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Abstract

A multiple hypotheses two-stage testing for an object characterized
by two separated families of hypothetical probability distributions is
considered. We introduce two versions of procedure of multiple hy-
potheses testing in a pair of stages such that in the first stage we de-
termine one family of distributions and then at the second stage of test
we indicate the object’s distribution within the selected family. The
matrix of reliabilities (error probability exponents) of logarithmically
asymptotically optimal (LAO) hypothesis testing by a pair of stages is
investigated and compared with the analogous matrix of one-stage pro-
cedure of testing designed in earlier works. Advantages of the two-stage

LAO testing are revealed.
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128 On Two-stage LAO Testing for a Pair of Families of PDs
1 Introduction

In this paper, the process of hypotheses logarithmically asymptotically op-
timal (LAO) testing for a model with two families of distributions is studied.
The hypotheses are probabilities distributions hypothetical (PDs) which char-
acterize the studied object. The list of S hypothetical PDs is given. The
statistical problem is to detect actual PD from this list using a sample of
N experiments’ outcomes. Notice that before testing all the hypotheses are
equally possible, and no additional data is known about their a priori PDs.
The overwhelming majority of published works are dedicated to the case of two
hypotheses [13]. The LAO testing of two hypotheses is the procedure ensuring
the best exponential decrease with growing N of the error probability of one
hypothesis subject to the given exponent of the error probability of the other
hypotheses.

In case of multiple hypotheses we examine the matrix of error probability
exponents, which we call reliabilities. The elements of this matrix are relia-
bilities Ej, corresponding to the case of acceptance of [-th hypothesis given
that s-th is correct, I,s = 1,5, | # s. E,, is the reliability of rejection of the
correct s, s = 1,_5

Hoeffding [11] and later Csiszar and Longo [5], Tusnady [14], Birge [2] and
others investigated LAO tests in the case of two hypotheses. The LAO testing
for multiple hypotheses first was considered in [8]. In [1], [7] and [8] some
results on multiple hypotheses testing and identification are presented. The

inquired here problem was discussed briefly in [12].

We consider multiple hypothesis two-stage LAO testing for an object char-
acterized by a pair of disjoint families of PDs. The two-stage tests have become
popular in applications, especially in the field of clinical trials and genomics
[7].

The organization of this paper is as follows. Section 2 is dedicated to
necessary notions and properties. Section 3 introduces the problem of multiple
hypothesis LAO testing and exposes the one-stage test from [8]. Section 4
presents the two-stage LAO test by one sample. Section 5 explores the two-
stage LAO test by a pair of samples. In Section 6 we compare procedures of
calculations and matrices of reliabilities of three methods: of the one-stage and

the two-stage LAO hypotheses testing with one sample and a pair of samples.
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2 Preliminaries

Random variable (RV) X characterizing the studied object takes values
in the finite set X', and P(X) is the space of all distributions on X. S hy-
pothetical probability distributions (PDs) of X are given. They are parti-
tioned in two disjoint families of distributions. The first family includes R
hypotheses Py, P, ..., Pgr and the second family consists of S — R hypotheses
Pry1, Prya, -, Ps.

Let sample x = (z1,x2,...,2y), be a vector of results of N independent
observations of the RV X. The purpose of the test is to detect the actual
distribution from the given list using sample x.

The entropy of RV X with PD @ and the divergence (Kullback-Leibler
distance) of PDs @ and P, are defined [3, 4, 6, 9] as follows:

X) ==Y Q) logQa

reX

Q(z)
P(x)

DI P) =D Q(x)log

reX
The method of types is a base for our proofs, so it is worthy to bring some
definitions and estimates [3, 4]. N(z|x) is the number of repetitions of the
element € X in the vector x € XV, and

N (z]x)
N

Qx) 2 { , reX),

is the PD, called in statistics the empirical probability distribution of the sample
x, but we prefer a shorter term from information theory: the type of x.

Let PV (X) be the set of all possible types on XV for N observations. We
denote by 7" the set of all vectors x of the type @ € PN (X).

We will use the following well known properties of types:
[PY(X)| < (N + D),

(N + 1) exp{NHo(X)} < 70| < exp{NHq(X)},
PY(x) = exp{—N(Hq(X) + D(Q||P))}, for x€ 1.
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3 One-stage LAO Test for Multiple Hypothe-

sis Testing

We call the procedure of making decision on the base of N-sample the test,
and denote it by ¢V . For detecting the actual PD amongst S PDs P,, s =1, 5,
the test ¢" can be designed by partitioning the sample space X to S disjoint
subsets géN), s = 1,5, such that the set QgN) consists of all samples x, for

which s-th PD is adopted

GM 2 [x: ¢V (x) = s}, s=1,5,

S
Jo™ =aN, ¢V NN =0, 145, 1s=T15.
s=1

Let ays be the probability of the erroneous detection of PD P, provided P; is

true
ar(6™) = PY (GV), Ls=T5, i#5s 1
The probability to reject Py, when it is true, is
A —(N) —
as|s(¢N) - PSN (gs ) - ZO{“S(QZSN), l,S = ]-7S (2)
l#s

We denote the infinite sequences of tests by ¢ (for brevity below for such
sequence we again apply term test), corresponding to error probability expo-

nents, named reliabilities, defined as follows:

AL 1 N
Eys(¢) = llNlrilorcl)f {—Nlog s (qu)} ,l,s=1,5. (3)
The following matrix is the matriz of reliabilities of the test ¢:
Eypn ... Egp Epyip - Esp
Eya ... Epgp Epi1g - Egp
E(¢) = E1|R ER|R ER+1|R ES‘R
Eypgy1r -+ Erpy1r Eryyrsr - Esirya
Eys ... Ers  Epruys ..o Egis

From (1)—(3) it follows that [1]

Eys=minE =1,5. 4
s|s I};ﬁl? l|lsy S 7S ()
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The sequence of tests ¢* is LAQO if it provides maximal values for elements of
the matrix E(¢*), provided S — 1 diagonal elements of it are given.

