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Abstract

In this paper, we introduce new implicit and explicit iteration meth-
ods based on the Krasnoselskii-Mann iteration method and a contraction
for finding a common fixed point of a finite family of strictly pseudocon-
tractive self-mappings of a closed convex subset in real Hilbert spaces.

An extension to the problem of convex optimization is showed.
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1 Introduction and preliminaries

Let C' be a nonempty closed and convex subset of a real Hilbert space H

with inner product (., .) and norm ||.|| and let 7" be a 4-strictly pseudocontactive
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and self-mapping of C| i.e.,
T2 = Ty|* = [l — y[[* + A = T)x — (y — Ty)|]”

and T : C — C, respectively, for all x,y € C', where 7 is a fixed number in
[0, 1). When 4 = 0,7 is called nonexpansive. Denote the set of fixed points
of T by Fix(T), ie., Fiz(T) := {x € C : x = Tz}, and the projection of
x € H onto C' by PC(z). Note that in a Banach sapce E,T is a 4 -strictly

pseudocontactive, if

(Te =Ty, jx —y)) < llz—yl* =3I - Tz — (y = Ty)|I%,

where j(z —y) € J(x —y), and J is the normalized duality mapping of E, i.e.,
J : E — E* and satisfies the condition {x, J(z)) = ||z||? for all z € F.

Let {T;}¥,,1 < N < oo, be a N #-strictly pseudocontactive and self-
mappings T; of C. In this paper, we sssume that NY, Fi(T;) # 0 and intro-duce

some new iteration methods for finding an element p* € NY, Fiz(T;).

The class of strictly pseudocontractive mappings has been studied inten-
sively by several authors (see for example [1]- [18] and references therein).

Clearly this class of mappings includes the class of nonexpansive mappings.

In order to study the fixed point problem for a nonexpansive self-mapping
T of a slosed convex subset C' in a real Hilbert space, one recent way is to

construct the iterative scheme, the so-called viscosity iteration method:
Thar = Aef (k) + (1= M) Tz, k > 0, (1.1)

proposed firstly by Moudafi [19], where Ay € (0,1) and f is a contraction of C'
with constant & € [0,1). In particular, under the conditions:

(L1) limg 00 A = 0;

(L2) i A = 00; and

k=0
(L3) > [Ak1 — Ak < o0; or
k=0
(L4) limg_y o0 Mo+t 1,
Ak

in papers [20, 32], Xu proved that the sequence {zk} generated by (1.1) con-
verges strongly to a fixed point p* of T, which is the unique solution of the

following variational inequality:

(F(p*),p" —p) <0 Vpe Fiz(T), (1.2)
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where F' =1 — f. In 2006, related to a certain optimization problem, Marino
and Xu [5, 21] introduced the following general iterative scheme for the fixed

point problem of a nonexpansive mapping:

where A is a strongly positive bounded linear operator, Ay € (0,1) and w > 0.
They proved that the sequence {z;} generated by (1.3) converges strongly
to the unique solution of the variational inequality (1.2) with FF = A — wf.
Further, algorithm (1.3) was extended in 2009 by Cho et al. [9] to the class of
k-strictly pseudocontractive mappings as follows:

Theorem 1.1. Let C be a closed convex subset of a real Hilbert space H such
that C +C C C, and T : C' — H be a y—strictly pseudocontractive mapping
with Fiz(T) # O for some v € [0,1). Let A: C — H be a strongly positive
bounded linear operator with coefficient v and f is a contraction of C' with the
contractive constant & € [0,1) such that 0 < w < 7/a. Let xy € C and let {x}}
be a sequence in C' generated by

Tpt1 = )\kwf(:ck) + (1 — )\kA)Pcsl'k, k>0, (14)

where S :=~I + (1 — )T and P¢ is the metric projection of H onto C. Let
{\e} with N\ € (0,1) be satisfy conditions (L1),L(2) and (L3). Then {zx}
defined by (1.4) converges strongly to a fized point px of T', which is the unique
solution of variational inequality (1.2) with ' = A — wf.

In 2010, to remove condition (L3) in [9] and [20] as well in [22], Jung [16]

studied the following composite iterative scheme.

Theorem 1.2. Let C be a closed convex subset of a real Hilbert space H such
that C £ C C C, and T : C — H be a y—strictly pseudocontractive mapping
with Fiz(T) # 0 for some v € [0,1). Let A: C — H be a strongly positive
bounded linear operator with coefficient v and f is a contraction of C' with the
contractive constant & € [0,1) such that 0 < w < §/&. Let xy € C and let
{zx} be a sequence in C' generated by

Ur = Brwr + (1 — ) PoSzy,

(1.5)
Trp1 = Mew f(@n) + (1= MeA)yr, k > 0,
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where S :==~vI 4+ (1 — )T and P is the metric projection of H onto C. Let
{Ax} with A, € (0, 1) be satisfy conditions (L1) and (L2) and let { By} be satisfy
the condition 0 < liminfy_,o yx < limsup,_, . v < 1. Then {x}, defined by
(1.5), converges strongly to a fized point p* of T, which is the unique solution
of variational inequality (1.2) with FF' = A — wf.

