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A priori estimate and continuous dependence
of solutions to mixed boundary value problems
for pseudo-parabolic equation
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Abstract

One establishes the a priori energy inequality which guarantees the
uniqueness of the solution and shows the continuous dependence of the

solutions of the form of the boundary conditions.
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1 Introduction

In a rectangle, Q = (0,1) x (0,T) , we study the set of mixed problems with
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integral conditions
ou, O 0%uy, 0 Jug\
o (e < o (a0 GE) = e )

Ua(2,0) = @u(x), un(0,t) =0, b Uz, t)dx = h(t) (2)

Where 0 < a < [ and the mixed problem with local conditions

- (o) pleok)reo o
u(r,0) = ¢(z), w(0,t) =0, wull,t)=h(t) (4)

It is assumed that the following conditions are satisfied

Condition 1.
For all (z,t) € Q, we suppose that

w0 < a(z.t) < a da(x,t) <4 da(x,t) < 0?a(x,t) <4
0 > ’ = U1, ab( @t) = U2, ab( ) >~ ug, a2b(8$@)t > Uy,
z,t x,t z,t
1 < b(z,t) < by, o = ba, < b3, e = ba;

x
0?b(x,t) 0%b(x,t) 03b(x,t)
< b57 < 6 > 07,
Oxot Ox? i Oxot?
(a;)o<i<a, (br)i<k<7 are positive constants.

Condition 2.
f e Ly(Q), h € W3(0,T), pa, ¢ € W5(0,T), a(0) = ¢(0) =0, (1) = h(0),
N f Qpa dSL’ = h(O)

2 Preliminary Notes

In a rectangle Q = (0,[) x (0,7, consider equation:

b= =g (W) = 5 (st ) = se0 - ®

with the initial condition

u(x7t>’t=0 = 90<x>7 LS <O7l)7 (6)
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local boundary conditions

u(z,t)|z=0 = 0, (conditions homogeneous to the limits of Dirichlet)

ou

@—(x, t)|z=0 = 0, (conditions homogeneous to the limits of Neumann)
T
(7)

and the homogeneous nonlocal condition
l
/ u(z,t)de =0, 0 < a<l,te(0,T) (8)

where the functions,a(x,t);b(x,t); f(x,t); o(x), require the following condi-

tions:

Condition 3.

< a(z.t) < ay da(z,t) - da(z,t) oo 0a(z,t)
ap > a\x, > ay, at > Ay, &’E > as;, 8:)3815 > Qg
ob(x,t) ob(z,t) 0?b(z,t)
< < by; < by; < bs; <
1 < b(l’,t) S bl, Bt S bg, ax ~ bg, 8;{,’2 ~ b4
2 2 3
0°b(x,t) < be: 0%b(x,t) < by: 0°b(x,t) <

Ox0t ot? 0x20t

with the (a;)o<i<a;  (br)1<k<r  and X positive real constants.

Condition 4.
©(0) =0 et foi o(x)dr =0

When the homogeneous condition at the limits of Dirichet is used .

©'(0) =0 et fal o(x)dr =0
When Neumann’'s homogeneous condition at the limits is used.

2.1 Basic lemma

The solution of the problem (5) to (8) can be considered as the solution of

the operational equation:
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Where the operator £, defined by:

E)\ : E)\ Q LZ(Q) — F
ur— Lyu = (Lyu, p)

e has as its domain: - Sl b)

_ du.  Ou. u : _ oulz,? _
D(Ly) ={u € LQ(Q)/§7 022 29t € LQ(Q)» u(z,t)]z=0 = T’mzo =
fci u(x, t)dz = 0}.
e F) is a space of Banach which is the completeness of D(L)) in relation to the

norm:

_ 1,0u, 0% , 2 ou o
Jul| g2 —/Q(l—x) [§|E| +|%| ] dxdt + sup /0 (l—x)|%| dzx. (10)

0<t<T

o[’ is the Hilbert space with the norm.

|Laul2 = / (e t)Pdudt + / (@) + [ (@) de. (1)

Definition 2.1. We call a strong generalized solution of the problem (5) to

(8) with the conditions 3 and 4, a solution of equation:
Lu=F (12)
and (6) to (8) with the conditions 3 and 4 where L is the closure of L.