The following theorem gives a solution of the problem of LAO test ¢*
construction and contains conditions of existence of the test all elements of

matrix E(¢*) which are positive.

Theorem 3.1. [8] Consider an object with S different hypotheses Py, s
1,S. For gwen positive numbers Eyp, Eas, ..., Es_15-1 let us introduce the
TEGIONS:

R,={Q:D(Q| P) < Ey}, s=1,5-1,
RS:{QD(Q “Ps>>Es|sa 5:178_1}7

and the following values for elements of the resultant matrix of reliabilities

E(¢*) of the LAO test sequence ¢*:

*
Es|s

:ES‘SJ 521,5_1,
Ej. = inf D P, =1,5
l|s ngRl (Q H 5) ) l? S 7S> l 7é S,
Egis = e Lys-
If the following compatibility conditions take place

0< El\l < mﬂD(Ps || Pl)’
s=2,5

0< Eys < mln[lriun El|s7 mln D(Pl | P)], 2<s<S—1,
1<

then there exists a LAO sequence of tests ¢* with matrixz of reliabilities E(¢*) =
{ l|S7 l7 S = ]_7_8}.
Fven if one of the compatibility conditions is violated, the matrix of relia-

bilities of that test will contain at least one element equal to zero.

This Theorem is proved by Haroutunian in [8]. The following approaches

are generalized for the composite hypotheses.

Remark 3.2. In [10] it is proven that in case of LAO test

s|s ES‘ S = ].,S
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4 The Two-stage LAO Testing using One Sam-
ple

Let us consider two sets of indexes D; = {1, R} and Dy = {R+ 1, S} and
a pair of disjoint families of PDs P; and P,

7)1 :{P87 Sepl}a PQZ{PS7 SEDQ}.

We denote the two-stage test on the base of N-sample x by ®¥. Such test may
be realized by a pair of tests ¢ and ¢ for the two consecutive stages, and we
write @Y = (o, ). The first stage is for choice of a family of PDs, which
is executed with a non-randomized test ! (x) using sample x. The next stage
is for making decision in the determined family of PDs, which is accomplished
with a non-randomized test ¢2 (x|p1 = i), i = 1,2, based on the sample x and

on the result 1 or 2 of the test o},

4.1 First Stage of Two-stage Test applying One Sample

The first stage of decision making consists in using sample x for selection
of one family from two by a test © (x). It can be defined through partitioning

the sample space XV into the pair of disjoint subsets:
AV E xipN(x) =i}, i=1,2, AVUAY =XV,

The set AN embraces all vectors x for which i-th family of PDs must be
adopted.

The test ¢ (x) can have two kinds of errors for the pair of hypotheses
Py 1 = 1,2. Let 0/2“(@{\7 ) be the probability of the erroneous acceptance
of the second family of PDs provided the first family of PDs is true (that is
the correct PD is in the first family) and o/1|2(90]1\[ ) be the probability of the
erroneous adoption of the first family of PDs provided the second family P, of
PDs is correct. Let o/m(gaff ) be the probability of rejection of the first family
of PDs when it is right. We define

A A
abu(p1) = alpn(ipr') = max PY(AY), (5)

A A
0/1|2(Spiv) = 0‘/2\2(%\[) = gré%f;( PsN<AiV) (6)
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We consider reliabilities of the infinite sequence of tests ¢:

~—

—00

AL 1 o
Eéjw=h;vmmf{—ﬁloga2|j<soiv)}, ij=12 (7

The matrix of reliabilities for the first stage is the following

Bl By,

and one can see from (5)-(7) that there are only two different elements in it,

namely
!/
\1 = E2|17 1|2 = Ejyp,.

The test sequence ¢; is LAO if for given Eill it provides the largest value to
By
For given Em we can determine LAO test ¢V by division of XV into the

following two disjoint subsets

AN = U 7, and AN =XV\ AN, Qe PY(X).

Q:Srggll D(QHPS)<E1‘1

Applying the properties of types to estimation of error probabilities and using
the definition of the reliability Em we will obtain dependence E2|2(E1T1)

We can estimate 041‘1(901 ) as follows:

o (91™) = max Y (A3")

s€Dy
= max P ( %)
- 3 J o
Q: mm D(Q||Pl)>E1\1
<max(N+D" - sup PY(TY)
s€Dy Q:lré%nl D(QHPZ)>E1T1
< max (N + )i sup exp {=ND(Q[P)}
s€Dy Q:lré%n1 D(Q|\Pz)>E1|*1
:exp{ — N[ min inf D(Q||Fs) _ON(l)}}
s€D1 Q. mm D(Q||P)>Eyr

11

< exp{ N{E1|1 (1)}} :
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We estimate the other error probability similarly:

aga(i™) = max PY (A}Y)

s€Do
= max P )

max [ U e

Q:lréliDri D(QIIP)<E],
- X] N(1d
< gé%}; (N + 1) . sup . Py (TQ )
Q:lré%nl DQIIP)<E

S maX(N‘f‘l)lXI sup eXp{—ND(QHPS)}

s€D2 Q:lrén%n1 D(QHPZ)SE;E
:exp{ — N[ min inf D(Q||F) _0N<1)}}' (®)

s€Dy Q:zrélli)nl D(QHPI)SEiTl

Now let us prove the inverse inequality

A (") = max P (A7)

s€Doy
— pN< TN)
max P | U e
@:min DQIIP)<Ey,
> max sup P} (13)
"2 Q:min DQIP)<EY,
> max (N +1)"" sup exp {—ND(Q||Fs)}
s€Dy Qx:jmin D(QIIP)<E
_ exp{ — N[min inf D(Q||P,) +oN(1)}}. 9)

*€P2 @ min D(QIIP)<E,

According to the definition of the reliability E;TZ from (8) and (9) we deduce

Ey(Eyy) = min inf D(Q||Py), (10)

s€Ds Q:llélipﬂl D(QIIPZ)SE1T1

where () is arbitrary PD on X.

