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Multifractal analysis of local entropies
for amenable group actions

Yunping Wang! and Cao Jie?

Abstract

In this paper, we give the multifractal analysis of the weighted local

entropies for arbitrary invariant measures for amenable group actions.
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1 Introduction and statement of main result

Let (X, d,T) be a dynamical system, where (X, d) is a compact metric space
and T : X — X is a continuous map. The set M(X) of all Borel probability
measures is compact under the weak* topology. Denote by M (X,T) C M(X)
the subset of all T-invariant measures and E(X,T) C M(X,T) the subset
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of all ergodic measures. Multifractal analysis is concerned with the study of

pointwise dimension of a Borel measure p (provided the limit exists):

. logu(B(x,e
da) = liny EATA2:0)

where B(z,€) is an open e-neighborhood of z. Set
Xo ={r e X :d,(z) =a}.

The purpose is to describe the set X,. It is worthwhile to mention that the
multifractal analysis of Birkhoff average is closely related to the pointwise
dimension of the Borel measure. We refer the reader to the references [4,
14, 20, 21, 22]. Here, we introduce the general form of Pesin’s multifractal
formalism in [12], or [2] as follows. Consider a function g : Y — [—00, +00] in
a subset Y of X. The level set

KIi={zeY:g(x)=a}

are pairwise disjoint, and we obtain a multi fractal decomposition of X given
by
X=XxX\v)u J K&
a€[—o0,+0d]

Let G be a function defined in the set of subsets of X. The multi fractal spectrum :

F : [—00, +00] — R of the pair (g, G) is defined by
Fla) = G(KY),

where g may denote the Birkhoff averages, Lyapunov exponents, pointwise
dimension or local entropies and G may denote the topological entropy, topo-
logical pressure or Hausdorff dimension.

Let (X,G) be a G—action topological dynamical system, where X is a
compact metric space with metric d and G a topological group. In this paper,
we assume G is a discrete countable amenable group. Recall that a group G is
amenable if it admits a left invariant mean(a state on ¢*°(G) which is invariant
under left translation by G). This is equivalent to the existence of a sequence

of finite subsets {F,} of G which are asymptotically invariant, i.e.,
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n—-4o00 |Fn|

=0, forall g € G.
Such sequences are called Fglner sequences. For the detail of amenable group
actions, one may refer to Ornstein and Weisss pioneering paper [11].

The topological entropy of (X, G) is defined in the following way.

Let U be an open cover of X, the topological entropy of U is

ey (G.U) =l log N (U, ).
where Up, = V cp, g U and N(«) denote the number of sets in a finite

subcover of o with smallest cardinality. It is shown that hy,(G,U) is not
dependent on the choice of the Fglner sequences {F,}. And the topological
entropy of (X, G) is

hiop( X, G) = sgp hiop(G,U),

where the supremum is taken over all the open covers of X.

Bowen [1] introduced a definition of topological entropy on subsets inspired
by Hausdorff dimension. For an amenable group action dynamical system
(X, @), we define the Bowen topological entropy in the following way.

Let {F,} be a Fglner sequence in G and U be a finite open cover of X.
Denote diam(U) := max{diam(U) : U € U}. For n > 1 we denote by W, (U)
the collection of families U = {U, } e, with U, € U. For U € Wp, (U) we call
the integer m(U) = |F,,| the length of U and define

X(U) = ﬂ g_lUg

gEFn

:{meX:ngUgforgéFn}-

For Z C X, we say that A C |, Wk, (U) covers Z if | Jyc, X(U) D Z. For
s € R, define

M(ZUN, s, {F,}) = mf{ ) _ exp(~sm(U))}
UeA
and the infimum is taken over all A C [J;5x Wr; (U) that covers Z. We note
that M(-,U, N, s,{F,}) is a finite outer measure on X, and

M(Z,U,N,s,{F,}) = inf{M(C,U,N,s,{F,}) : C is an open set that contains Z}.
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M(Z,U, N,s,{F,}) increases as N increases. Define

M(Z,U,s,{F,}) = lim M(Z,U,N, s, {F)})

N—+o0
and
hioy({Fo}, Z,U) = inf{s : M(Z,U,s,{F,}) =0}
=sup{s: M(Z,U,s,{F,}) = +oo}.
Set

top

hf}p({Fn}> Z) - Sgp hi. ({Fn}a Z,Z/{),

where U runs over all finite open covers of Z. We call i} ({Fy.}, Z) the Bowen
topological entropy of (X, G) restricted to Z or the Bowen topological entropy
of Z(w.r.t. the Fglner sequence {F,}).