Lemma 2.2. Consider the operator M defined by: Mv = v — Jv where

1, st 0<z<a« 0, st 0<z<a«

o — — Jv: 1

Yal2) l x’ st a<x<l —flv(y)dy, sia <z <1
l—« [—a’®

and v a positive function.

We have:
1)

vz € (0,0),0 < 28 < o) < 1. (14)

[ —«

2)

Vo e D(L),Mv <tv et Mov<w. (15)
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3)
Vu and v elements of D(L) and A(z,t) defined on (0,1) x (0,T), we have a:
Ou Ov
M = — 1
/ . vdx = / Vo(T )a (%cd (16)
Proof.

1) (14) comes from the definition of 1,
2) J et 1, are positive by definition, hence Mv < ¥,v,Vv € D(L).
And because 0 < ¥, (z) < 1, it comes:Mv < v.
3) Vu and v elements de D(L) we have :
ou 0 ou
0

(9 (9
f 8 —)Muvdz = — [ P t)a—)Mvdx—foi %(A(x,t)—x)]\/[vdx

Let’s first calculate [ 82 (A(x t)gu) Mudz.
x

/0 ) é% (A@:,t)%) Mudz — /0 ’ % (A(x,t)%) (Wa(2)o — Jo(x)) da

“ 0 du ) ou
— A M = — A — .
/0 e ( (x, t>8x> vdz /0 pe ( (z,t) 8m> vdx

By integrating, in parts, we have:
“ 0 ou “ Ou v ou “
;0
Let us now calculate [ — (A(x,t)—
* Oz
Lo Ju Lo ou
/a B (A(:L‘ t) 83:) Muvdx = /a B (A(x,t)%) (Vo(x)v — Ju(x)) dz

/alaax <A(az t)g >Mvdx— l—la{/alaic <A($,t)gz> (I — z)vdz—

- /al {ai <A<$’“gz> /xl v(y)dy} dx} ,

By integrating, in parts, the two terms on the right, it comes

Lo du 1

_/al A(x,t)% (—v (- :E)?Z) dm] _

l

A, )20 = 2| -
Ao

0
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1 ou [ ! ! P
1o [A(w,t)az v(y)dy} Jr/A(ﬂ:,t)azv(:v)dx]
auﬁv
/8:1: :E t Mvdx_/ ¢O¢ a—%dm
]
Lemma 2.3. If g € D(L) and verifies (5) - (7) then:
!
/OJg.gd:U:O. (18)
Proof.
! l
/Jg-gdx = /Jg.gda:
0 al l |
= —a {g(w) / g(y)dy} dx
1 rd ! !
= Ia {% (/ g(y)dy)/g(y)dy} dx
1 ['1[d ([ ?
= 1o 5[% (/ g(y)dy)} dx
1 l 2
= _2(l—a) {/ g(y)dy} then
!
/Jg.gda: = 0.
0
[

2.2 Energetic inequality

Theorem 2.4. If the conditions 3 and 4 are satisfied then there exists a pos-
itive constant C' such that, for any function uw € D(L) solution of the problem
(5) to (8), we have:

[ulle, < CllLxullr. (19)

Proof. Let u € D(L) function and check (5) to (8)) and the conditions 3 and
4.
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0
By multiplying (5) by M 8_:: and integrating with respect to « on (0,1) and

then with respect to ¢ of 0 to 7, it comes:
I 8u

ou 8 ou
i i et Dt = 7 00 P avarn g7 12 ( pa (%)Matd i

15 o 5 < aagt) M?;dxdt ()