Theorem 4.1. If all distributions P,, s = 1,5, are different and E;Tl 18

such a positive number that the following inequality holds

1T1< min _ D(P,||P),

s€Da, €Dy

then there exists a LAO sequence of tests ¢} such that reliability E;T2(E1""1) is
positive and is defined in (10).
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Corollary 4.2. If R =1, S = 2 we possess hypotheses P, and P, Then
we need only the one-stage test and Theorem 4.1 in this case 1s equivalent to
Hoeffding’s Theorem [11], where for E;’l‘l < D(B||P),

Eyp(Efy) = inf  D(Q||P).

Q:D(QIIP)<E,

Application of Theorem 4.1 also gives solution of the problem of LAO iden-
tification for the model with one family of S hypotheses. The LAO statistical
identification, which was considered in [1, 9], gives the answer to the question:
whether r-th PD holds, or not. There are two error probabilities for each r:
O‘f\;[éds:r? r,s = 1,5, is the error probability that P, is correct but has been
rejected, and ajY rlssr 18 the error probability that P, is selected but it is not
true. The reliability approach to identification aims to determine the optimal

dependence of the reliability Ej_,s. upon given reliability Ej.js—.

Corollary 4.3. When we consider the sets D1 = {F,} and Dy = {P; :
s#r, s=1,8}, Theorem 4.1 gives the result of [1], that is for

El#r\szr < m;n D(Ps||Pr>7
the solution of the problem of LAO identification is:

El:T’IS7£T<El7£T‘S:T) = D(QHPS>

min inf
5757‘ Q:D(QHPT)SEl;éMs:T

Example 4.4. Suppose X = {a,b}. The first family of PDs has only
one PD P, = (0.1,0.9), and the second family of PDs consists of three PDs:
P, =(0.4,0.6), P; = (0.5,0.5) and P, = (0.7,0.3). We calculate

0 < Eyj; < min D(P,||Py) = 0.135.
s=2,4

So by Theorem 4.1

Eyp(Efy) =min  inf  D(Q||R),

s=24 Q:D(QHPI)SE1T1

then we see that for 0 < Ejf; < 0.135, we gain 0.098 > Ejf, > 0. At Figure 1

we present the relation between E;Tl and E;fz
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Figure 1: Error probability exponents for the first stage of test for the given
example of 4 PDs with R=1and S =4

4.2 Second Stage of the Two-stage Test with One Sam-
ple

Since a family of PDs has been selected, it is necessary to discover one PD

in this family. If the first family of PDs is accepted, then we consider test

% (x|p1 = 1), which can be defined by partitioning the sample space A" to

R distinct subsets

Bévé{x:goév(x)zs}, s € Dy.

Let aj, (Y] =1) be the probability acceptance of PD P, instead of true
PD P, at the second stage of test,

off, (e =1) 2PN (BY), le Dy, s=1,5, I #s.

The probability to reject Py, when it is true, is

R
off, (9] =1) 2 PN (Biv) = > off ()oY =1)+ PN(A3Y), seDy.

I#s,l=1
(11)
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Corresponding reliabilities for the second stage of test, are defined as

1 —
Efl(slior = 1) = limin {—Nlogaé’s (¢3¢t = 1)} L leDy, s=T1,8.
(12)

Using properties of types we get the following equalities and brief notations:

lim
N—oo

A
D(Q||P,) = E},, s€D.

1 N * N _ :
{_N log (A )}  Qimin D}gﬁP»E’* i
‘1eDy ! 11
(13)
From (11)-(13) it follows that similarly to (4)
min

E// _ 1 EI D .
I#s, 1€D1 i1s (P21 ), 2|s]7 s €Dy

B (palpr = 1) = min]

If at the first stage the first family of PDs is accepted, the part E”(pq|¢1 = 1)
of the matrix of reliabilities for the second stage of test will be the following:

/! 1! 1!

E1|1 E2|1 ERu
! 1! Ui

E1|2 E2|2 ER\Q
" _ _ " " "

E"(p2lp1 =1) = Eir Eyr ERir

! 1! 1!
E1\R+1 E2|R+1 ER|R+1
1 ! /!
L Eis Eys Egs |

Theorem 4.5. If at the first stage of test the first family of PDs is accepted,
then for the given positive values E" , s =1, R — 1 of the matriz of reliabilities

s|s?

E" (2|1 = 1) let us consider the regions:

R2 = {Q:miuD(@IIP) < By D@ P < B, s =TT

4= {@: mup@IR) < B D@IR)> Bl s=TR=T),
€Dy

and the following values of elements of the future matriz of reliabilities E" (©3|o1 =
1) of the LAO tests sequence:

e __ g
sls T s|so

s=1,R—1,

Ef;= inf D(Q| P), l€Di,s=185, l#s,

QERY



138 On Two-stage LAO Testing for a Pair of Families of PDs

/% /1%
RIR = mm[lr?m El\Rv E2\R]

If the following compatibility conditions are valid

B < mln[mln D(P; || P1), E2\1]

s < mln[mln El|s7 mm D(Pl | Ps), E21|s], 2<s<R-1,

s‘ 1<l<

then there exists a LAO sequence of tests @3, elements El’g of matriz of relia-
bilities E" (@301 = 1) of which are defined above and are positive.
If one of the compatibility conditions is violated, then at least one element

of the matriz E" (p3|p1 = 1) is equal to zero.