In 2011, Jung [17] proposed an extension of (1.5) in the combination with
Halpern [22] and Wittmann [23] methods. Note that the results in [9] and [16]

N
are applicable to find p* € NY, Fixz(T;) by putting T = > w;T; where w; > 0
i=1
N
foralli=1,....,N and Y w; =1 with y =max{5; :i=1,..., N}.
i=1

For finding an element p € N, Fiz(T;), when each T; is a nonexpansive
self-mapping of C', Xu and Ori introduced in [24] the following implicit iteration
process. For zp € C and {S;}72, C (0,1), the sequence {x} is generated as
follows:

x1 = Pizo + (1 = 1) T,

xg = Poxy + (1 — Pa)Thxs,

zn = Byan-1+ (1 = Bn)TNan,

tnt1 = Byvp1en + (1 = Byy) 1o N,

The compact expression of the method is the form
v = Brprr—1 + (1 — ) Tioe, k> 1, (1.6)

where T}, = Thmoan, for integer n > 1, with the mod function taking values
in the set {1,2,..., N}. They proved the following result.

Theorem 1.3. Let H be a real Hilbert space and C be a nonempty closed
convex subset of H. Let {T;}Y, be N nonexpansive self-mappings of C such
that "X, Fiz(T;) # 0, where Fiz(T;) = {z € C : Tjx = x}. Let g € C and
{8}, be a sequence in (0,1) such that limy_o B = 0. Then, the sequence
{zx} defined implicitly by (1.6) converges weakly to a common fized point of
the mappings {T; }¥ ;.
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Further, Zeng and Yao [25] gave a modification of (1.6) based on an L-
Lipschitz continuous and n—strong monotone mapping F, i.e., F' satisfies the
following conditions:

[|F(z) — F(y)|| < Ll —yll;
(F(x) — F(y),x —y) > nllz —y|,

where L and 7 are fixed positive numbers. For an arbitrary initial point g € H,

the sequence {z;}32, is generated as follows:

r1 = frwo + (1 — B1)[Tiwy — MpF (Tixy)],
Ty = Pory + (1 — Bo)[Towy — NopF (Toxs)],

zn = Pney-—1 + (1 = By)[Tnaeny — AvpF (Tyzn)],
tni1 = Oy + 1oy + (1 = Bygr) [Ty — AvapF (Thany)],

The scheme is written in a compact form as
T = 6kxk—1 + (1 - Bk)[T[k}xk - )\kF(,T[k]ZL’k)], k Z 1. (17)

They proved the following result.

Theorem 1.4. Let H be a real Hilbert space and F' : H — H be a map-
ping such that for some constants L,n > 0, F is L-Lipschitz continuous and
n-strongly monotone. Let {T;}Y., be N nonezpansive self-mappings of H such
that NN Fix(T;) # 0, Let u € (0,2n/L%),z0 € H,{u}32, C [0,1) and
{BrYi_nfty C (0,1) satisfying the conditions: X2\, < 00 and o < B <
B, k>1 for somea,B € (0,1). Then, the sequence {x} defined by (1.7) con-
verges weakly to a common fized point of the mappings {T;}Y.,. Moreover, the
convergence is strong if and only if liminfy . d(xy, "X, Fiz(T;)) = 0 where

d(z,D) = mingep ||z — y|| for a closed convex subset D in H.

Next, Zhou and Chang [26] proved the strong convergence of (1.6) in a
Banach space setting under the condition: each 7T} is a semicompact nonex-
pansive self-mapping of C. Chidume and Shahzad in [27] proved the above

result under the condition that just one of the mappings is semicompact.
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Very recently, Buong and Anh in [28] introduced the strong convergence
implicit algorithm:

xp = Tlay, T" = ToT'N,.. T},
TE =1 — MuF, (1.8)
T!=(1-8)I+pBiT,i=1,...,N.

They proved the following result.

Theorem 1.5. Let H be a real Hilbert space and let F': H — H be a mapping
such that for some constants L,n > 0, F is L-Lipschitz continuous and n-
strongly monotone. Let {T;}Y, be N nonexpansive self-mappings of H such
that NN, Fiz(T;) # 0. Let u(0,2n/L?) and let t € (0,1),{\:},{Bi} € (0,1),
such that Ay — 0, as t — 0 and 0 < liminf, ;0 3! < limsup, .8 < 1, i =
1,...,N.