Let us express each term of the right-hand side of the equality (E})

1 Ou l au 8 1 Ou
. fo IN 5 M da:dt fo Jo = 3t da:dt fo fo 5 J dg;dt
As u € D(L) then % € L%(Q) and after (18) we have: fé ?Jgjdm =0

l au’ T rl au

Therefore [ [3 =+ p —d dt= [y [, wa(x)]§|2|dxdt (E»)

e Pu  Ou ., 9%u \?
‘ 05u:<bcmt)a 8t> Mgpde = fya(@)b(a,) (axat de

. . ou ou .
By replacing (16) A(x),u and v respectivily by b(z, 1), n and Fn and by inte-
grating with respect to t from 0 to 7, we obtain:
0%u 8u 0%u
_ it N B
i o (bt i) St = 7 vttt ] (o)

e Similarly, replacing in (16) A(z) and v respectivily by a(z,t) and (31:, and by

integrating with respect to t from 0 to 7, it comes:

dzdt.

6 0 ou 0?
_fof ( au>M ud dt = fo f0¢a )8ua gt

Bt@yu_ﬁ,@Q.
W oozt 2ot \ox)
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_/07/018893 (m,wg >Mgud dt — ;/{)Tfolwa(x)a(a:,t)gt gZ)2dxdt
_ ;/Ol¢a(x){/0Ta(x,t) (g;‘)th}da:

_ ;/Ol%(x){[a(x,t) >2L

[t (5 b

= 3 [ e {atw 0t

—a(z, 0)]?(% 0)|2} dx —

9
ot
Ju
ox

/ / Yoz Qda:dt
= /@ba (x ) 2dz
—/ Yoz (:/U 0)|?dx

Oa(z,t), 0u
3| /0 Yal@) 200D P pgrar ()

By using (E2),(E3) and (Ey) the equality (E1) becomes:

ou 0%u
N £,\uM dxdt N fo Yoz |—|2d:1:dt—|—>\f0 fo Ya(x)b(x,t) DDt
1 ou 9 ou 9
2{0 1% 15 a 3577—0)|(-(9x(:):778-)’ dr — 5]0 ¢a x a($’o)|8il‘(x’0)| dx—
. a(x, u
—5 Iy Sy bale) =55 Pt (E)

According to the inequality of Cauchy Bougnyakosky,

T ou T rl 2 T rl ou 2
2/, L',\uMdedt < 2\/f0 Jo (Lxu) dwdt\/fo Jo <M8t> dzdt

the application of the inequality 2ab < a? + b® to the right-hand side of the above-
mentioned one makes it possible to obtain:

T l T l ou 2 T l T l ou 2
2 / / (Law)® dadt / / <Ma> dxdt < / / (Law)? dedi+ / / <M) dxdt.
o Jo o Jo t o Jo o Jo ot

ou 1 o ) 1o 0 [ 0u\?
- < — — — .
5 dxdt < 5 fo fo (Lyu)” dxdt + 5 fo fo <M 8t> dxdt

We can deduce:fOT fé LyuM
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ou

(E6)

2
But [7 f0< 81:) dadt < 7 1 2 Pt < 7 Lo <€%> dzdt.  (Ey)
Bu ou

0 8 ou
Applying (10) to 8—? we have: M o < a et M 5 < zpa— Thus the inequality

1 Ou

(Eg) becomes:

//E)\udedt< //z:w )2 dadt + = //wa <> dzdt. (Es)

By replacing in the relation (Ejg) the left term by its expression of the equality (Es),
one obtains:

/ /% ) — \dzdt+)\/ /wa 8 gt |2dadt+—= /wa ”gz(x’ﬂ'%*
%/O Ya(x)a(z,0) (:v0|da:——/ /wa a”t @Pd d< - / / (Lau)2dedt+

17 [ 0
+2/0 /Owa(x>(£>2dxdt.