Proof of Theorem 4.3 is similar to proof of Theorem 4.1. But following
comments are relevant. For construction of LAO test of second stage, the set

AN is partitioned into the following subsets:

BN= | T
Qx5Qx€R;/<N)

Conditions E”

s|s

I
< E!

second stage on the reliability of the first stage El\l’ since E21|8 is a function

o =1, R, reveal the dependence of reliabilities of the
of reliability E1|1 (see (13)). These conditions are necessary to ensure that
subsets B do not intersect with A5YN.

When the second family of PDs is accepted, then the test Y (x|¢; = 2) is
realized by partitioning the sample space A%Y to S — R distinct subsets

BY 2 {x: o) (x) = s}, s€D,.

As was defined above the probability of the wrong decision at the second stage
of test, when PD P, is accepted but P; is true, is

off, (e =2) 2PN (BY), 1€ Dy, s=1,5, I #s.

The probability to reject P,, when it is true, is

S

A =N *
ol (N1t =2) Y (BY) = X el (#Yled = 2)+PN(AY), s €D,
I#s,l=R+1
(14)
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Corresponding reliabilities for the second stage of test are specified as follows:

1 _
l\s(902|801 - 2) - hmlnf {_Nlogals ( évlgpjlv = 2)} ) l e DQa s = 173

(15)
Using properties of types, we obtain the following equalities:
1
1m1{——kgpfuww}= inf D(Q||P,) £ Ef,, s€Ds,.
N—o0 N Q:min D(QIIP)<E,
1
(16)

From (14)—(16) it follows that
" _ _ . . " _ I
Eqjs(p2lpr = 2) = min[_min By (¢afr =2), Byl s € Do

When at the first stage the second family of PDs is accepted, the matrix of
reliabilities for the second stage of test E”(y2|p1 = 2) will be the following:

" 1" "
ER+1\1 ER+2|1 ES|1
El/ E/l E//
R+1[2 R+2[2 S|2
" o o . ..
E (('02|901 - 2) - E// E// E//
R+1|R R+2|R S|R
1" " "
L ER+1|S ER+2|S ES|S |

Theorem 4.6. If at the first stage of test, the second family of PDs is
s=R+1,5—1 of the matrix
of reliabilities E" (s3] = 2) let us introduce the regions

accepted, then for the given positive values E”

sls’

Rzz{@ wD(@QIIR) > By DQIP)< B |, s=RFLS-L

{Q mmD(QHPZ) >E1‘1, D(Q | Ps) > EY,, s:R+1,S—1},

and the following values of elements of the future matriz of reliabilities B (o3| =

2) of the LAO tests sequence:

= F, s=R+1,5—1,

s|s s|s»

Eg—é%ﬂMQHP) €Dy, s=1,5, 1+#s

IZES /1%
Egis = mm[Rmm Bk, Eus]
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If the following compatibility conditions are fulfilled

Efijper <min[ min D(Ps || Pry1), Bfjpil,
s=R+2,S

< min[ min FE}
R+1<I<s

o ‘S,mlnD(PlHP) 1|S], R+2<s<8§-1,

then there exists a LAO sequence of tests 3, elements of matrix of reliabilities
E"(o5lp1 = 2) of which are defined above and are positive.
When one of the compatibility conditions is violated, then at least one ele-

ment of the matriz E" (o5 = 2) is equal to zero.

The proof and the comments for Theorem 4.4 are similar to those of The-
orem 4.3.
The answer to the question: which is the best value of Em giving the best

1%

values to reliabilities s+ 1s in the following.

Theorem 4.7. For the given positive values E;Tl and

E;"s, s=1,R—1JR+1,S — 1, the following inequality takes place
" < ! < 3
snlléflz)i E - E”l - segzl,ll%m b (Ps H Pl) ’ (17)

and the best value for E1|1 is max E” .
s=1,R—1

Proof. From Theorem 3.1 and Theorem 4.3 for s = 1, R — 1, we have

Rs={Q:D(Q| P) < Eys},

®:={Q: pup(@lin) < B D@ P) <B4}

Let Ey = E;"S and E1T1 E;’ls for s = 1, R — 1, then we will have R” C R..
Since R”

v,os=1, R are disjoint and RiNRs = 0, | # s, we can find Q* € R \R”
such that Q* ¢ R/, I # s, [ =1, R— 1, and we get

Ey, = inf D(QIIP:) < D(Q"||Ps) < Eys = E,,

@: min D(QIIP)>Eyr,

|s

then we obtain EQI‘ < E”l , and that contradicts to compatibility conditions
of Theorem 4.3. So we have E1|1 > E;’|s for s =1, R — 1. As a result we have
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and in this case we have R” = R, for s = 1, R — 1. The upper bound for E1|1
follows from Theorem 4.1

/* <
Ejy < min D(F | F).