Then, the net x; defined by (1.8) converges strongly to the unique element px

PIRRED)

solving the following variational inequality:

px € NN Fix(T)) : (F(p*),p* —p) <0 Vpn¥, Fiz(T}). (1.9)

He et al. [29] have proposed the following explixit iteration method
Lt1 = (1 — Oék)l‘k + OékTN...TQTl.Ik (110)

and proved the following result.

Theorem 1.6. Let E be a uniformly convex Banach space with a Frechet
differentiable norm, let C' be a monempty closed convex subset of E and let
{T;}Y., be N nonexpansive self-mappings of C' such that N, Fiz(T;) # 0,
where Fiz(T;) = {x € C : Tyx = x}. Let xo € C and {ax}32, be a sequence in
(0,1) such that the following conditions hold:

(1) 32 gou(1 — a) = oo and

(11) 332 g, D, (Ty.. 5Ty, T;) < oo for every p > 0 and i = 1,..., N, where
D,(Tn...,T5Ty) = sup{||Tn.. Ty Tyx — Tix|| : ||z]| < p}.

Then, the sequence {xy} generated by (1.10) converges weakly to a point
NN, Fiz(T;).
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We want to note that since ak ay € (0,1), we have 0 < ag(1 — ag) < ay.
So, from condition (i) in Theorem 1.6 it follows that ¥2° jap = oco. On the
other hand, we have, from condition (ii) in Theorem 1.6, that if there exists
ig € 1,..., N such that Dp(Tn...T5T1,T;,) > 0, then ¥ jay < o0o,and hence,
we obtain a contradiction. So, in order to have no contradiction, a question is
posed: when D,(Tn.... 15T,,T;) =0 for all i = 1, ..., N, for every p > 0.

In the case that 7T; is a strictly pseudocontactive self-mapping of C, Osilike [2]
obtained a weak convergence theorem for (1.6). Wang et al. [6] obtained strong
convergence result for a modification of (1.6) to the case with the condition
that one of the strictly pseudocontactive self-mappings {7;} is demicompact.

They proved the following result.

Theorem 1.7. Let H be a real Hilbert space and C be a nonempty closed
convex subset of H. Let {T;}Y., be N strictly pseudocontractive self-mappings
of C such that N, Fiz(T;) # 0, where Fix(T;) = {x € C : Tjx = x}. Let
xo € C and {u} be a bounded sequence in C, let {ou}, {6k} and {y} be three
sequencesin [0, 1] satisfying the following conditions:

(i) ag + Br + v =1 for all k > 1;

(i) Bk € (p1; p2) for some py, pa € (0;1);

(111) X221y, < 00; and

(iv) there exists ig € {1,2,..., N} such that T;, is demicompact.

Then the implicit iterative sequence {xy} defined by

Ty = 1 + BT Tr + Yrux

converges strongly to a common fized point of the maps {T;}Y ;.

Next, Li et al. [12] gave a modification the algorithm for a Banach space.
Some modifications of Mann iteration method for finding a fixed point of a
compact or demicompact, strictly pseudocontractive self-mapping 7" of a closed
convex subset in a Banach space were studied in [1], [3], [4, 35] and [18].
Motivated by the above results, in this paper, without the condition that one
of the mappings is semicompact, we develop (1.8) and (1.10) to the case that
each Tj is a 7; -strictly pseudocontractive mapping and then introduce two new
explicit iteration methods based on the Krasnoselskii-Mann iteration method

and a contraction self-mapping f of C, for example, f(x) = Po(az) with
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a €1[0,1) for any z € C or f(x) = u, a fixed point u € C, for all x € C. The

implicit algorithm is contructed as follows:
xy=T'o,, T =Ty Tk... T} orT" := Tx.. T{T, (1.11)
for t € (0,1), where T} are defined by

Ty = (1= Al + Mpf,

. A (1.12)
T =(1-8)I+8/T;,i=1,..,N,

p e (0,2(1 —a)/(1 + @)?), the sequences of real numbers: {\;} € (0,1) sat-
isfying the following condition ¢ — 0 as t — 0 and {8!} C («a, ) for all
t€(0,1),1 <i < N, and some «,f € (0,1 — ) with v = max;<;<y 7, The

explicit iteration schemes are generated by:

xr1 € C,any element,

) (1.13)
Trr1 = (L — y)zg + T xg, k> 1,

where TF = TX..TFT¥ or TF = T¥T%...TF, each TF is defined by (1.12) with
t = t; and, for the sake of simplicity, Tit’“,)\tk and Bﬁk are replaced by TF\,
and f3;, respectively, the sequence of real numbers {y;} C (a,b) for some

a,b € (0,1), and {\}, {Bi} satisfy the conditions

A = 0,851\ = 00, By — Bil = 0,k — 00 Vi=1,..,N. (1.14)

We need the following facts to prove strong convergence theorems for (1.11)-
(1.12) and (1.13) with (1.14) in the next section, Section 2, and show an

extension to the problem of convex optimization in Section 3.