Similar to the Bowen topological entropy of subsets for Z—actions(see, for
example, Pesin [12]), it is easy to show that

hioy({Fo}, Z) = lim  hg

diam(U)—0 top

{F.}, ZU).

So the Bowen topological entropy can be defined in an alternative way.

For a finite subset F' in GG, we denote by

Bp(z,e) ={y € X : dp(x,y) < €}
={y € X :d(gz,gy) <e¢, for any g € F}. (1)

Definition 1.1. For Z C X,s > 0,N € N, {F,} a Folner sequence in G
and € > 0, define

M(Z,N,e s, {F,}) = ianexp(—s|Fni ),

where the infimum is taken over all finite or countable families { B, (i, €)}
such that x; € X,n; > N and\J; Br, (vi,€) 2 Z. The quantity M(Z, N, €, s,{F,})
does not decrease as N increases and € decreases, hence the following limits
erists:

M(Z,e,s,{F,}) = NEIEWM(Z, N,e, s, {F,}),

M(Z,s,{F,}) = 11_1}1(1)M(Z, €, 8, {Fn}).



Yunping Wang and Cao Jie 39

Bowen topological entropy h2 (Z {F,}) can be equivalently defined as the crit-

top

ical value of the parameter s, where M(Z,s,{F,}) jumps from 400 to 0, i.e.,

0, 5 > hﬁp(Z, {F,}),

M(Z,5,{F,}) = too, s <hE (Z{F.}).

In [1] Bowen showed that hy.,(X,T) = hZ

top( X, T') for any compact metric

dynamical system (X, 7). A Folner sequence {F, } in G is said to be tempered
(see Shulman [17]) if there exists a constant C' which is independent of n such
that

| Fo'Ful < C|F,|, for any n. (2)

k<n

In Lindenstrauss [6], (2) is also called Shulman Condition.

The increasing condition

b Pl _
m —— =00
N—+00 logn

(3)

In [23], the authors prove Brin-Katok’s entropy formula [3] for amenable group

action dynamical systems. The statement of this formula is the following.

Theorem 1.2 (Brin-Katok’s entropy formula: ergodic case). Let
(X, Q) be a compact metric G—action topological dynamical system and G a
discrete countable amenable group. Let p be a G—ergodic Borel probability
measure on X and {F,} a tempered Folner sequence in G with the increasing

condition (3), then for u almost everywhere v € X,

1

lim lim inf —
d—0 n—+oo

log u(Br, (,0))

| £

lim i 1
= 11Im 111m —
6—0 n—*igop ‘Fn‘

log ﬂ(BFn (Iv 5)) = hM(Xv G)

Since this formula gives an alternative definition for metric entropy(known
as local entropy), we give the following definition of local entropy in amenable

group action case.

Definition 1.3. Let (X,G) be a compact metric G—action topological dy-

namical system and G a discrete countable amenable group. Denote by M(X)
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the collection of Borel probability measures on X. For any p € M(X), = €
X,n €N, e>0 and {F,} any Folner sequence in G, denote by

1
ELOC<:L,’ €, {Fn}) = hm mf _T

n—-4o0o ’ n’

log ju(Br, (2, €)).
Then the (lower) local entropy of u at x (along {F,}) is defined by
Ko (o, (Fy}) = lim W, €, {F, )

and the (lower) local entropy of 1 is defined by

B ({F,}) = /X W (P,

Similarly, we can define the upper local entropy.

In this case the common value will be denoted by

—loc

he (@, {Fa}) = b (e {Fa}) = By, (2, {F0)).

And then, for any G-invariant Borel probability measure u, and « > 0, define
Ko(p) = {z € X : hy*(x,{F,}) = a}.

In [20], Takens and Verbitski defined the (g, it)-entropy h, (7T, q,-) by extend-
ing the definition of generalized Hausdorff dimension dim{(-) and showed the

following formula

A~ ~

Piop(Ka(1t)) = qoe 4 hyu(T, q, Ko(p)),

where hy,,(+) denotes the topological entropy. Later, in 2007, Yan and Chen
[15] considered the multifractal spectra associated with Poincaré recurrences
and established an exact formula on multifractal spectrum of local entropies

for recurrence time.

