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new matrix transformations
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Abstract

In this paper, we define (o, 0)-convergence and characterize (o, 0)-
conservative, (o,6)-regular, (o,8)-coercive matrices and we also deter-

mine the associated bounded linear operators for these matrix classes.
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1 Introduction and preliminaries

We shall write w for the set of all complex sequences x = (x1)72,. Let
¢, ls, c and ¢y denote the sets of all finite, bounded, convergent and null se-
quences respectively; and cs be the set of all convergent series. We write
by ={z €w: >, | [P< 0o} for 1 < p < co. By e and e™(n € N),
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we denote the sequences such that e, = 1 for k = 0,1, ..., and 67(1”) =1 and
e,(cn) =0 (k # n). For any sequence x = (73)5%,, let 2 =377 Szt be
its n-section.

Note that ¢, ¢, and { are Banach spaces with the sup-norm ||z|| = sup,, |z|,
and £,(1 < p < oo) are Banach spaces with the norm ||z|[,= (3 || P) 1P,
while ¢ is not a Banach space with respect to any norm.

A sequence (b™)%, in a linear metric space X is called Schauder basis
if for every x € X, there is a unique sequence (3,)22, of scalars such that
T =30 Bab™.

Let X and Y be two sequence spaces and A = (ank)g‘;’k:l be an infinite
matrix of real or complex numbers. We write Az = (A,(z)), A.(z) = >,
anrxr provided that the series on the right converges for each n. If x = () €
X implies that Az € Y | then we say that A defines a matrix transformation
from X into Y and by (X,Y’) we denote the class of such matrices.

Let 0 be a one-to-one mapping from the set N of natural numbers into
itself. A continuous linear functional ¢ on the space /,, is said to be an
invariant mean or a o-mean if and only if (i) ¢(x) > 0if x > 0 (i.e. 2, >0
for all k), (ii) p(e) = 1, where e = (1,1,1,---), (iil) ¢(z) = ¢((zox))) for all
T €l

Throughout this paper we consider the mapping ¢ which has no finite
orbits, that is, o”(k) # k for all integer £ > 0 and p > 1, where o”(k) denotes
the pth iterate of o at k. Note that, a o-mean extends the limit functional on
the space ¢ in the sense that ¢(z) = limz for all z € ¢, (cf [10]). Consequently,
¢ C V,, the set of bounded sequences all of whose o-means are equal.We say

that a sequence z = (xy) is o-convergent if and only if x € V.
V, ={z € lyx : lim t,,(x) = L, uniformly in n}.
p—o0

where L = o — lim x, where

tpn p+1zxa (n)»

Using the concept of Schaefer [17] defined and characterized the o-conservative,
o- regular and o- coercive matrices. If ¢ is translation then the o- mean often
called Banach Limit [2] and the set V,, reduces to the set f of almost convergent

sequence studied by Lorenz [9]. By a lacunary sequence we mean an increasing
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sequence 0 = (k,) of integers such that kg = 0 and h, = k, — k,_1 — o0 as
r — 0o. Throughout this paper the intervals determined by € will be denoted

by I, := (k,—1 — k], and the ratio k. / k,_; will be abbreviated by ¢, (see

Fredman et al[8]). Recently, Aydin[1] defined the concept of almost lacunary
convergent as follow: A bounded sequence x = () is said be almost lacunary

convergent to the number / if and only if

lign hir ; Zjin = £, uniformly in n.

the idea of o-convergence for double sequences was introduced in [4] and further
studied recently in [3] and [15]. In [11]-[14] we study various classes of four
dimensional matrices, e.g. o-regular, o-conservative, regularly o-conservative,
boundedly o-conservative and o-coercive matrices.

In this paper, we define (o, 6)-convergence. We also generalize the above
matrices by characterizing the (o,#)-conservative, (o,0)-regular and (o, 6)-
coercive matrices. Further, we also determine the associated bounded linear

operators for these matrix classes, which is the generalized result of Mursaleen,

M.A. Jarrah and S.Mouhiddin in [15].

2 (O', 9) -Lacunary convergent sequences
We define the following;:

Definition 2.1. A bounded sequence x = (xy,) of real numbers is said to be
(0,0) -lacunary convergent to a number £ if and only if lim, h% Zjel,' Toitm) = ¢,

uniformly in n, and let V,(0),denote the set of all such sequences, i.e where

.1 : :
Vo(0) ={x €l h?{n " ngj(n) = {, uniformly in n}

" jel,

Note that for o(n) = n + 1, o- lacunary convergence is reduced to almost
lacunary convergence. Results similar to that Aydin [1] can easily be proved
for the space V().