Lemma 1.8. [10] () ||z +y|]* < ||z||*+2(y, x +y) and for any fized t € [0,1]
(ii) [|(1 = ) + ty|[* = (L= O)||2|* + tllyl]* — 1 = )tf}a — y|*, Va,y€ H.

Lemma 1.9. [30] ||T*z — T*y|| < (1 — A7)||z — y|| for a fized number u €
(0,2n/L*), X € (0,1), where 7 =1 — /1 — pu(2n — uL?) € (0,1),

Trr = (I — A\uF)Ty,

F'is L-Lipschitz continuous and n-strongly monotone, and T 1s a nonexpansive

mapping of H.
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Lemma 1.10. (Demiclosedness Principle) [8] Assume that T is a strictly
pseu-docontractive self-mapping of a closed convex subset K of a Hibert space
H. IfT has a fized point, then I —T is demiclosed; that is, whenever {xy} is a
sequence in K weakly converging to some x € K and the sequence {(I —T )z}

strongly converges to some y, it follows that (I — T)x = y.

Lemma 1.11. [31]. Let {xx} and {zx} be bounded sequences in a Banach
space E such that zy1 = (1—0)xk+ B2k for k > 1 where {5} isin [0, 1] such
that 0 < liminf . B < limsup,_,., Ox < 1. Assume that limsup,_, . ||zk+1 —

2kll = ||zks1r — k|| < 0. Then limy_,o ||z — 2k|| = 0.

Lemma 1.12. [20] Let ax be a sequence of nonnegative real numbers satis-
fying the following conditions a1 < (1 — by)ag + bpck, where by and ¢y, are
sequences of real numbers such that

(i) b € [0,1] and 352 ,b, = o0

(#) lim sup,,_, . cx < 0.

Then, limy_,o ar = 0.

2 Main results

Now, we are in a position to prove the following results.

Theorem 2.1. Let C' be a nonempty closed convexr subset of a real Hilbert
space H and let f : C — C be a contraction with the contractive constant
a € [0,1). Let {T}Y, be N -strictly pseudocontractive self-mapping T; of C
such that NN_, Fiz(T;) # 0. Let p € (0,2(1 —a)/(1 + &)?) and let {\} €
(0,1),{Bi} € (0,1 — ) with v = max;<;<n7; for each t € (0,1) such that
A — 0, ast— 0 and 0 < liminf, ,o 8 < limsup, ,,8i <1—~,i=1,...,N.
Then, the net {x} defined by (1.11)-(1.12) converges strongly to the unique
element px in (1.9) with F =1 — f.
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Proof. First, we consider the case that T" := T{Tk.... Tf . Since T; and f
are the self-mappings of C,T" is also a self-mapping of C. We note that the
mapping T{ can be rewitten as T¢ = (I — \uF') with F = I — f, which is
(1+ &)-Lipschitz continuous and (1 — &)-strongly monotone. We also note that
the mappings T7, for {8/} € (0,1 —~) C (0,1 —1;), are nonexpansive. Indeed,
by (ii) of Lemma 1.1 and the property of T;, we have that

175 = Tiyll* = 11 = B) (@ — ) + B(Tix — Tiy)|*
= (1= B)llz = ylI* + Bil| T — Toy|?
(1= BBz —y — (Tjz = Tiy)|]
< (1= Bz —yll* + Billlz — yll*
+3illr —y = (Tiz = Ty)I’]
— (1= BBz —y — (Tjz = Tiy)|]
= llz —yll* = (L =% = B)Bille —y — (Tiz = Tiy)l)”
= |lz —ylP%,
because 3{ > 0 and 1 —7; — 8/ > 0. So, T} is nonexpansive for each ¢ € (0, 1).
By using Lemma 1.2 Wlth T = I, we obtain that

T = Tl < (1 A)|| T Tl — T Tl
< (1= ND||TE.. Tz — T} .. Tly||
< (= An)|[Te = Tiyll < (1= A7)l|z — y[Va,y € C

So, T" is a contraction of C'. By Banach’s Contraction Principle, there exists
a unique element x; € C such that x; = T'x; for all t € (0,1).