We suggest the lower bound in (17) for the best values of El’i‘l, since for all
e>0and s € Dy

/1% — f D P
o= nf D@ P)

= inf D(@ [ P)

Q{D(QIIPS)>E” s=LR—1, min D(Q||P))<Ey};}
s€Dq

inf D(@Q | P)

Q {D(Q”P9)>E , s=1,R—1, min D(QHPS)S %E.ﬂs}
sls s€Dy s=1,R—1

> inf D(Q | P)

© Q{DQ|IP)>E" , s=1,R—1, min D(Q||P)< max E,+e}
sls s€Dy s=1,R—1

— inf D P,
Qg;z,,, (Q || Ps) = Efp,

Therefore, for the lower bound we get the best reliabilities in R-th column and

the proof of Theorem is accomplished. m

4.3 Reliabilities of Two-stage Test using One Sample

The test on the base of N independent observations, denoted by ®:V =
(1N, 5N, is formed by a pair of LAO tests @i and ¢3V. In two-stage
decision making the test ®:¥ can be realized by partitioning the sample space
XN to disjoint subsets if at the first stage of LAO test the i-th family of PDs
is accepted:

CNEANABYN, seD;, i=1,2,
So we have S disjoint subsets C*V, s = 1,5, such that U
Let o/” be the probability of the false acceptance by two-stage test of PD

C*N XN

s=1"s

P, when PS is true:

(@) £ PN(CN), 1s =T,

n

, L #s.

And the probability to reject P, when it is right, is

o (CI)*N) pN (C*N) ., s=1,5. (18)

s|s
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From (18) we can show that o (®1V) = a’s’ls(gpgN).

s|s

If [ and s are from the same set D;, i = 1, 2, we do not have error in the first
stage, but sample x is from BfY C AN that is o[ = PN (BY) = @)/;- When
[ and s are from different sets: [ € D;, s € Dj, i # j, i,j = 1,2, our wrong
decision came from the first stage. It means that in the first stage sample
x belongs to A, and at the second stage x € BN C A:N. That is again
ofl. = P (BY) = of,

According to this discourse, we obtain the following relationships between
error probabilities for the two-stage test with one sample and the first and the
second stages of LAO tests:
a)ifl € Dy, s=1,85, then

aiy(@1Y) = BN (AT N BY) = PY(BY) = aj (03" et = 1) (19)
b)if I € Dy, s =1, 5, then
ay (1) = P4 N B™Y) = PY(BY) = ajj (3" =2)  (20)
We define reliabilities:
o Do 1 . —
B (@) = llNlriloréf {—Nlog s (@lN)} , Ls=1,5. (21)

According to (19)—(21), we get

EZ(;((ID )= l|s(902|901) l,s=1,5. (22)

Theorem 4.8. If all distributions P,, s = 1,5, are different and positive
values Eill and E7/~I|r7 r=1,R—-1UJR+1,5—1, satisfy compatibility con-
ditions of, correspondingly, Theorems (4.1)-(4.4), then elements of matriz of

reliabilities E" (D7) of the two-stage test by one sample O can be found by
When one of the compatibility conditions is violated, then at least one ele-

ment of the matriz E" (%) is equal to zero.
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5 The Two-stage LAO Testing applying a Pair

of Samples

Now we will discuss another version of testing. Suppose N = Ny + Ny be
such that:
Ny =[¢YN], No=[(1—-9¢)N], 0 <9 <1,

x = (x1,x9), x € XY,
_ N1
X1 = (1,Z9,...,2nN,), X3 € XD,

N.
Xg = (TNy 41, TNy42y - - - TN), Xo € X2,
AN = M

We denote the two-stage test with the pair of samples x; and x5 on the base of
N observations by ®2. The test ®) may be constructed by the pair of tests
e and @2 for two consecutive stages and we write ®Y = (o', ©)?). The
first stage for selection of a family of PDs is a non-randomized test ¢} (x;)
using the sample x;. The next stage is for making decision in the determined
family of PDs, it is a non-randomized test @3> (xs,x;) based on sample x, and

the outcome of test ¢ (x;).

5.1 First Stage of Two-stage Test with a Pair of Samples

The first stage of decision making for choice of a family of PDs by a test
¢ (x;1) can be defined by partitioning the sample space XM into a pair of

distinct subsets
AME [ o) =), i=1,2,
The test @) (x;) can possess two kinds of errors for the pair of hypotheses

P e P;, i =1,2, analogous to definitions (5) and (6),

afy(e1) = m%xPjvl(Aévii% i=1,2.
seD;

7

We consider reliabilities of the infinite sequence of tests ;:

Ni1—00

1
Eji(1) £ lim inf {_Elog 0‘;|z’(80{vl)} , =12
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For given E1T1 we define the test gp’{Nl by division of X into the following

disjoint subsets

AN = U Tot, and AN =M\ AN

) /
Qxl :Sréllpn1 D(Qx1 HRS)SElTl

Applying the properties of types for estimation of error probabilities and the
definition of the reliability E;Tl, we obtain dependence E;T2(E1T1) as in Theorem
4.1. Then, similarly, for

B i D(P,||P
111 <seD£I,11196D1 (IR,

we construct a LAO sequence of tests ¢} with the following positive reliability
Esz(E1T1) = min inf D(QI|Fy).

. !
s€Dy Q:prlgl‘gl D(QHPI)SElTl

Example 5.1. Suppose X = {a, b, c}, the first family of PDs contains two
PDs: P, = (0.1,0.1,0.8) and P, = (0.2,0.2,0.6) and the second family owns
three PDs: Py = (0.4,0.4,0.2), P, = (0.5,0.4,0.1) and P = (0.6,0.2,0.2). In

table 1 we present values of divergences of all pairs of PDs.