2 Preliminary Notes

Let u € M(Xy,T)) be an invariant Borel measure. For o > 0, define

K.(p)={x € X;: hljc(:v, {F.}) = a}.
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In this paper, we are interested in local entropies and spectra associated for
amenable group actions, we study the size of the set K, (u).

Next, we will try to give our result by defining the weighted (G, ¢, t)-energy.
Let o be an invariant non-atomic Borel measure. Without loss of generality
we may assume that p is positive on any non-empty open set. For any at most
countable collection G = {Byp,(z,€)}, any ¢,t € R define the (G, g, t)-free
energy of G by

FuG.at)= Y u(Bg,(x,€)" exp(—t| ).
Bp,, (z,€)€G

For any given set Z C X1, Z # (), and numbers ¢,t € R,e > 0, N € N, put

Mu,c(Za q, t; €, N) = Hglf Fu<g7 q, t)

where the infimum is taken over all finite or countable collections G = { B, (i, ¢€)}
with z; € Z and n; > N such that Z C Up,. (,.0ecg Br., (2i,€). To complete
the definition, we assume that

Mu7c(@> q, ta €, N) =0

for any ¢,t,e and N. The quantities M;ic(Z, q,t, e, N) are non-decreasing in N,
hence the following limit exists:

M, (Z,q,t €)= 1\}1—{%0 M, .(Z,q,t,e, N) =sup M, .(Z,q,t,e,N).

N>1
Since we consider covers with centers in a given set, the qualities M, .(Z, ¢,t, €)
are not necessarily monotonic with respect to the set Z. We enforce mono-
tonicity by putting
M, (Z,q,t,€) = sup MMC(Z,,q,t, €).
z'cz

We now state (without proof) some basic facts. And these are standard proofs
of Hausdorff dimension type and similar to the properties of topological entropy

in [1], topological pressure in [13].
Lemma 2.1. For any t € R the set function M,(Z,q,t,€) has the following
properties:
(1) Mu(0,q,t,€) = 0;
(2) M(Z1,q,t,€) < M, (Z3,q,t,¢€) for any Zy C Zs;
(3) M“(G Zi,q,te) < iMu(Zi,q,t,e) forany Z; C X,i=1,2,---.

i=1 =1
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Remark 2.1 It is easily to check that M,(-,q,t,€) is an outer measure.
And M,(Z,q,t,¢€) plays a similar role with the M(Z, ¢, s) in Definition 1.1.

Lemma 2.2. There exists a critical value h,({F,},q, Z,€) € [—00, 0] such
that
0 ift>h,({F.},q,Z€)
M,(Z,q,t€) =
oo if t<h,({F.},q,Z,¢).
Lemma 2.3. The following holds:

(1) hu({Fn}cha @,6) = —00;
(2) hu({Fn}7Q7 Zlv 6) S h#({Fn}uq’ Z2’€) fOT Zl C Z2;

(3) hu({Fn}. g, U Zi,e) =suph,({F.},q, Zi,€) where Z; C Xq,i=1,2,--- .
i=1 i

Definition 2.4. The ({F,},q, n)-entropy of Z is
h,({F.},q,Z) = lim sup h,({F.},q,Z,¢).

Similar to Lemma 2.3, we state (without proof) some basic properties of
h.(G,q,-).

Proposition 2.5. The following holds:

(1) hu({Fn}, q,0) = —o0;
(2) hu({Fn}s 0 20) < hu({Fn}s g5 Z2) for Zy C Zs;

3) hu({Fu}, 0.\ Z) = swp h({Fu}, g, Zi) where Z; C Xy,i= 1,2, .

i=1

In this paper, we will prove

Theorem 2.6. Let p be a non-atomic G-invariant measure and positive on

any non-empty open set. For any o > 0 and every q € R, we have

hiey({Fu}, Ka(11)) = qoc+ hu({F}, 4, Ka(p)).



Yunping Wang and Cao Jie 43

3 Main Results

Proposition 3.1 Let p be non-atomic G-invariant measure and positive

on any non-empty open set. For any subset Z C X one has h,({F,},0,2) =
higy({Fn}, Z).

Proof. If Z = (), the statement is obvious, since both sides are equal to —oco.

Suppose that Z # 0, we start by showing h,({F,},0,2) > h ({F.}, 7). Let

top
U
U be an open cover of X and choose any e < y with v(U) denotes the

Lebesgue number of . Consider an arbitrary collection G = {Bp, (vi,€)}
with n; > N such that z; € Z and Z C UBFM (2s.0)eG BF., (i, €). For the fixed
U, we can choose U,, € W, such that Bp, (z;,¢) C U,,. Let I'g = {Up,}.
Obviously, I'g covers Z and

Fu(G.0,t)= Y exp(—t|F,[)= Y exp(—t[F,

BFni (xi,e)eg Unierg

).