Next, we show that {z;} is bounded. Indeed, for a fixed point p € NY, Fiz(T;),
we have that T/p = p for i = 1,..., N, and hence

|z = pll = [|T" e — pl| = ||T"2 — Ty Typl|
= ||(I = MpF )T k.. Tixy — (I — MuF) ... Tip — X\ F(p)]|
< (L= M) Ty Tywe — Ty Tipl| + Aepel [ F (D)
(1= ANy Tywe — Ty Tipl| + Al [F ()]
(1 = M| iy = T7Tpl |+ Al [F'(p)]
(
(

IAIA

IN

1— \)||TY - Tipl | 4 Al | F ()]
1 — Ml|z: — pl| + Aeptl|[F (D)

IN
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Therefore,
lze = pl| < p/7I|F(p)l]

that implies the boundedness of x;. So, are the nets F(yN),yi,i = 1,..., N,

where we put

o =Ty, =Ty i =2, N. (2.15)

Then, from (1.11) with 7% = T¢T%... T, it follows that
v = (I = APy, (2.16)
Moreover,

|lze — pl> = [|( = MpF)y,Y = pl|?
=y’ = plI* = 2\ (F(y), 51" — p) + NP F(y)|)?
<y = = o> = 22 F (y), w — p) + N || F (y)|

<ly; — pII* = 22X F (), 5" — o) + X212 || F (y)|)?
<o = p||> = 22l F(y), y)¥ — p) + A2 F (y)]| P

Thus,
(1= a)ly = pl” + (Fy), v = p) < Mp/2[|F ()12 (2.17)

Further, for the sake of simplicity, we put 3? = z; and prove that
|y, = Tyl = 0

ast—0fori=1,...,N.

Let t, C (0,1) be an arbitrary sequence converging to zero as k — oo and
xy 1= . We have to prove that ||yi ' — Tiyi '|| — 0, where yi are defined
by (2.1) with ¢ =t and y; = y; . Let x; be a subsequence of x and z, be a

subsequence of x; such that
tisup [y~ — Tigi ™| = lim Iy = Tigf

and

limsup ||z — p|| = lim ||2x, — pl|.
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From (2.2) and Lemma 1.1, it implies that

|k, = plI> = 11 = X, Py, — |
<y, = pll = 2Xe, 1 F (y3)), i, — D)
= T8 " = TaplI” = 29, i F () s, — |
<yt ™ = pll = 22, 1 F (U ), o, — )
< <y, = pll = 22, 1 F (y2)), 2k, — p)
= || Ty, — Ty pl|* = 2k, 1 (F (Y ), i, — )
< lag; = plI* = 20, 1(F (y2)), 2x; — D)
Hence,
lim ||z — p|| = lim ||y}, —pll,i =1,.., N. (2.18)

By Lemma 1.1 and that T]t t are nonexpansive for [ =¢— 1,7 —2,..., 1,

lyi, = plI* = (1= i)k, — oIl + B, T, * = plf
= By, (L= Byt — Ty I
< (1= Bi)lyi " =l + B llve, ' = pIP
— B, (1= 5, = Willyi " = Ty P
= |lyi, — pII* = B, (1 = B,) — Fillyi " — Ty,
<=l — I — B (L B — Al — TP
= llog, = pll* = By, (1= Br,) — Fillyi, ' = Ty, 1% i = 1, N

1||2

Without loss of generality, we can assume that o < 3¢ < 3 for some «, 3 €
(0,1 — 7). Then, we have

o1 = = Byt — T P < s — ol — I, — pll*
This together with (2.4) implies that
- i—1 i—112 _ 5 —
lim |y — Tig |7 = 0,6 =1,..., N.

It means that ||y, ' — Tiyj_1||2 —0ast—0fori=1,.., .
Next, we show that ||z; — T;z;|| — 0 as ¢ — 0. Indeed, in the case that i =1

we have ¢ = x;. So, ||z; — Tizy]| — 0 as t — 0. Further, since

Hytl —TlxtH = Hytl —Tﬂ/?H = (1 —ﬁ})\ly,? —le?H



Nguyen Duc Lang 33

and ||y? — Thy?|| — 0, we have that ||y} — Tyz4|| — 0. Therefore, from
llze =y || < |2 = Tl | + || Thwe — we |
it follows that ||z; — yt|| — 0 as ¢ — 0. On the other hand, since

1y = Toyell = (1= By — Tayyll — 0

and
ly? — 2l| < (1= Byt — @l + BTy — 4|

< (= Blye — @l + B2 Toyy — el + [l — ]

we obtain that ||y? — 24| — 0 as t — 0. Now, from

|z — Tox|| < [|lze — yil| + |lv7 — Toyt || + || oy, — Toy|
<z — 71| + 1y — Toye || + Lally; — ],

where L = (1+72)/(1=72) (see [4, 35]), and ||z, 7 ||, [ly7 = Toy ||, |y —:l| =
0, it follows that ||x; — Thz|| — 0. Similarly, we obtain that ||z; — Tjx¢|| — 0,
for 4,..., N and ||y — 2¢|| = 0 as t — 0.

