ — HX(XIX)JFX/](??GLS — o). (5.6)
By the assumption X] X5 = 0 we have

Xo X (X' X)tXx'

_ X, 0 oroln  — pral, X (X X)X, 0
0 X, —pial, oIy 0 Xo (X, X)X,
_ (e Xixxix 0 (X0 g
0 ‘72721.1X2X2(X5X2)+X; 002721.1)(2 ’
and

/

HX(X'X)"X = X[V 1+ X o1 X' X ¢ X (X X)X

’ -1 ’
_ X; 0 0111.2 Xle + %Ipl 0 01_11.2X1 0
0 XQ 0 ;XQXQ + L21102 0 02_21.1X2

022.1 TS

_ ( X, (Xin + (51[p1)71 X, 0 ) (5.8)

/

’ —1
0 Xo (X5 Xo + 621,,) X,
with §; = 011.27'1_2, 0y = 022.17'2_2~

Substituting (5.8) into (5.6) we obtain

i = faws — I — HX (X' X)"X'|(crs — o)

0t = [ — X1( X1 X1 4 61L,) ' X4] (07 — 101) (5.9)
M5 — Un—X2(X5Xo + 020,,) 1 X5] (05 — mo2) ]

where 7 = (9}, 1) and ' = (n1,75). So the MBRLU estimators of n;(i =
1,2) are
s =i — Lo — Xao(X1 X1+ 0uLy) T X0] (07— 100) (5.10)

o = 1y — (I — Xo(XyXs + 621,,) " X5 (73 — mo2) - (5.11)
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Theorem 5.1 Let the GLS estimators and MBRLU estimators of n; = X;3;
are given by (5.2), (5.3) and (5.10),(5.11), respectively, then

M) — M (nig) >0, i=1, 2.

Proof: We only prove the case of ©+ = 1, the case for i = 2 can be proved in a

similar way. Let Gy = I,, — X1(X, X1 + 611,,) "' X, then

M (ins) = E{0 — Gr (3 = mor) = mllii; — G G = nor) — ]}
= {16 —m) = G =m0 —m) — Gr(ii — o) }
= B{ @ —m) (it = m) = @ —m) (1 = n0) G,
—Gh (7 = nor) (7 = m) + G (67 = m01) (5 — non)’ G;}
= M) — K1G, — G1K| + G1 K,G, (5.12)
where

K, = F ((ﬁf —no1) (M7 — 7701)/> = Cov (1)

= Cov[E (07|n)] + E[Cov (i} |n)]

= 7'12X1X1 + 011.2X1(X1X1)+X1, (5.13)
Ky = B[ —m) (7 —101) ]
= Cov(n;) — Cov(nm) = 011_2X1(X1X1)+X1. (5.14)

Putting (5.13), (5.14) into (5.12) and by the fact of Gy = I, — X1 (X, X1 +

!

51[101)_1X1 = (In + 51_1X1X1)_1, we have

M (ny) — M (mp) = K\G, + GK, — G K,G,
- G (TEXIX; + 011.2X1(X;X1)+X;) G, >0,
Theorem 5.1 has been proved. Il

For nay general estimable functions v; = P;3;, where P; is a k; X p; real

matrix, for which there exists k; x n matrix C; such that P, = C; X, therefore,
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vi = Ci X8 = Cmi(i = 1,2). It is easy to know the GLS estimators and
MBRLU estimators of ~; would be

¥ = Ciny, Yip = Cillip, i=1,2, (5.15)

then we have the following corollary.
Corollary 5.1 Let the GLS estimators and MBRLU estimators of estimable

function ~; (i = 1,2) are given by (5.15), then
M) — M%) >0, i=1, 2.
Proof: The conclusion holds since
M(5;) = M(%ig) = Ci [M(9;) — M (9:i5)] C; = 0.

Now we discuss the superiority of MBRLU estimator of 7 under PRPC
criterion, the superiority of MBRLU estimator of 75 can be discussed similarly.
Under the loss function (2.2) we have the following result:

Theorem 5.2 Let the GLS estimator and MBRLU estimator of 17, = X3,
be given by (5.2) and (5.10). Under the condition (4.1) and suppose R(X;) =
ty < py, it

7'12 < S\tl (tl — 2)

o112 T 24N

(5.16)
then we have
P (L(p —m)) < L™ —m)) > 0.5, for every m € ['((),

where A, S\tl are the maximum and minimum positive eigenvalue of X, X, and
I'(f1) is given by Theorem 4.1.