Since G is arbitrary, we conclude that
M, .(Z,0,t,e,N) = iréfFM(g,O,t) > M(Z,U,t,N).
Taking limits as N — oo,

M(Z,U,t) < M, .(Z,0,t,e) < M, (Z,0,t,¢).

Therefore,

hip({Fn}> Z>U) < hu({Fn}’ 0,7, 6)
1)

for any € < 5 Let € — 0, we have
hip({Fn}a Z, {Ui}?:l) < limsup hu({Fn}vOa Z, 5) = hu({Fn}>Oa Z)»
e—0

which yields that
hiop({Fu}, Z) < hu({F}. 0, 2).

Let us now show the opposite inequality. Assume that
ha({F.},0,2) — hi) ,({F.}, Z) > 3v > 0.
Then there exists € > 0 such that

h({F2},0.2.) = W, ({F.). 2) > 2.
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By definition of topological entropy, there exists an open cover U with diam(U) <
€ such that

ha({Fa},0,Z,¢) = hP({F,}, Z,U) > 7. (4)

Let Z' be an arbitrary subset of Z and I' = {U,,.} be an arbitrary collection of
strings covering Z’. We may assume that U,, N Z' # ) for U,,, € I'. Otherwise
we just delete those strings and obtain a smaller collection of strings, which

still covers Z'. For any U,,, € I', we choose an arbitrary ry,, € Uy,NZ ', Thus,
TU,, € Unz C BFn,L- (J?Uni,é).

Therefore, the collection G = {Bp, (zu,,,€)} is a centered cover of Z'. ;From

the definition of weighted free energies, we obtain
M, (Z',0,s,¢) < M(Z' U, s)
for any s € R. Furthermore,

M,(Z,0,s,¢) = sup M, .(Z',0,s,¢) < M(Z,U,s).
zZ'CZ
The last inequality holds due to the monotonicity of M(.,U, s) with respect
to the first argument. Finally, we get h,({F,},0,Z,¢) < h({F,}, Z,U) which
is contradicted with (4). O

Remark 3.1. If ¢ = 0, Theorem 2.6 can be showed by Proposition 3.1
easily. We will prove Theorem 2.6 for each ¢ € R in next section.

Proof of Theorem 2.6 Consider o > 0 and the corresponding level set

Kol = {r € Xu+ W, {F.}) = 0}
~ log u(BY, (x. )

= {z € X : limlimsup

—1 B3
- gt —t el o)

Choose some monotonic sequence €); — 0 as M — oo and this sequence will
be fixed for the rest of this section. Let § > 0 and put

-1 B
Kom = {x € Ko(p) : @« — 0 < liminf 0g u( Fn(xveM))}

o [E
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Obviously, Koy C Ko n+1 and Ko (1) = 37—, Kamr- Due to the monotonicity
— log u(Br, (z,€))

of E| with respect to ¢, for each x € K,(u) and every € > 0
one has
—1 B

Fix x € K, v, there exists Ny = Ny(z, d, €p7) such that

—log p(Bp, (z,€n))

a—90<
| Fol

<a+d

for all n > Ny. Put
Ka,M,N = {ZL’ € Ka,M . NO = Ng(x,é, GM) < N}

Again, it is easy to see that Ko yn C Komni1 and Koy = U;’Vozl Komn.

Using the properties of weighted topological entropy, we conclude that

higp({Fu}, Ko(p),U) = lim Tim i), ({Fo}, Kaorw, U).
Lemma 3.1. Suppose U is an open cover respect to X. Consider K, ar,n
for some M,N € N such that €); < @, where ~v(U) denotes the Lebesgue
number of U. Then for s > qo + |q|d +t one has

M({Fn}a KO(,M,N)“; S) S Mu,c({Fn}a Ka,M,N; q, t, 6M)-

Proof. Suppose that n > N and G,, = {Bp, (7i,€n)} is an arbitrary cover of
Ko mn with z; € K,y such that n; > n > N for all i. Then for every
x;, we can get some string U,,, satisfying B, (z;, epr) C U,,, i.e., there exists

I, .= {U,,} such that

Ka,M,N - U Bni(xi,eM) C U Um

BFni (ziveM)egn Unl ely

Since z; € K, an for all 4 and n; > n > N, we get

exp(—(a + 0)| Fy,

).