Table 1: Values of D(Fs|| P,)

No. [=11]101=2
s=310.3612 | 0.1454
s=41| 0.5 0.2415
s =95 | 0.4067 | 0.1908

Applying Theorem 4.1 we see that

0< By, < min_ D(PJ|P) = 0.1454,
s=3,5, 1=1,2
and consequently
EéT2(E1T1) = min inf D(QI|Ps),

s:ﬁl_%Q:D(QHPl)gE;TI

then we observe that for 0 < E;"‘l < 0.1454, we have 0.1658 > E;TQ > 0. In
Figure 2 we show the graph of relationship of E;TQ and E;Tl
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Figure 2: Error probability exponents for the first stage of test with R = 2
and S =5

5.2 Second Stage of the Two-stage Test with a Pair of

Samples

After selecting a family of PDs, it is necessary to detect one PD in this
family by test ¢)2(x2,x;) which can be defined by partitioning the sample
space X2 into R (or S — R) distinct subsets. If the first family of PDs is
accepted, then

B = {x2: gpé\b (x9,%1) = s}, s €Dy,

And if the second family of PDs is accepted, then s € Ds.
At the second stage of test the probability of the fallacious acceptance of
PD P, when Py is correct, is

ol (@d2|pMr = i) = PM2(BN), 1€ Dy, i =1,2, I # s, s=1,5.

The probability to reject Ps, when it is true and ¢-th family of PDs is accepted,

1S

ol (2ot =) EPMB) = Y afl (@bl = i), seD;, i=12.
l;és, lEDi

(23)
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Corresponding reliabilities for the second stage of test are

=)

1 —
Eﬁs(@?l@l = Z) im inf {_N log a;l‘s(gpé\&h@i\h = 2)} ) la S = 17 S. (24)
2

No—o00
It follows from (23) and (24) that
E;/|s<902’()01 =1i) = f};glEz/\Is(%\@l =), l,s=1,8.

If at the first stage the first family of PDs P; is accepted correctly, the matrix
of reliabilities for the second stage of test B (¢py]p; = 1) will be the next

B, B .. B,

E// El/ L El/
E"(l‘l)(gpﬂgol =1)= 12 22 B2 |

E{"R Eé’m . E;%u%

and if at the first stage the first family of PDs P, is accepted erroneously, the

matrix of reliabilities E”? (o] = 1) for the second stage will be

E/l El/ El/

1|R+1 2|R+1 R|R+1
1! 1 1
112 E E E
E//( | )(902|801 _ 1) _ 1|R+2 2|R+2 R|R+2
Ui /! 1
E1|s EQ‘S ER|S

If at the first stage of test the second family of PDs P, is correctly accepted,
the matrix of reliabilities for the second stage of test E”? (a1 = 2) will be
the following

1 1 1
ER+1|R+1 ER+2|R+1 ES|R+1
1 1! 1
1(212) ER 1|R+2 ER 2|R+2 "¢ ESR 2
E (902|901=2): IR 2R IR+ )
/! /! /!
ER+1|S ER+2\S ES|S

and when at the first stage the second family of PDs P; is incorrectly accepted,

(2|1)<

the matrix of reliabilities of test E” valp1 = 2) for the second stage will be

E// E// El/

R+1[1 R+2|1 S|1
E”(Qll)(g02|g01 _ 2) _ E}/%+1|2 EZPrZ\Q Eg'|2
El/ E// E//

R+1lR Try2r -+ TSR
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If at the first stage the first (or the second) family of PDs is accepted, then the
second stage of test will be LAO, if for the given positive values of R — 1(or
S — R — 1) diagonal elements of the matrix E/’(i|i)((p2‘gpl =1), i = 1,2, the

procedure gives maximal values for all other elements of the matrix.

Theorem 5.2. If at the first stage of test the first family of PDs is accepted,
then for given positive and finite values ET’,’W r =1, R—1, of the matriz of

reliabilities "W (o)1 = 1), let us introduce the regions:

R2 = {Q:muD(@IIP) < By D@ P < B}, s =TT

i = {@: pup@IR) < B D@IR)> Bl s=TR=T),
€Dy

and then the following values of elements of the future matriz of reliabilities
E"MY (5ot = 1) of the LAO tests sequence:

= El, s=TR—1

s|s s|s» )

El* = inf D P), l,s=1,R, | +#s,
=t D@QIP). s #s

UES : UES
= min .
RIR = R FIR

When the following compatibility conditions are valid
Ei’“ < SIE;ARD(PS || Pl),

1"
s|s

< min[min F;f, min D(F || P)], 2<s< R—1,
1<i<s ' s<I<R

then there exists a LAO sequence of tests 3, elements of matrix of reliabilities
E' (5ot = 1) = {E/*, I,s € D1} of which are defined above and are

lls>
positive.
Fuven if one of the compatibility conditions is violated, then the matrixz of

reliabilities of such test will contain at least one element equal to zero.

If at the first stage of test, the second family of PDs is accepted, then for
S — R — 1 given positive and finite values £ , r = R+ 1,5 — 1 of matrix of
reliabilities E”?? (¢3), the procedure is analogous.
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5.3 Reliabilities of the Two-stage Testing with a Pair of

Samples

The tool of making decision according to N independent observations de-
noted by ®5V = (o™ p3M?) is organized by a pair of LAO tests ¢t and
*N2 In the two-stage decision making, the test ®3" can be defined by par-
tltlomng the sample space XV into separate subsets as follows, if at the first

stage of LAO test the first family of PDs is accepted, then
CNE AN BN s eDy,

x = (x1,%2) €N when x; € AN, x, € B, s€ D,

and if at the first stage of LAO test the second family of PDs is accepted, then
CNE AN X BN s €D,

x = (x1,%) € CN when x; € AN, xy € BN 5€D,.

So we have S disjoint subsets C:V such that |J%_, C*N = XV and the set CN
comprises all vectors x for which s-th PD is adopted at two-stage test.
Let o/” be the probability of the erroneous acceptance by two-stage test

with the pair of samples of PD P, when P is true:
o (@) = PX(CY), s =TS, 1#s.

And the probability to reject P, in two-stage test by the pair of samples, when

it is correct, is

o, (05") SR (€)= X of (95, 4= T5.
l#s
We denote by @5 = (¢7, ¢3) the infinite sequences of tests and define reliabili-
ties:

1
l’";((b;) £ liminf {—Nlog a;"; (CID’Z‘N)} . l,s=1,8.