Let {zx} be any sequence of {z;} converging weakly to p as k& — co. Then,
||z, — Tyzg|] — 0, for i = 1,..., N and {yi'} also converges weakly to p. By
Lemma 1.3, we have that p € N, Fiz(T;) and from (2.3), it follows that

(F(p),p—p) >0 Vpen’ Fiz(T;)

Since p, p € NI, Fiz(T;), a closed convex subset in H (see [4, 35]), by replacing
p by tp + (1 — t)p in the last inequality, dividing by ¢ and taking ¢ — 0 in the
just obtained inequality, we obtain

(F(p),p—p) >0 Vpen¥, Fiz(T))

The uniqueness of px in (1.4) guarantees that p = px. Again, replacing p
in (2.3) by p*, we obtain the strong convergence for {z;}. The case that
T' = Tk.. TIT} is similarly proved. This completes the proof. O

Theorem 2.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H and let f : C — C be a contraction with the contractive constant & € [0, 1).
Let {T}Y | be N #;-strictly pseudocontractive self-mapping T; of C' such that
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NN Fix(T;) # 0. Assume that p € (0,2(1—a&)/(1+&)?), the sequences of real
numbers {\x} C (a,b) for some a, B € (0,1), and {\:} € (0,1),{8.} € (o, B)
for some o, € (0,1) satisfy conditions (1.14). Then, the sequences {xy}
defined by (1.13) converge strongly to the unique element px in (1.9) with

F=1I-1F.

Proof. First, consider the case that T% = T%..TFT¥. Put
yr = (1= M)y + N f (),
v = (L= Byt + BTy Li=1,.., N,

Then, from (1.13) it follows that

Tra1 = (1 — )Tk + Ty -

We prove that {z;} is bounded. Since TF := (1— )1+ BiT; with 3% € (0,7) C
(0,1 — ), for k > 1, is a nonexpansive self-mapping of C' and TFp = p for
each p € NY, Fix(T;), we have that

1y = pll = 1TF " = Tepll <y = pll Vi=1,... N, (2.19)
and
llye — pll = ITFy — Tipl]
< lyi = pll = | = AxpuF) i — pl] (2.20)
< (1= Xem)llzw — pll + Akl [F(p)]
for £ > 1. Further, we have also from (1.13), (2.5) and (2.6) that

ki1 =PIl < (U= )llzx = pll + el lyr” = pl]
< (1= y0)lzk — pll + %l Thye " — Tapll
< (1= y)llze = pll +wllyd " = pll
< (1= y)llze — pll + wllvg — ol
< (X =v)llze = pll + %l(1 = M) l|ze — pl + Al |[F(D)][]
< (1 = yeAem)l|zk = pl| + vl [F(p)]]-

Put Mp = max{]||zy —pll, u|[F(p)||/7}. Then, [lz1—p|| < M,. So, if ||z, —p|| =
M, then ||y — p|| < M, for i = 1,..., N, and hence

kaﬂ —PH < (1 - ’Yk)\kT)Mp + VAT My = M,
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Therefore, by induction, the sequence {z} is bounded. So, are the sequences
{F(zp)}, {yi}, and {Ty; '},i = 1,2,...,N. Without loss of generality, we
assume that they are bounded by a positive constant M;.

Next, we have, from (1.13) and the nonexpansive property of TF¥ for k > 1,
that

lyier — vl = TN oot — Thvwe 'l
<Txyiat = Tvye I+ T e ™ = T |
< Hy]]i/—i_llyk | +2M1|5k+1 — Pk ’
N
< Hyli-i-l - 3/2” +2M, Z |ﬁl£+1 - Bi‘
j=i+1

N
< ||y2+1y2|| +2M, Z |Brs1 — Bl
i=1
N

<k — 2ill + My(Aer + A)p + 20, Z |Bir1 — Byl

=1

So, we obtain that

N
lyier = 0 I = ke — 2all + My + M)+ 201 Y By — B

i=1

This together with A\, — 0 and |8},, — ;] — 0 for i = 1,..., N, implies that

lim sup ||y,]€V+1 — e || = lJeker — @] | 0.
k—o00
By Lemma 1.4, ||z, — yY|| — 0 as k — oo. Therefore, ||z — xi]| = (1 —

ye)llzk = || = 0.
Further, we shall prove that ||z — Tjzg|| — 0 for i@ = 1,..., N. As in the

proof of Theorem 2.1, first, we prove that ||y, ' — Ty, || — 0. Let {x;} be a
subsequence of {z} and let {x},} be a subsequence of {x;} such that

lim sup ||y, " — T, || = lim ||y~ = Ty 7',
k—o0 =00

lim sup [[z; — p[| = lim [z, — p||.
l—o0 J—0

It is clear from (2.5) and (2.6) that
lk, = pll < llww, — il + lve, — ol
<|lzr, =y |l + i, — pll
<|lzx, =y || + law, = pll + M, Mg
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Therefore,

