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A New Hilbert-Type integral inequality with
the Homogeneous Kernel of Degree -2

and with the Integral in Whole Plane

Zitian Xie' and Zheng Zeng?

Abstract

In this paper, by estimating the weight function, we give a new
Hilbert-type inequality with the homogeneous kernel of degree -2 and
with the integral in whole plane.As applications,we consider the equiv-

alent form and some particular results.
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1 Introduction

Iff() g(z) >0, such that 0 < [[f*(z)dz < oo and 0 < [[¢*(z)dx <

0o, then [1
/ / f( dxdy<7r{/ Az dm/Oo (x )dx}l/z, (1.1)
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where the constant factor 7 is the best possible. Inequality (1.1) is well-known

as Hilbert’s integral inequality, which has been extended by Hardy-Riesz:

If p>1, %%—é =1, f(z), g(x) >0, such that 0 < [°f?(z)dx < oo
and 0 < [“¢%(z)dx < oo, then we have the following Hardy-Hilbert’s integral
inequality:

where the constant factor also is the best possible.

T
sin(m/p)
Hilbet’s inequality is important in analysis and its applications. Recently,
Yang and Xie gave (1.2) some strengthened versions [2-18].
Now, by obtaining the weight function, we give a new Hilbert-type inequal-
ity with the integral in whole plane.

In the following we suppose that ¢ > b > 0, ac > b%.

2 Some Lemmas

[ min{t,1}dt [ min{t,1}dt
Lemma 2.1. If ky := fo max{t,1}(at?+2bt+c)’ ke = fO max{t,1}(at?—2bt+c)’
then
I 1l a+26+c+11 a+2b+c b <7r ; b )
N P L Tl Y — — — arctan ————
! 2CL C 2(3 a aN ac — b2 2 A ac — 62
1 a—2b+c 1 a—2b+c b T b

ky=—In——+ —1In (= + arctan

2a c 2c a * avac — b2 2 Vac — b2)

and
1 2_42 1 2 2
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2a c? 2¢ a?

a—2>b a-+b
+ ——(arctan —— — arctan —— + 2 arctan ————
a\/ac—bQ( vac — b2 vac — b2 \/ac—bQ)
+ a—>b

a+b
(arctan ——= — arctan

+ —
vVac — b? \/ac—b2)

b
cvac — b2
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Proof We have

P min{t, 1}dt B /1 tdt /°° dt
YTy max{t, 1}(a® + 20t +¢)  Jo 2+2t+c ), t(at?+2bt +c)

= [i In |at® 4 2bt + c| — b arctan at——i_b]l
2a avac — b2 Vac— 52"
+ [i In t - b arctan ———— at+ 0 —
2¢c  at’ 420t +c Cm \/m !
_ L n 2 bre b (arctan — arctan ——)
llna—'—2b+c— b (——arctana——’—b)
T2 a evac — b2 2 Vac — b2
:ilnw+ilna+2b+c— b (arctana—w
2a c 2c a avac — b2 Vac —b?
— arctan ) — b (z — arctan a——i—b)

vac — b2 cvac — b2 2 Vac — b2

Similarly,
1 —2b 1 —2b
ky — —lna +c —lna +c
2a c 2c a
a J—
arctan + arctan
avac — ( ac — Vac — b2)
b T a—>
+ (= — arctan

And we have

k= kl + k2 1 11’1 M + € In (aJrc)2274b2 + l::,bz (arctan a—b

c? 2c a ava Vac—b?
. a+b b b at+b a—b
arctan —£ + 2 arctan \/ac—bZ) + 7z (arctan 2= — arctan ).
0

Lemma 2.2. Define the weight functions as follow:

we) [ minllel yl} ol
- Jo max{|z], [y[}(ay? + 2bay + ca?)’

. > mind |z|, |y|}|y|dx

B(y) = {l=], lyl}y|

oo max{|z|, |y|}(ay? + 2bzy + cx?)’
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Proof We only prove that w(x) =k for z € (—o0,0).

0 0o

min{|z, [y|}|z|dy min{ |z, [y|}||dy

wl\xr =
@ = | el Iyl (ay® + 2bay + )y max{le], [yl }ag? + Zbwy + ca?)
= wq + ’LUQ,

setting y = tx, then
/ min{(—o), (—y} o)y [ minflLejdt
max{(—z), (—y)}(ay? + 2bzy + cx?) o max{l,t}(at? + 2bt + c)
similarly, setting y = —tx,

/ min{(—xz), y}(—z)dy _ o min{1,t}dt _
max{ x),yHay? + 2bxy + cx?) o max{l, t}(at? — 2bt + c?)