It then comes:

[ ool

92u 1 ! ou
i +)\b(x,t)\8$8t]2] dxdt + 2/0 wa(x)a(x,T)agC)

2dx <
T (x,7)]%dx <

8a ou o
//]L')\u\ dxdt + - //Q/JQ at |7x‘ dxdt.(Ey)

However, according to (6), u(z,0) = ¢(z) therefore g(x 0) = ¢/(z). In addition,
x
using condition 3, especially

ap < a(x,t) < ay; a—i(x,t) < ag;1 < b(x,t) < by, (F9)becomes:
T prl
| [ dudt + /
o Jo
/ / |Lyul? da:dt—i—/ z)|¢ (x)]? dr+22 / /

Louf | o
ot 0zt
the left member of E(10) we get:

2
dr <

2 82

O0xot

)\' 8x8t (@,7)

da:dt. (Elo)

v, t | =
(e) et |

+ )\‘ ] are positive, by removing the first term from
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1 T l l
</ / Cxul? dedt + 2 | Wo(2)|¢! (@) Pda+
2 Jo Jo 2 Jo

ap [ ou 2
. ‘Iloc a_ ay )
2 /0 @) ‘axﬁt (@,7)
T l
az
422 / / ¥
2 Jo Jo
which can also be written in the form :

! ou
ao Jo Jo

- / /|£Au| dxdt+ a(a:)|<p'(x)|2d$,
0

ou|?

dxdt,

(:E,T

2
d:L‘dt.(EH)

By setting

c= Z—z and g(1) = fol U, (x) 8x<x T) dac the inequality (E71) can be written in
the form :

g() < c/ng(t)dt + h(t)

and using Gronwall’s inequality which states:Let g and h be two integrable functions
such that g(t) > 0, h(t) > 0 and h increasing on (0,T). If g(7) < ¢ [; g(t)dt + h(r)
then: g(7) < exp(cr)h(r) where c € R,

of the inequality (F11), we deduce :

/Olq;a(x) 2daz< {ao/ / |Caul® dde/ |da:}.

a2 2
As 7 € [0;T], then e®’ < eaw’ and Jo dt < fo : then the last inequality can be

written as
S ) a ! -
de <ewo” { — |Loul” dedt + — [ U (x)|e (x)|*dx p. (Fi2)
ao Jo Jo ao Jo

1
[ vato)
0
By replacing in (E12), 7 by y then integrating with respect to y from 0 to 7 we get
/ / dacdy <ew { / / / |Lau|® dzdtdy+
ag
/ / dedy} (Exs)

ou

zai 5™

2

ou

Ox0t (@,7)

aat”)
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Replacing y by t in the left-hand member and applying fOT < fOT to the member of
(E13) then multiplying on both sides by % we find

2 as ay g T rl )
/ / dzdt < —Te {/ / |Laul” dedt+
2ag o Jo

l
v | %<x>|¢<x>|2dx}.<El4>

When (FE14) is used to bound above the right hand side of (F1g), we get
T ol
s
o Jo
L 2 ag ., 27 [ [T [ 2 : 12
= |Cau|® dzdt + —Te |Caul” dzdt + a1 | Yo(x)|e (z)]°de p +
2Jo Jo 2a9 o Jo 0

l
a
+5 | V@)l (o) Pdo.

aa;at (@,7)

2 2

2 2
0“u dr

0x0t

ou
PTG

N

2 Jo

agp !
dedt+ — | Yu(x)