90 Bounded linear operators for matrix transformations

Definition 2.2. A bounded sequence x = (xy) of real numbers is said to
be o -lacunary bounded if and only if sup,, \hi > jer, Toi(m)| < 00, and we let

V>2(0), denot the set of all such sequences

V2(0) = {x € lo : sup |7, (2)] < 00}

Where

Note that ¢ C V,(0) C V>X(0) C lw.

Definition 2.3. An infinite matriz A = (a,y) is said to be (o, 0)-conservative
if and only if Ax € V,(0) for all x = (x;) € ¢ and we denote this by
A€ (e, V,(0)).

Definition 2.4. We say that, infinite matric A = (an;) is said to be
(0,0)-regular if and only if it is V,(0)-conservative and (o,0)-lim Az = limz
for all x € ¢ and we denote this by A € (¢, V5(0))regy-

Definition 2.5. A matriz A = (aux) is said to be (o,0)-coercive if and only
if Az € V,(0) for all x = (xy) € lo and we denote this by A € ({, V5 (0)).

Remark 2.6. If we take h, = r then V,(0) is reduced to the space V,
and (o, f)-conservative, (o, #)-regular, (o, 8)-coercive matrices are respectively
reduced to o-conservative, o-regular, o-coercive matrices (cf [15]); and in ad-
dition if o(n) = n+ 1 then the space V,(#) is reduced to the space f of almost
convergent sequences (cf [9]) and these matrices are reduced to the almost

conservative, almost regular (cf [7]) and almost coercive matrices respectively

(cf [6]).
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3 (0,6)-conservative matrices and bounded

linear operators

In the following theorem we characterize (o, )-conservative matrices and

find the associated bounded linear operator.

Theorem 3.1. A matriz A = (an) is (0, 0)-conservative, i.e. A € (¢, V,(6))
if and only if it satisfies the condition

(i) 1Al = sup 3 |ank| < o0;
n 'k

(it) agy = (ank)oy € Vo(0), for each k;

(iii) a = (zk; ank) € V,(0).

n=1

In this case, the (o, 0)-limit of Az is
lim z {u — Z uk} + Z TrUg,
k k
where u = (0,0)-lima and uy, = (0,0)-limag, k =1,2,---.

Proof.Sufficiency. Let the conditions hold. Let r be any non-negative

integer and = = () € ¢. For every positive integer n; write

Trn(x) - hi Z Z aai(n),kxk

k=1 jel,
Then we have
1 o0
|7 ()] < = Z Z | Qi (n) k] [T
" k=1 jeI,
< =l - | <A
< LSS gl < Al
r .
k=1 jel,

Since 7,., is obviously linear on ¢, it follows that 7., € ¢ and ||7,.,]| < || A]l.

1 — 1 -
Trn(e) = h_ Z Z Agi(n)k = h_ Z Z Qg (n),k

" k=1 jeI, " jel, k=1

Now,
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that is, lim 7,.,(e) exists uniformly in n and lim 7,.,(e) = u uniformly in n, the
(0,0)-limit of a, since a € V(). Similarly, lim Trne® = uy, the (o, 0)-limit of
a( for each k, uniformly in n. Since {e,e',e?,---} is a fundamental set in ¢,

and sup, |7, ()| is finite for each = € ¢, it follows that
lim 7., () = 7, (2),

exists for all z € ¢ (cf [5]). Furthermore, ||7,| < liminf ||7,.,|| < ||A] for each

n and 7, € ¢. Thus, each x € ¢ has a unique representation
= (limz) [6 - ek] +> aen
k k
To(z) = (lim ) [ Zt (ex }4'2%75 er)
To(z) = (limx) {u — Z uk} + Z LU,
k k

By L(z), we denote the right hand side of the above expression which is inde-
pendent of n. Now, we have to show that lim 7,,,(x) = L(x) uniformly in n.
Put '

Foo(z) = 1n(z) — L(2).
Then F., € ¢, |Fml < 2||A]| for all r,n, lim F,,(e) = 0 uniformly in n, and
lign F.n(eF) = 0 uniformly in n for each k.r Let K be an arbitrary positive

integer. Then

K oo
= (limz)e + Z(:Uk —limz)e® + Z (z), — lim z)e".
k=1 k=K+1

Now applying F,.,, on both sides of the above equality, we have

K [e's)
Fon(z) = (limx)F,,(e) + Z T — lim ) F, (eF) + F"”( Z (zf — lim x)ek),
=1 k=K+1

(3.1.1)

Fn( i (zk —limx)ek)

k=K+1

<20All Y {la — limal},

E>K+1

for all r,n. After choosing fixed K large enough, it is easy to see that the

absolute value of each term on the right hand side of (3.1.1) can be made
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uniformly small for all sufficiently large r. Therefore, lim, F,,(z) = 0 uniformly
in n; so that Az € V,(f) and the matrix A is (o, §)-conservative.