Next, again by Lemma 1.1, we obtain that

i, = plI> = (L= Bl = plI” + B, Tt — |
— (1= B3,) B, v, ' = iy 1P
<(1- /ajmy, — D2+ B Il — pl?
—(1- 5k )@g”y - Zyk 7
:||yk —p||2 (1_% 5k)ﬁk||y - zyk1|!2
—||?/0_p’|2_(1_% Bk)ﬁkHy - 1yk P
= [lwg; = pIl* + Mi(Apr + A)p
—(1=%- 5k)5k”y - zyleQ

Hence,
a(l = =Byt = Tiyi, NP < llww, — 2P = llyi, — I

which together With (2.7) implies that ||y;€;1 —Tz-y,ij_,lH — 0asj — oo. It means
that ||yi 1| = 0fori=1,..., N. Now, we prove that ||z — Tyz)|| — 0
as k — 0o for 1=1,...,N.
In the case that i = 1 we have that ||y) — zx|| = Nep||F (zg)|| < Ay — 0
and hence, by ||T;x — Ty|| < L;||x —y|| where L; = (1+4;)/(1 —4;), we obtain
that
e = Taawl] < [loe — will + v — Tugkl] + 1T — Taal|
< (1 Lol — il + [y — Tagill
which converges to zero, as k — 0o, because ||z — y)|| and ||yp — Tiyy|| tend
to zero. In the case that ¢ = 2, from ||y; — Thy;|| — 0 and that ||y} — x| <
e — wRll + llye — 9kl = llzw — w2l + Bellyk — Tigkll — 0, it follows that
||zx — Toxy|| — 0. By the similar argument, we obtain that ||z — Tizg|| — 0
fori=1,...,N.
Next, we show that
lim sup (F(px),p * —x;) < 0.

k—o00

Indeed, let {x;,} be a subsequence of {;} that converges weakly to p such
that
lim sup (F'(px),p * —x) = lim (F(px), p * —xy,)
j—o0

k—o0
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Then, ||zg, — Tiwg,|| — 0. So, by Lemma 1.3, p € C. Therefore, from (1.4), it
implies (2.8).
Finally, by the convexity of ||.||?, (2.5) and (2.6), we have that

|k —p* || = |[(1 = w)ze + e —p* |12

(1= y)llar —p* ||+ wllyf —p =
< (1 =y)llzk —p x|l + wlly — o [1?
(1 =)z = p* || +wllyg —p*|°

(1= y)ller = p* ||+ Wl(I = MepF )y — p o+ ||
(1 = y)llzx —p*|]
o
(

IN AN IA TN

IN

[[(I — M)y, — (I — N F)p % — M ' (p) ||
L—y)llee = px ||+ = Xer) ||z — p = ||

IN +

— 2M\epu{F(px), x) — p * —A\pepuF' (1))
< (1 — e[z — p x|

2 2
%Mu[%(ﬂp*), Tk, D * —Tp) + Ak%(HF(p*)HMl]
Using Lemma 2.5 with ay = ||zx — p * ||, br = 7 \x7 and

2u<

- F(px), xg, p* —xi) +>\k—||F(P*)||M1

C —

with Ay — 0 and (2.8), we obtain that ||z —p* || — 0.

Note that the strong convergence of algorithm (1.13), when T}, = Ty T¥... T} is
similarly proved as that for (1.11)-(1.12) and (1.13) with T}, = T8TF... T by
putting y9 = x5, and y, = TFy,~'. Then, z;1 = (1 — v)zx + v Tyy. This
completes the proof. O

3 Extension

Let T; : H— H,i=1,..,.N, be N #; -strictly pseudocontractive map-
pings such that NY, Fiz(T;) # () and let ¢ be a Frechet differentiable convex
function on H with the L-Lipschitz continuous and n-strong monotone deriva-

tive F' = ¢'. The optimization problem is formulated as follows: find an
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element px € NY, Fiz(T;) such that

e(px) = min ¢(p). (3.22)

penly | Fia(T;)

Problem (3.1) was posed and studied firstly in [33] by Deutsch and Yamada,
when each mapping 7; is nonexpansive. It is well-known that (3.1) is equiva-
lent to variational ineqaulity (1.9). In the case that each T; is nonexpansive,

Yamada [30] proposed the following iterative algorithm
U1 = Thopue — Mot o (Tiegn ), (3.23)

where p € (0,2n/Le) and {A\} C (0,1), and proved that under conditions
(L1), (L2) and (L5): > [A\ — Aksn| < 00, the sequence {uy} in (3.2) converges
strongly to p* in (1.9). Further, Xu and Kim in [34], by replacing condition
(L5) by (L6): lim(Agx — A\gn)/Aksn = 0, proved the following result.