) < 1(Br,, (i, €ar)) < exp(—(a = 0)|Fy,
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If g > 0, then u(Br, (s, enr))" > exp(—g(a +6)|F,|) and

Y. uBr, (@i ear) exp(—t| Fy,)

Bp,, (xi,er)€Gn

Z Z eXp(_ani

Bp,,; (zieM)€Gn

> ) exp(—|F,
U

niern

(qov 4+ qd + 1))

s)
Z M(KQ,M,Na Z/[, S, TL)

for s > qa + ¢6 + t. On the other hand, if ¢ < 0, then u(Bp, (zi,enm))? >
exp(—(a — 0)q|Fy,,|) and

> wBr, (wi,ex))" exp(—t| Fy,

Br,, (zi,enm)€EGn

)

> > exp(—|Fy|(ga — qd + 1))

Bpy,; (ziem)€Gn

> Y exp(—|Fyls)

2 M<Ka,M,N7u7 S, n)

for s > qa — qd + t. Together (5) with (6), we have

M(Ka,M,N>u> S, n) S Mu,c(Ka,M,Na q, t, €nM, n)
Let n — oo;

M(KQ,M,N7M7 S) < Mu,c(Ka,M,Na q, t7 EM)‘

]

Lemma 3.2. Suppose K,y for some M, N € N and U is an open cover

of X satisfy diam(U) < . Then for s < qa — [q|d +t one has

M/J,<Ka,M,N7 q, tu 6M> S M(KQ,M,N7Z/[’ 8)'

Proof. Fix some integers M, N and let Z C K, mn,Z be a nonempty set.

Since the open cover U satisfy diam (i) < <, we can choose any n > N and

let I';, = {U,,} be an arbitrary collection of strings covering Z with n; > n.
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Without loss of generality we may assume that U,,NZ # ) for each U,,, € T,,.
Pick any vy, € Uy, NZ. It follows from diam(U) < <t that

Uni C BFM ([L’Uni , GM).

The collection Bp, (z,€xr) is centered cover of Z. Since zy, € Z C Kaun

and n > N, one has

eXp(_‘Fni

(a@+9)) < u(Br, (zu, -€) < exp(—|Fy,|(a —0))
Forg >0

Mu,c(Z> q, t? €M, n) S Z M(Bn(fEUnz ) 6M))q eXp(_nzt)

U,,eln
< 3 eIl - g5+ 1)
U,,eln
< Z exp(—|Fni\$)
U,,eln

for s < qa — qd + t. Since I',, is arbitrary, we get
M, .(Z,q,ten,n) < M(Z,U,s,n).
Let n — oo,
M, .(Z,q,t,en) < M(Z,U,s) < M(Komn,U,S).
Moreover,
M,(Kamn, ¢t en) < M(Kymn, U, S). (7)

For ¢ < 0, we have

1(Br, (zu,,, em))? < exp(—|F,, |qg(a +6)).

Hence,
My o(Z.q.t,err,n) < Y 1(Br, (zus , €nr))? exp(—|Fy,[t)
< ) exp(—|F,l(qa + g0 + 1))

< Y exp(=|Fuls)
U

n; ely



48 Multifractal analysis of local entropies for amenable...

for s < qa 4+ qd + t. Similar to the case ¢ > 0, we can get

M3 Komn, gt en) <m(Komn,U, ). (8)

m

Together (7) with (8), we complete the proof. O

Finally, we prove Theorem 2.6. By the definition of Bowen topological

entropy, we only need to show

hiop({Fu}, Ka(1) = ga+ hu({Fn}, a4, Ka()).

We may assume that K,(u) # (. Otherwise, the statement is obvious, since
both sides are equal to —oo. When K, (1) # (), we divide the proof into two
steps:

Step 1: hf,({F.}, Ka(p)) < qo+ hy({Fn}, ¢, Ko(p)). Suppose that the op-
posite is true: let

7= 4( top({Fn}s Ka(n) — qo = hy({Fo}, 4, Ka(n)) > 0.

Clearly,
hB

top

(Kalp)) =, Tim b, (P}, Kaln). ).