2

and w(

[e.e]

ily) = min{|z|, [y|}|y|dz
oo max{|z|, [y|}ay® + 2bxy + cx?)

" min{|x|, [y|}|y|dz min{|z|, [y|}|y|dz
oo maxt|zl, [y|}(ay? + 2bry + ca?) — Jo  maxtfz], |y[}(ay? + 2bzy + cx?)

[e.9]

= {171 +@2

for y € (—00,0), setting = = y/t, then

~ 0 min{—z, —y}(—y)dz

e oo max{—z, —y}(ay?® + 2bzy + cx?)
0 min{—y/t, —y}(—y)d(y/t)
oo Mmax{—y/t, —y}(ay® + 2b(y/t)y + c(y/t)?)
> min{1,¢}dt

o max{l,t}(at? +2bt +c¢c)

1-

similarly ws = ko, and w(z) = k, using lemma 2.1, the lemma is proved. [J

Lemma 2.3 Ifp>1,5+:=1 ¢>0, and max{%, %}) € (0,1), define
both functions,f and g, as follow:

z2%/P, if v € (1,00),
f(iC) = 07 Zf YIS [_17 1]7
(—x)~%/P, if x € (—o0, —1);
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r%/a if x € (1,00),
g(z)=1< 0, if  xel[-1,1],
(_:U>_25/q7 fo S (-OO, _1)7

then

e =e{ [ |x|—1fp<x>dx}1/p i |a:|—1aq<x>dx}l/q _ 1.

F e [ el D@
1(5)._5/%/_%%{{ dedy = k+o(1) (e = 07),

||, [y|}(ay? + 2bzy + ca?)

Proof Easily,

Let y=—-Y ,using f(—z)= f(z), g(—z)=g(x), and

o0

N min{|z|, |y|}g(y)dy
T2 | a{lal, ol (ay? — 2bay o)

~ min{|z|, [Y]}g(Y)dY

=@ | T Y T aY? + %Y+ o)
we have that f(z) [° —mindlellv]Jol)dy is an even function on z,then
—oomax{|z|,|y|}(ay?+2bzy+cx?) )

o [ ([ min{la] b} )
Ie) =2 / /@) (  max{Ja], [y} (ag? £ 2b:cy+cx2>dy> !

/°° S il ew) N
1 omax{Ja, [y[} (ay? + 2bey + ca?)

2e

T e min{|z|, [y|}y~ 7
+ v dy | d
= ( masc{[al, o1} (ay? + 2oy + ) )
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Setting y = tx then

R B A
I, =2¢ T P dy | dz
! /1 ( . max{|z], [y[}(ay? + 2bzy + ca?) "’

2e

0 < in{l1, ¢}t v
—9 ~1-2¢ min{1, dt | d
© /1 ! ( 1 max{l, a2+ 2ot + ) )

oo 00 t—%
=2 —i2e / dt | d
© /1 ’ (0 max{L, {}(12 + 2bt + c) ) x]

0 3 in{1,t}t v
—2 Sl mintl, dt | d
c [/1 v ( o max{l,t}(a2 +20t+c) )"
= 2¢ /OO r i b min{l, t}t dt | dx
0 . max{1,t}(at? + 2bt + ¢)

. 1 . 2
_/ .7}_1_28 “ mln{17t}t ¢ dt | dr
1 o max{1,t}(at?+ 2bt + c)

. _2e
> min{1,t}t" «
= dt
o max{l,t}(at®+ 2bt + c)

1 min{1, t}t_% (/1 C1_9¢ )
— 2¢ x dz| dt
omax{l,t}(at? + 20t +c¢) \ J;
* min{l,{}(t 7 —1) U min{1, 6} (T —t7)
o max{1,t}(at?+ 2bt + ¢) o max{1l,t}(at? 4+ 20t + c)
= k1 +n(e).

=k +

there lim. o+ 7(¢) =0, and we have I; — k; (¢ — 0T).

Similarly Iy — k2 (¢ — 07). The lemma is proved.

Lemma 2.4. Ifp > 1, % + % =1, and 0 < [7_|z|~* fP(x)dz < oo, We have

J = /_OO ’y|P*1 ( = min{|z|, [y[} f () )d:z:)pdy

- —cemax{|z], [y[}(y* + 2bxy + ca?

< kP /OO 2|t fP(2)d. (2.1)
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Proof By lemma 2.2 ,we find

( > min{|z|, [y|} f (x) dx)')

_oomax{|z|, ly|}(ay? + 2bzy + cz?)

([ min{|x|, [y[} /

- (/O i g e

mln{’l"v |y‘} )1/qu)p

max{|z|, |y|}(ay? + 2bzy + cx?)