And, again using inequality [ .dt < f(;[ .dt, we have

T l 2 2 !
u 9%u ou
\\)j —_— dxdt - \I/a a_ a, W d <
/O /O '8938 ] + 2 2 ; (7) axat(”” T)| dx
< 2 1o {/ / Loul? d:cdt+a1/ a(x)so'(:f)|2dﬂf}+
2(10
{ / / |Lul® da:dt+/ z)| dfv}
which leads to
T pl 2 2 2
U 0%u ag
N e dxdt + — dr <
/0 /0 (x) '(91‘8 ] ) / CU,T) T
1 ay T [l
< ( + @TeagT) {/ / ]LAU\dedt—f-al/ 2d$} (E15)
2 2ag 0 0
Note that the right hand side does not depend on 7. In this way,
Tl 1 |0u? 0%u ?
W — = +A dadt + — dr o <
oo [ [ v [3[5] gm amar+p [ w2t

1 T rl l
( + 22 o ) {/ / |£>\u\2d:vdt+a1/ \I/a(w)|g0'(:n)|2dac},
2 2a9 o Jo 0
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which leads to

/OT /Olq/ ] ety OSEET{/OZ V() de} <
S G*zaoT ° ){/ / Couf? dazdt+a1/ a(z:)|go’(a:)]2dx}.(E16)

From (1.9) the inequality gives

2 l
ao
l—x) | = dxdt+ su / VU, (x)|=—
l—a// [ ] 2([—04)0<72T{0 <)
1 o T ) 1
< (+Te@o > / / | Lyl dxdtJral/ |’ (z)|2dz  .(Ey7)
2 2ag o Jo 0

From this we deduce that

(e [ e [35]
ERTRC TR

%(QZ,T)
1 as agp T pl 5 l )
max(1;a) [2 + TaoTeao ] {/0 /0 [Lyul dIdt+a1/0 o (x)|¢ ()] dx},

ou
Ozt (@.7)

2 2
in 0°u
ot )\'81:875

2 0%y
OxOt

2
u|? 9%u

oxot

] dxdt+

max(1;aq)

ag )> [2 2a

. 1
mm(l—a’2(l—a

llul|lg, < CI||LA||F, avec C' =

O

We know that for every function g € C[0,!] the following equality is true

g(l) = lim 1 g(x)dux.

a—l [ —

Therefore, the problem (3), (4) is the limit when o — [ of all problems (1),
(2).

In the present work we establish the a priori estimate for the difference u, — u
and using this estimate, we will prove that if « — [ and ¢, — ¢, then

Uy — U.
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3 The a priori estimate

These are the main results of the paper.

Theorem 3.1.
The conditions 1 and 2 are satisfied. Then there exists the constant C indepen-
dent of u,, u and a, such that there exists the a priori estimate

1 T 2 2 2, 12 l
/ / (- 2) [ Ou, Ou 0% Uq 0“u ] dedt + sup / (- ) Ouy oul? dr <
o Jo 0<t<T Jo

ot ot otoxr  Otox ot ot

! 2 T !
<o| [l @i e | [ueos-no| + [ |2 [ ueoe-no
+ 1/l (&,t)d€ — h(t) 2+/T ! /l a“('E’t)dg—h’(t) th (24)
Ozltlng— au ’ o [l—a), Ot '

Proof. Consider the problem (1), (2) and make the change of the unknown

function:

2x
—«

Uo(2,t) = v (2, t) + l h(t) (25)

Where v,(z,t) are solutions to problems

o, O 0%v,, 0 ova\ 2 0b 2 Oa
— (b(x’t>8x8t>_8_x < (x,t) 3x> = f(x,t)+ —h(t)+—=h

(975 Ox I+adz [+ adx
l+ a (®)
2z 1 1
Va(2,0) = o (x) — I ah(O), s [ va(x, t)dz = 0, v,(0,t) = 0.
In the problem (3) , (4) make the change of the unknown function
2z :

where v(x,t) is the solution of the problem
v 0 9*v 0 vy 2 0b . 0u(&,t)
TR (W D5z m)‘a—x (“‘”” ”a—x) REAGLAS el S