N=oo
We want to determine the relationship between reliabilities of the two-stage
test by the pair of samples and reliabilities of the first and the second stages
of LAO tests. For that we consider error probabilities as follows

a) if [, s € Dy then

opfe(®57) = P (AT - P (B (25)
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b) if I, s € Dy then

aif(23") = P (AF™) - P (B/™)
c) if s € Dy and | € Dy then

o (85Y) = P (A - (B
d) if s € Dy and [ € Dy then

af(@3") = P (AT™) - P (B™)

Using properties of types we get the following equalities:

1
N1—o00 1 Q:lremDn1 D(QHP[)SElTl
1
lim | —-—log PM(AM) b= imf  D(QIIP) = B,
Ni—oo Ny Q i D(QIIP)>Ey

11

According to (25)—(30) and definition of reliabilities we obtain
a) if [, s € Dy, then
B (®3) = (1 — ) By

l|s>»
b) if [, s € Dy, then
1:(®3) = (1 = ¥) By,
c) if s € Dy and [ € Dy, then
d) if s € Dy and [ € Dy, then

Ej(®3) = Y By, + (1= ) B,

and
e)if s € D;, i = 1,2, then

{(83) = min B (@3).

149

(26)

(27)

(28)

s € Dy,
(29)
S € Dl-

(30)

(31)

(32)

(33)

(35)
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Theorem 5.3. If all distributions P,, s = 1, S, are different and positive
r=1,R—-1JR+ 1,5 —1, satisfy compatibility con-

ditions similar to those of Theorems 4.1 and 4.6, then elements of matriz of

numbers Ef“l and E;/\w
reliabilities E" (93), of the two-stage test by the pair of samples @5 are defined
in (31)~(35).

When one of the compatibility conditions is violated, then at least one ele-

ment of the matriz E" (®5) will be equal to zero.

6 Comparison of Matrices of Reliabilities of

Three Procedures

We compare two matrices of reliabilities obtained for the one-stage and the

two-stage tests, described in Theorems 3.1 and 4.6. For comparison we will give

the same diagonal elements F,, = E”' s = 1,5 — 1, to the matrices of relia-

s|s?
bilities. For the one-stage test the elements of each column s, s = 1,5 — 1 are
functions of the diagonal element of the same column. For the two-stage test

the element of column s, s =1, R—1|JR+ 1,5 — 1 are also functions of di-

agonal elements of corresponding column, the elements of column s =1, R — 1
UR+1,5 —1 of two matrices are equal and the elements of columns R and
S of the matrices can be different. Since for s € {I,R —1|JR+ 1,5 — 1} the

sets for both cases are equal

Rgfz{Q:}g%?D<Q||B>sEiTu D@ F) < g'ls}

~{Qimpp@In) < £, D@QIR) < B} =R,

reliabilities are also equal

" : :

st = nf, D (@Il 7)) = jnf D@ F) = Ey.
For S-th column we have

¢ ={Q:D@QIP)> By s=FFLE-1, mpDQIP) > £ },
S 1
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and get that
Eg, = inf D@ P),

from where it follows that

U =Ey, if |=R+1,5-1,

EY, > By, if 1=1R.

Theorem 6.1. If all distributions P,, s = 1, S, are different and positive

values of diagonal elements Eys = E;/(S’

s =1,5 —1 of the reliabilities matri-
ces of one-stage and two-stage cases satisfy compatibility conditions shown in
Theorems (4.1)-(4.6), then for columns s = 1,R—1|JR+ 1,5 — 1 reliabili-
ties of two matrices are equal, but for R-th and S-th columns reliabilities can
be different.

Example 6.2. Suppose X = {a, b, ¢}, the first family of PDs includes three
PDs: P, = (0.1,0.4,0.5), P, = (0.2,0.5,0.3) and P; = (0.3,0.6,0.1) and the
second family consists of five PDs: P, = (0.4,0.3,0.3), P5 = (0.5,0.4,0.1).
Ps = (0.6,0.2,0.2), P; = (0.7,0.2,0.1) and Ps = (0.8,0.1,0.1).

In Table 2 values of divergences of all pairs of PDs are presented.

Table 2: Values of D(Fs|| P,)

No. =1 =2 =3
s=40.1368 | 0.0539 | 0.1028
s=50.2796 | 0.1125 | 0.0405
s=60.3271 | 0.1715 | 0.1454
s =17 0.4615 | 0.2535 | 0.1622
s=80.5924 | 0.3640 | 0.2630

In Figure 3 the graph of relationship of E;Tz and E;Tl is depicted.
The reliabilities matrices of the one-stage test E(¢*) and the two-stage test

E”(®7) with E;Tl = max F,, = 0.01 and the same diagonal elements are as
s=1,2

follows
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Figure 3: Error probability exponents for the first stage of test with R = 3
and § =8

[ 0.0050 0.0112 0.0890 0.0762 0.2368 0.2341 0.4365 0.0050
0.0183 0.0100 0.0100 0.0215 0.0851 0.1094 0.2353 0.0100
0.1643 0.0223 0.0223 0.0556 0.0245 0.0947 0.1482 0.0223
0.0674 0.0167 0.0280 0.0070 0.0354 0.0111 0.0769 0.0070
0.2133 0.0560 0.0027 0.0273 0.0020 0.0189 0.0349 0.0020
0.1914 0.0926 0.0644 0.0111 0.0322 0.0070 0.0124 0.0070
0.3189 0.1557 0.0729 0.0517 0.0292 0.0026 0.0004 0.0004

| 0.4294 0.2710 0.1818 0.1043 0.1043 0.0157 0.0141 0.0141

[ 0.0050 0.0112 0.0050 0.0762 0.2368 0.2341 0.4365 0.0100
0.0183 0.0100 0.0100 0.0215 0.0851 0.1094 0.2353 0.0100
0.1643 0.0223 0.0223 0.0556 0.0245 0.0947 0.1482 0.0100