[ mind o] y]}

~ Josemax{|z|, [y[}(ay? + 2bzy + ca?)
( il ) )

_oomax{|z|, |y|}(ay? + 2bry + cz?

fP(x)dx

— pP1y Pt > min{|z|, |y|} b
lyl  max{[z], |9} (ag? + 2bzy + c7?) (z)da,
2 [T min{ |z, ly}
S P(z)dx| d
B /oo|: ,Oomax{|x|,]y\}(ay2+gbxy+cx2)f (1‘) T ay

_ g /_“[ > min{|z], |y[} )dy} FP(2)da

ool —comax{lzl, [y|}(ay? + 2bxy + ca?
= kp/ 2|t fP(2)d.

3 Main Results

Theorem 3.1. If p > 1, }D —i—é = 1, and both functions, f(z) and g(x),
are nonnegative measurable functions, and satisfy
0< % |z|tfP(z)de < oo and 0 < [°_|z[~g?(z)dx < oo. Then,

rom [ e ot 2
<k (/Z |a;|—1fp(g;)dg;) ” (/Z |x|_1gq(x)dx) Uq, (3.1)

Y min{|z|, [y|} f(x)
_ dz)Pd
J /w'y' U max{la], g1} (ay? + 2bwy + ) 2

and
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< kP /_00 2|~ fP () d. (3.2)

Inequalities (3.1)and (3.2) are equivalent,and where the constant factors k

and kP are the best possible.

Proof If (2.1) takes the form of equality for some y € (—o0,0) U (0, 00),
then there exists constants M and N, such that they are not all zero, and
MfP(z) = N ae. in (—o0,00). If M # 0, then |z|~'fP(z) = % a.e. in
(—00,00) which contradicts the fact that 0 < [ [z|™! fP(z)dz < co. In the
same way, we claim that N = 0. This is too a contradiction and hence by
(2.1), we have (3.2).

By Holder’s inequality with weight and (3.2), we have,
- /°° [’y‘; ~ min{|z|, |y[}f(z)

d 4 d
o _somax{|z|, |y|}(ay? + 2bzy + cx?) 4 []y\ g(y)] Y

< (J) (/_OO \y!’lgq(y)dy) l/q- (3.3)

oo

3=

Using (3.2), we have (3.1).
Setting

> min{|z|, [y[} f(z) 71

— d p
P = ol o} (ay? + 20y + ca?) ™)
then J = [~ |y| ™ ¢%(y)dy by (2.7) we have J < oo. If J =0 then (3.2) is
proved; if 0 < J < oo, by (3.1), we obtain

)

0< / ly| gt (y)dy = J = I*

o0

< (/_Z |x|_1fp(:c)dx) . (/: |x|)_19q(:r)d;g> 1/q,
(/_Z "”'_lgq(x)d‘”) <, (/_Z |~ fp(a:)dl‘) "

Inequalities (3.1)and (3.2) are equivalent.
If the constant factor %k in (3.1) is not the best possible, then there exists
a positive h (with h < k), such that

oo oo min{|z|, |y|}f(x)
/oo/oomax{|w|’ ly[}(ay? + 2bxy + ngZ)d:Ed?J
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<h (/_: |:z:|_1fp(a:)da:) b (/_: |x|_1gq(:c)da:) " (3.4)

For £ > 0, by (3.4), using lemma 2.3, we have

< min{lz|, [y|} f(2)g(y) B
/—J_oomax{]q;|’ ly|}(ay? + 2bzy + C$2)dxdy =

k+o(1) < ch (/Z yx|—1fp(x)da;) v (/Z |x|_1§q(x)dx) o

Hence we find, k 4 o(1) < h. For e — 0%, it follows that k& < h, which
contradicts the fact that h < k. Hence the constant & in (3.1) is the best

possible. Thus we complete the prove of the theorem. O

Remark 3.2.

1) For a=c=1, b=cosf, 0 <0 <, then
k=2In(2sinf) + (7 — 20) cot 0, we have

e min{|z|, |y} f(x)
[immax{|x|, ly|}(y? + 22y cos O + x2>da:dy

< (21n(25in 0)+(7—26) cot ) < /_ Z 2! fp(x)dx) " < /_ Z |ac|_lgq(x)dac) )

2) For 6 = x/3, inequality (3.5) reduces to

< min{lz], |y} f(z)
/meax{lfl, Y1} (y* + 2y + “’Q)dxdy

< (In3+ 3%) (/: |x]_1fp(:£)dx> v </_Z |x]_1gq($)d:£) l/q. (3.6)
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