There exists a family of open covers U such that

hioy({Fn} K1), U) > qo+ hy({Fo}, ¢, Ka(p)) + 37

Let & > 0 be an arbitrary positive number if ¢ = 0 and § = W if |q| > 0.
Consider K, yr,n defined above, choose sufficiently large M, N such that the

following three conditions are satisfied:

top({F } KaMNau) > qo + hu({Fn}’ q, Ka(lu)) + 277
x < 0. hu({Fu} 0. Kalp) + 5 > hu{F )0 Kolp). 3.

This is possible because

i, ({Fu}, Kalp), {Ui}iy) = Jim - lim higy({Fn}, Karv, {U )

and
hu({Fn}, 4, Ko(p) = limsup b ({F,}, ¢, Ko (1), €).

e—0
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By the definition of h?2 ({F,}, Kan, {Ui}F_ ;) , the inequality (9) implies

top

M(KQ,M,N7 {ui}f:h qo + h,u({Fn}7 q, Ka(ﬂ)) + 27)) = O0.

It follows from s = qav+h,({F.}, ¢, Ko (1)) + 27, t = h,({F,.}, ¢, Ko (@) + 7 —
lg|6 and Lemma 3.1 that

Mype(Kant N, @ hu({Fn}, ¢, Ko(p)) + v = [ald, enr) = oo.

Moreover,

MM(KO(,M,N7 q, h,u({Fn}a q, Ka(l’[’)) + Y= |Q|57 EM) = 00. (10)

Here, we arrive at a contradiction with the assumption above. Indeed,

hu({Fn}> g, Ka(,u)) +v - |Q|5 zhu({Fn}, q, Ka(,u)) + %

Zh,u<{Fn}7 q7 Ka(lu)7 6]\/[)
zhu({Fn}> q, Ka,M,N7 EM)

and therefore one must have

Mu(Ka,M,N)CL hH(Tlﬂq’KOC(M)) +’7 - |Q|57 EM) =0

which contradicts (10).
Step 2: 12 ({F.}, K.(p)) > qa+ h,({F.}, ¢, Ko(p)). Suppose that the op-

top
posite is true: let

3= 1la0 + h({E 0, Ka(p)) — b, ((F), Ka(u)) > 0

By h,({F.}, q, Ko(p)) = limsuph,({F.}, ¢, Ko(p),€), we can choose a de-
e—0

creasing sequence €y; — (0 such that

h({Fbs 0, Kali) = Jim (g Ka(p), 1),

Let 0 > 0 be an arbitrary positive number if ¢ = 0 and § = ﬁ if || > 0.
Choose sufficiently large M such

em <0, hu({Fn}, ¢ Kalp), en) > hu({Fn}, ¢, Ka(p)) =

D2

Since
hf)p({Fn}’Ka(M)) = lim hB(Ka(N)’u)'

diam(U)—0
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One can find a family of open covers U such that

diam(U) < €7M

and
go+ h,({ o}, 0, Ka(p) > h({F,}, Ka(p), U) + 3.

Furthermore, consider K, y;,n defined above, we can get

qa+hu({Fn}vq’ ( )) > hgzp({Fn}vKa,M,N7u) +2’Y (11)
hu({Fn}s @ Ka(p)s en) =7 < hu({Fn}, ¢ Ko pns €n) (12)

for M, N large enough. This is possible because

higp({Fn}, Ka(p), {UiYiy) = Jim Tim il ({F}, Koo, U )

—oo N

and
h({Fu} g, Kol es) =l lim by ((F}. 0, Koo enr).

—00 N—oo

By the definition of hf,({F}, Kann,U) , the inequality (11) implies
M(Ka,M,N7u> qo + hu<{Fn}7 q, Ka(:u)) - 27) = 0.

It follows from s = qov+hy, (T, ¢, Ko (1)) =27, t = hu({Fn}, ¢, Ka(p)) —v+qld
and Lemma 3.2 that

My (Kapan: @, hu({Fn}, ¢ Ka(p)) = v + 1ald, enr) = 0. (13)

Here, we arrive at a contradiction with the assumption above. Indeed, by (12)

hu({Fn}s 4, Ka(w)) — 7 + a0 <hu({Fa}, q, Ka(p) — %

<h,({Fu},q, Ko(p), enr) =y
<h,({Fu}, ¢, Kam N, €0).

Therefore one must have

Mu<Ka,M,N: q, h#({Fn}a q, Ka(:u)) -7+ ’CJ\(S, 6J\/I) =0

which contracts (13). ACKNOWLEDGEMENTS. The authors want to

thank the referees for their valuable suggestions.
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