Theorem 3.1. Let H be a real Hilbert space and F : H — H be a mapping
such that for some constants L,n > 0, F is L-Lipschitz continuous and n-
strongly monotone. Let {T;}Y., be N nonexpansive self-mappings of H such
that NN, Fix(T;) # 0, u € (0,2n/L?) and let conditions (L1), (L2), and (L6)
be satisfied. Assume in addition that

NN, Fix(T;) = Fix(T\Ts..Ty)
= Fix(TnTiTy.. Tyn_1) (3.24)

Then, the sequence {uy} defined by (3.2) converges strongly to the unique ele-
ment px in (1.9).

It is not hard to see that (L5) implies (L6), if lim Ay /x4 exists. Howerver,
in general, conditions (L5) and (L6) are not comparable: neither of them
implies the other (see [33] for details).

Recently, Zeng et al. [4, 35] proposed the the following iterative scheme:

Upy1 = Tipyrur — )‘k+177k+1F(T[k+1]uk) (3.25)

with the variable parameter u; and proved the following result.
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Theorem 3.2. Let H be a real Hilbert space and F : H — H be a mapping
such that for some constants L,n > 0, F is L-Lipschitz continuous and n-
strongly monotone. Let {T;}Y, be N nonexpansive self-maps of H such that
NN Fix(T;) # 0 and let w, € (0,2n/L?). Assume conditions (L1), (L2) and
hold:
(1) > A\x = 00 where {\x} C (0, 1);
(id) i — 1/ L2 < /77 — P/ L2, for some ¢ € (0,7°/12);
(2d) i (pui v — (Ak/ M) i) = 0;
Assume in addition that (3.3) holds. If

lim :ngo(ﬂmm...ﬂkﬂ]uk — U N s T N T gy — ug) <0, (3.26)
then, the sequence {uy} defined by (3.4) converges strongly to the unique ele-
ment px in (1.9).

They also showed that conditions (L1), (L2) and (L4) are sufficient for uy
to be bounded and

m [|ugTjern) Tienjunl| = 0,
k—00
So, (3.5) is satisfied.
Meantimes, Liou et al. [36], following [37], defined, for each k, mappings
U = o, T + (1 — )1,
Uke = apeToUpy + (1 — a1,

Ugn-1= N1 TN 1Upn—o + (1 —apn-1)],
Wy = Uiy = OékNTNUk,Nfl + (1 - akN)Iv

and proved the following result.

Theorem 3.3. Let H be a real Hilbert space and F : H — H be a mapping
such that for some constants L,n > 0, F is L-Lipschitz continuous and n-
strongly monotone. Let {T;}Y, be N nonexpansive self-mappings of H such
that NN, Fix(T;) # 0, p € (0,2n/L*) and let conditions (L1) and (L2) be
satisfied. Assume that the sequences {ayi}Y | satisfy limy_soo (Qpi — agi-1) =0
foralli=1,2,..,N. Then, the sequence {x}} defined by

Tpt1 = Bl’k + (1 — 5)[kak — )\k,uF(kak)], ]i) Z 0,
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for an arbitrary initial point xo € H , converges strongly to px in (1.9).

When Fo = Ax —u, where A is a self-adjoint bounded linear mapping such

that A is strongly positive, i.e.,
(Az,z) > 1||=[]*, Vo € H

and u is some fixed element in H, Xu introduced in [20, 32] the following

iteration process:
Uk+1 = (I — )\k+1A)T’[k+1]uk + )\k+1u, (327)

and proved the following result.

Theorem 3.4. Let Conditions (L1), (L2) and (L3) or (L4) be satisfied. As-
sume in addition that (3.3) holds. Then the sequence {uy} generated by al-

gorithm (8.6) converges strongly to the unique solution of (1.9 ) with Fx =
Ax — u.

Clearly, from the proof of Theorem 3.2, we obtain the following result.

Theorem 3.5. Let H be a real Hilbert space and let {T}N |, be N 7; -strictly
pseudocontractive self-mapping T i of H such that NN Fiz(T;) # oo. Let
F : H — H be a mapping such that for some constants L,n > 0, F 1is L-
Lipschitz continuous and n-strongly monotone. Assume that p € (0,2n/L?),
the se-quences of real numbers {yx} C (a,b) for some a,b € (0,1), and {\;} €
(0,1),{Bi} C (a,B) for som («,5(0,1) satisfy the conditions (1.14). Then,

the sequences {xy} generated by
x1 € H, any element,

Trpr = (1 —ye)zr + Ty, k > 1,
where TF = TY..TFTE or T = TETY..TFT!, i=0,1,...,N, are defined by

Y 77

(1.12) with f replaced by I — F, converge strongly to the unique element px in

(1.9).
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