2 (9a 255 ou(é,t
g e s L €8,
U(LO):SO( 2f u(g, 0)d¢

v(0,t) =0, mfav x,t)dx =0

Then the function w, = v — v, is solution of the problem

ow, 0 0w, 0 Jwa \
ot ox (b(w’t) 893815) Or (a(m’t) Ox ) C ARl

dt+

(t)—
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1 l
Wo(2,0) = pa(x), wa(0,t) =0, m/ Wo(x,t)dr =0 (28)
where
l U a l
Fale,t) = 002 [l_la/a é gi’t)df—h’<t>]+gﬂfa [lfa/ U(i,t)di—h(t)] -
X t u
i | [ e @)
2 1 !
bule) = 9(0) = pu ~ o (2 [wle 0= 00) .

In preliminary for the problem (27), (28), it has been demonstrated that the
following a priori estimate

Owg, 2 O%wg, 2 ! 0wy, 2
_ — <
/Q(l x) U 5 BBt ]dxdt+oiltl£T/0(l x) o dx <
l d¢ 2
<Gy —= dx+/ |Fo(, t) [ dadt 3, (33)
o | dx Q
where the constant C does not depend on w,, ¢o, Fi,.
From Equality
2x
— Uy = W, — t)d¢ — h(t
w= o =+ o | Ll e - nie)
it results in inequalities
Ju  Ou ow
l—z)|— — —a dzdt < [ — 212
Ja-aiG - Geraa <2 [ 1-01%
712 1 ou(&, 1)
R (t dg|=dt 35
I [ - [ 2D (3)
Pu u, 2 Dwe 2
_ _ < _
/Q(l x) 920l Dror dxdt\2/ﬂ(l x) e dxdt+
T 1 Ju(
/ —
+2/0 H(t) l_a/a - (37)
! ou  Oug 2 ! Owg 2
l—2)|— — —| de <2 l— dr+
0o e | oz‘ng/o< |52 o
1 ?
+4 sup |h(t) — —— [ w(& t)d¢ (39)
0<t<T l—a /,
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of both ties (30),and (31),it results in inequalities

/|F (z,t))* dz < ag/
0

1

/ l u(€, t)de — h(t)‘ di+

—al,
(2 [ _1 lau(g’t)df—h’(t) dt, (41)
T3) ) li=al), o
/ &a /|go (@) o+ ‘—/lu@,mdé—h(m?
: ’ (42)

On the basis of the inequalities (35) - (42), the inequality (33) implies the
inequality (24) in which

4by 4l 1
C' = max GP +24 60, <72 - g) ,8—01la2,4, 6z01> ,

The theorem 3.1 is thus proved.

4 Continuous dependence of solutions of mixed
problems of the form of boundary condi-

tions

Using the estimation (24) for the difference u, — u of the solutions u, of
the problems (1), (2) with integral conditions and the solution u of the mixed

problem (3), (4) with the local condition, we obtain the following result.

Theorem 4.1. Let the conditions 1 and 2.

If
l
lim [ ¢, () = ¢ (z)]Pdz =0 (43)
o—> 0
then
. e Oue  Oul®  |0%us  O%u|?
c}ﬂo{ /0 /0 (l_x)lat_c% gzot ~ ozor| | WUt
! Oug ou|?
+ su l—z)|— — —| dxy =0. 45
ogth/o( ) Ox ox ( )
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Proof. As h(t) = u(l,t), then

2

1 2 1
lim sup L/ u(§,t)d§ — h(t)] = lim sup L/ u(g,t)dE —u(l,t)] =0

a—-l 0<t<T l—« a a—-l 0<t<T |-« a

(46)

2 2
) Tl 1 P ou(e,t) , . 1 Poue,t)  ou(l,t)
O}Elo l—a/a ot de = I'(®) dt_alin»l 0 l—a/a ot ot dt =0.
(47)

. From the equality (24) and the equations (43), (46), (47), comes the equality
(45).