Necessity. Suppose that A is (o, 0)-conservative. Then

oo

Az = (A, (2)>, = (; ankxk) e V,(0),

n=1

for all € ¢. Let x = (x3,) = ¥. Therefore

(o, 9)—li£n Z anre™ = (0, 0)- lign Ak = A(k)-
k

Hence (ii) holds. Now, let x = e. Then
(0,0)-1lim Z anre = (0,0)-lim Z Ak = a,
k k

so that (iii) must hold. Since Az = (A,(x)) € V,(0) C lw. It follows that
sup,, |An(x)| < oo, (A,) is a sequence of bounded operators. Therefore, by
Banach-Steinhaus theorem, sup,, |A,| < oo, which implies sup,, Y, |ank| < 00

and hence ||A|| = sup,, > |ank| < o0, i.e. (i). This completes the proof of the
k

theorem. O

Now, we deduce the following.

Corollary 3.2. A = (an) is (0,0)-regular if and only if the conditions (i),
(i) with (o,0)-limit zero for each k, and (iii) with (o,0)-limit 1 of Theorem
3.1 hold.

Proof.For x € ¢, (0,0)-lim Az = L(x), which reduces to lim z, since u = 1
and uy = 0 for each k. Hence A is (o, 0)-regular.

Conversely, let A be (o, 8)-regular. Then (o, §)-lim Ae = 1 = (0, §)-lim Aa,
(0,0)-lim Ae* = 0 = (0, 6)-lim Ay and || A]| is finite as condition (i) of Theorem
3.1. This completes the proof of the Corollary 3.2. ]
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4 (o,0)-coercive matrices
We use the following lemma in our next theorem.

Lemma 4.1. Let B(n) = (bpk(n)), n=0,1,2,--- be a sequence of infinite

matrices such that
(1) ||B(n)|| < H < 400 for all n; and
(ii) ligln bk (n) = 0 for each k, uniformly in n.
Then
hTInnZ bk (n)xr = 0 uniformly in n for each x € o (4.1.1)
k

if and only if
hmz bk (n)| = 0 uniformly in n. (4.1.2)

Theorem 4.2. A matrizx A = (an) is (o,0)-coercive, i.e. A € (L, V,(0))
if and only if (i) and (ii) of Theorem 3.1 hold, and

), hm Z | D pi(ny ke — Uk| uniformly in n.
k=1 jel,

In this case, the (o, 0)-limit of Az is

Zxkuk Vo € Uy,
k

where uy, = (0, 0)-lim ay.

Proof. Sufficiency. Let the conditions hold. For any positive integer K

Zw_zhmzam /h s (ﬂn)k/hr

JElr k=1'jel,

he < [[A]].

0']
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(o9} o0
This shows that Y |ug| converges, and that > ugxzy is defined for every x =

k=1 k=1
(ZBk) € foo
Let © = (x) be any arbitrary bounded sequence. For every positive
integer r
/1
z(h— S s — )
k=1 " jel,
= Z {Z[agg‘(”),k - uk]/hr} T
k=1 Ljel,
< sup{ Z {Z[acﬁ-(n),k — uk]/hr] T, }
" k=1 Yer,
< lellsup || o — ] /1]
"o bk=1ljer,

Letting r — oo and using condition (iii), we get

—ZZ%J e — ZW

T k=1 jel,

Hence Az € V,(0) with (o, 0)-limit ) upxy.
k=1
Necessity. Let A be (o,0)-coercive matrix. This implies that A is (o, 6)-

conservative, then we have condition (i) and (ii) from Theorem 3.1. Now we

have to show that (iii) holds.
/ h, =N > 0.

Suppose that for some n, we have
o
Since [|A|| is finite, therefore N is also finite. We observe that since Y |ug| <
k=1

lim supz Z s (n) ko — U]

k=1'jel,

+oo and A is (o, 0)-coercive, the matrix B = (b,), where b, = anki— uy, 1s
also (o, 0)-coercive matrix. By an argument similar to that of Theorem 2.1 in
[6], one can find x € £, for which Bx ¢ V,(#). This contradiction implies the
necessity of (iii).

Now, we use Lemma 4.1 to show that this convergence is uniform in n.

Let
tr(n) = Z[%j(n),k - uk]/hr

JEI,
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and let T'(n) be the matrix (¢,4(n)). It is easy to see that || H(n)| < 2||A|| for

every n; and from condition (ii)
limt,x(n) =0 for each k, uniformly in n.

For any x € (4

limZtrk(n):ck = (0,0)-lim Az — Z ULy
k=1

J€EIr =

and the limit exists uniformly in n, since Az € V,(6). Moreover, this limit is

zero since
> taw)an] < el [ o — | /1
k=1 k=1'jel,
Hence
limz tre(n)|= 0 uniformly in n;
i
i.e. the condition (iii) holds. This completes the proof of the theorem. O
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