" 0.0674 0.0167 0.0460 0.0070 0.0354 0.0111 0.0769 0.0070

0.2133 0.0560 0.0101 0.0273 0.0020 0.0189 0.0349 0.0020

0.1914 0.0926 0.0933 0.0111 0.0322 0.0070 0.0124 0.0070

0.3189 0.1557 0.1025 0.0517 0.0292 0.0026 0.0004 0.0004

| 04294 0.2710 0.2293 0.1043 0.1043 0.0157 0.0141 0.0141
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The unequal reliabilities of the second matrix are printed in bold-face.

The reliabilities matrices of the one-stage test E(¢*) and the two-stage test
with two samples E”(®}) with ¢» = 0.1 and the same diagonal elements, are
as follows

[ 0.0050 0.0112 0.0958 0.0762 0.2368 0.2341 0.4365 0.0050
0.0183 0.0100 0.0125 0.0215 0.0851 0.1094 0.2353 0.0100
0.1643 0.0223 0.0185 0.0556 0.0245 0.0947 0.1482 0.0185
0.0674 0.0167 0.0324 0.0070 0.0354 0.0111 0.0769 0.0070
0.2133 0.0560 0.0042 0.0273 0.0020 0.0189 0.0349 0.0020
0.1914 0.0926 0.0721 0.0111 0.0322 0.0070 0.0124 0.0070
0.3189 0.1557 0.0805 0.0517 0.0292 0.0026 0.0004 0.0004

| 0.4294 0.2710 0.1941 0.1043 0.1043 0.0157 0.0141 0.0141

[ 0.0050 0.0091 0.0050 0.0672 0.2125 0.2075 0.3926 0.0111
0.0155 0.0100 0.0100 0.0193 0.0764 0.0968 0.2121 0.0111
0.1447 0.0185 0.0185 0.0491 0.0224 0.0842 0.1338 0.0111

m 0.0607 0.0154 0.0411 0.0070 0.0311 0.0091 0.0686 0.0070
0.1902 0.0491 0.0090 0.0229 0.0020 0.0160 0.0311 0.0020
0.1789 0.0896 0.0898 0.0091 0.0283 0.0070 0.0110 0.0070
0.2939 0.1465 0.0990 0.0446 0.0256 0.0019 0.0004 0.0004

| 0.4054 0.2617 0.2240 0.0911 0.0924 0.0130 0.0124 0.0124

the bold-faced numbers are the reliabilities of two-stage test which are greater
than the reliabilities of one-stage test.
The reliabilities matrices of the one-stage test E(¢*) and the two-stage test

with two samples E”(®}) with ¢ = 0.08 and the same diagonal elements, are

as follows
[ 0.0050 0.0112 0.0944 0.0762 0.2368 0.2341 0.4365 0.0050 |
0.0183 0.0100 0.0120 0.0215 0.0851 0.1094 0.2353 0.0100
0.1643 0.0223 0.0192 0.0556 0.0245 0.0947 0.1482 0.0185
E(gb*) _ 0.0674 0.0167 0.0315 0.0070 0.0354 0.0111 0.0769 0.0070

0.2133 0.0560 0.0039 0.0273 0.0020 0.0189 0.0349 0.0020
0.1914 0.0926 0.0705 0.0111 0.0322 0.0070 0.0124 0.0070
0.3189 0.1557 0.0790 0.0517 0.0292 0.0026 0.0004 0.0004
| 0.4294 0.2710 0.1916 0.1043 0.1043 0.0157 0.0141 0.0141
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[ 0.0050 0.0095 0.0050 0.0690 0.2170 0.2127 0.4014 0.0109
0.0160 0.0100 0.0100 0.0197 0.0781 0.0993 0.2165 0.0109
0.1487 0.0192 0.0192 0.0504 0.0229 0.0858 0.1366 0.0109

" 0.0621 0.0156 0.0419 0.0070 0.0317 0.0095 0.0704 0.0070
0.1948 0.0505 0.0092 0.0236 0.0020 0.0166 0.0318 0.0020
0.1814 0.0902 0.0909 0.0095 0.0291 0.0070 0.0113 0.0070
0.2989 0.1486 0.0997 0.0460 0.0263 0.0020 0.0004 0.0004

| 0.4104 0.2636 0.2250 0.0937 0.0948 0.0135 0.0128 0.0128

The bold-faced numbers are the reliabilities of two-stage test which are greater

than the reliabilities of one-stage test.

7 Conclusion

We have shown that the number of the preliminarily given elements of the
matrix of reliabilities in both one-stage and two-stage tests with one and two
samples are the same. Some elements of the matrix of reliabilities of the two-
stage test by one sample and by two samples can be even greater than the
corresponding elements of the one-stage test. So, the customer has possibility
to use the method which is preferable. It is possible to experimentally choose
value of ¥ in two-stage test with the pair of samples, but it will be interesting
to discover the best 1) in function of R and S. We can prove that the number
of operations of the two-stage test by one sample is less than that of one-stage
test and is greater than the number of operations of two-stage test with a
pair of samples. This was observed also during experimental calculations of
examples.

In [3] the LAO test for case of two hypotheses is constructed based on
Neyman-Pearson Lemma, Sanov’s Theorem and Lagrange multipliers. Also
for the Bayesian case the Chernoff bound is obtained for the best achievable
exponent. It is worth to perform analogical investigation for the case of two-
stage multiple hypotheses testing.
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