Remark 5.1 The condition of (5.16) indicates the fact that the variance
of prior should not be too larger than that of the samples. It implies some

requirement for the precision of the variance of prior distribution.
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Proof: Let G = I — X;(X, X, + 611,)7' X, = (I +67'X,X;)™! and
W (g, ni;m) = L(me,m) — L(m™, m), where 6; is given in (5.8). By (5.10)

we have

L(tnp,m) = [(0] —m) — Gi(7 — no0)] [(AF — m) — G1 (7 — non))]
= L(i;,m) — 2(3; — no1) G1 (3} — m)
+(y — 7701)/G%(77T — Mo1). (5.17)

From (5.17), it is easy to see that W < 0 is equivalent to
(1 — 7701)IG%<771‘ —no1) < 2(7; — 7701)IG1(771< —m). (5.18)
since G% < G, then (5.18) is implied by
(77 = 101) G (A7 = mo1) < 20857 — nor) G1 (7 — m). (5.19)
Substituting 77 — no1 = Nf —m — (o1 — m) into (5.19), we have
(m = 101) G1(m = nor) < (A7 = m) G1 (A7 —m). (5.20)
Since 5\1 and S\tl is the maximum and minimum non-zero eigenvalue of
XlXi respectively, then

T2 - 72 - T2 < -
( : )\1+1) InSGlz( ! XlXi“‘In) S ( ! )\t1+1) [n

011.2 011.2 011.2

Hence (5.20) is implied by

-1

~ -1 / —15 A% N
(A + 1) On = 00) (m =) < (07" N+ 1) (i = m)' (3 — m)(5.:21)

S Ml o Ay (5.21) is implied by

Note that 0 < Tt S

At
At
From (4.1) we know that

(m1 = no1) (m — nor) < (75 —m) (] — m). (5.22)

(M —m)ln~N (07011.2X1(X1X1)+X1> :
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Since Q = X, (X, X;)* X, is an idempotent matrix, there exists an orthog-

. (L, 0
PQP = ™" .

Let Z = o }2P (37 — m1) , then

Z|51NN<07 (Itl 0 >)’
00

which implies Z'Z ~ x? . Thus (5.22) is equivalent to

onal matrix P such that

A1
)\t1011 2

by (5.18)-(5.23) and Markov-inequality we obtain

m —nall* < Z'Z. (5.23)

. -~ A
Pr (W (i, mism) <0) > Py (ZZZ = H771—7701H2>
011.2)\t1
N~ ~
—1-P, (Hm nou||? > T2 7 Z)
A
0'11 QS\tl ~1 ~ | ~r ~
—1-E lm = noa |2 > ~—ZZ’ZZ
A1
> ME||m - 7)01H2E ( ~/1~) _q_ :\1trEC’0v(m))
1120 47 o112 (E — 2)
> )\1712157"(X1X1) >1- t~1>\%712 > 0.5,
o112 (T — 2) T11.2M (T — 2)
The proof of Theorem 5.2 is completed. O

Similar to Theorem 5.2, we have the following theorem.

Theorem 5.3 Let the GLS estimator and MBRLU estimator of ny = X5,
be given by (5.3) and (5.11). Under the condition (4.1) and suppose R(X3) =
t2 S D2, if

7'22 )\t2 (tQ — 2)
021~ 2\

(5.24)
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then we have

Pr (L(flap — m2)) < L(2" —m2)) > 0.5, for every m € T'(3,),

where A;, A, are the maximum and minimum positive eigenvalue of XéXQ, and
['(;) is the same as that of Theorem 4.2.

Similar to the proof of Theorem 4.3, we have the following result.

Theorem 5.4 Let the GLS estimator and MBRLU estimator of n; = X;;
be given by (5.2), (5.3) and (5.10), (5.11) respectively. Under the conditions
(4.1) and (4.12). Then for i = 1,2, we have

P7|' (L(ﬁlB7lr]z)) S L(ﬁz*a 772)|y) 2 057 for any y € y?

where Y is the sample space.

6 Concluding remarks

In summary, we have investigated Bayesian estimation problem of regres-
sion parameter in the system of two seemingly unrelated regressions. We derive
the Bayes minimum risk linear unbiased (MBRLU) estimators for regression
parameters and establish their superiorities based on the mean square error
matrix (MSEM) criterion. Also, we exhibit the superiorities of MBRLU esti-
mators in terms of the predictive Pitman closeness (PRPC) criterion and the
posterior Pitman closeness (PPC) criterion, respectively. In the case that the
design matrices are non-full rank, the superiorities of BMRLU estimators of

some estimable functions are investigated.
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