This proves the theorem (3.1). To complete our search, let us show that for
every ¢ € W4(0,T) function satisfying the conditions ¢(0) = 0 and ¢(I) =
h(0),there exists ¢, € W} (0,T) the functions such that

1 !
QOQ(O) = 0, m @a(x)dx = h(O) (48)
and the equality (43) is checked.
Let ) .
_ _ o l _ 1 _
ale) = 9(0) = o (= S p(adda = hi0) ) then g € WH0.7),2(0) =0,

1 ! 1 ! 2 L ordr 1 !
o [entortn =2 [pton- 2 [ (L paan - w0)) -

L A (l_l /algo(x)dx— h(0)> — h(0).

Q

And

2

1 1
41 1
. v _ % .
ahml ; lol, — @' (z)| dx O}lml e /0 = aap(x)dx h(0)

In other words, we have just demonstrated the continuous dependence of the
solutions of the mixed problems for the pseudo-parabolic equations of the form of

the boundary conditions. O

References

[1] N.E. Benour and N.I. Yurchuk, Mixed problem with an integral condition
for equation with Bessel operator,Differents, Uravn, 12, (1991), 2094
2098.



N. Gbenouga, A. Morou, M. Todjro and K. Tcharie 33

2]

3]

[10]

[11]

[12]

A. Bouziani, Mixed problem with an integral conditions, Journal of ap-
plied Mathematics and Stochastic Analysis, 9(3), (1996), 323-330.

A. Bouziani, On the third order parabolic with a nonlocal boundary condi-
tion, Journal of applied Mathematics and Stochastic Analysis, 13, (2000),
181-195.

A. Bouziani, On the solvability of nonlocal pluriparabolic problem, Elec-
tronic journal of differential Equations, 115, (2006), 1-18.

A. Bouziani, On the solvability of a class of singular parabolic equa-

tions with nonlocal boundary conditions in non classacal function spaces,

IJMMS, 30, (2002), 435-447.

A. Bouziani, On three-point boundary value problem with a weighted
integral condition for a class of singular parabolic equations, Abstract and
Applied Analysis, 7(10), (2002), 517-530.

A. Bouziani, Solution to semilinear pseudoparabolic problem with integral
conditions, Electronic journal of differential Equations, 9 (10), (2006).

M. Denche and A.L. Marhoune, High-order mixed-type differential qua-
tions with weighted integral boundary conditions, Electronic journal of
differential Equations, 60, (2000), 1-10.

A.V. Kartynnik, Three point boundary value problem with an integral
space variable conditions for second order parabolic equations, Differents,
Uravn, 26, (1990), 1568-1575.

A.A. Samarkii, Some problems in differential equations theory, Differents,
Uravn, 15(11), (1980), 1925-1935.

K. Tcharie and M.Z. Djibibe, Problme mixte pour une quation
parabolique linaire du deuxime ordre avec des conditions aux limites non
locales en deux points, J. Rev.Ivoir.Sci. Technol, 09, (2007), 153-164.

K. Tcharie and M.Z. Djibibe, Ingalit nergtique a priori d’un prob-
Ime mixte pour les quations aux drives partielles paraboliques du sec-

ond ordre avec conditions aux limites non locales en deux points,
J.Rech.Sci. Univ. Lom(Togo), 8(1), (2006).



34 A priori estimate of solutions for pseudo-parabolic equation

[13] K. Tcharie and M.Z. Djibibe, Continuous dependance of solutions to
mixed boundary value problem for parabolic equation, Flectronic jour-
nal of differential Equations, 17, (2008), 1-10.

[14] M.Z. Djibibe, Problmes mixtes pour les quations parboliques du deuxime
ordre avec les conditions aux limites intgrales,locales et non locales en

deux points, hse, Doctorat unique dirig par K. Tcharie, Universit de Lom,
Togo, (2008).

[15] N.I Yurchuk, Mixed problem with an integral condition for certain
parabolic equations, differents, Uravn, 22(12), (1986), 2117-2126.



