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Approximation of Common Fixed Points of a Finite
Family of Asymptotically 4-Demicontractive Maps
Using a Composite Implicit Iteration Process

Donatus I. Igbokwe® and Uko S. Jim?

Abstract

We prove that the modified form of the composite implicit iteration process
introduced by Su and Li [1] can be used to approximate the common fixed
points of a finite family of asymptotically ¢ —demicontractive maps in real
Hilbert spaces. Our results compliment the results of Su and Li [1], Osilike
and Isiogugu [2], Igbokwe and Udofia [3], Igbokwe and Udo-Utun [4, 5],
Igbokwe and Ini [6] and extend several others from asymptotically
demicontractive maps to the more general class of asymptotically

@ —demicontractive maps (see for example [7-10]).
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1 Introduction

Let K be a nonempty subset of a real Hilbert spaceH. A mapping

T:K—>K is called asymptotically ¢—demicontractive with sequence

{k, } <1, ), limk, =1(see for example [3]), if F(T)={xe K:Tx = x}# ¢

n—

and there exists an increasing continuous function ¢ :[0, ©)— [0, ) with

#(0) = 0 such that

”T”x— IOH2 =k,|)x— p||2 +Hx—T“x ’ —¢Q‘X—T”X ) (1)

vxe K, pe F(T)and n>1.

A mapping T:K — K is called asymptotically demicontractive with

sequence {a, jc I, ), lima, =1 (see for example [10]), if F(T) #¢ and

n—oo

vxeK, pe F(T),3 ake[0,1)>

rox—pl < aife—pf + KTk @

T is k-—strictly asymptotically pseudocontractive with a sequence
{a, }c[l, ), lima, =1if vxe K,neN,3 akel0,1)>

”T”X—T”y P < as|x- p||2 +kH(I —T“)x—(l —T”)y : (3)

where | is the identity operator. The class of Kk —strictly asymptotically
pseudocontractive and asymptotically demicontractive maps were first introduced
in Hilbert spaces by Qihou [10]. Observe that a Kk —strictly asymptotically

pseudocontractive map with a nonempty fixed point set F(T) is asymptotically
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demicontractive. An example of a k —strictly asymptotically pseudocontractive
map is given in [11].
Furthermore, T is uniformly L —Lipschitzian if there exists a constant

L>09”T”X—T”y

<Ly,
Let K be a subset of an arbitrary real Banach space E, a mapping T : D(T)—> E
is saild to be asymptotically @ —demicontractive with  sequence

{an }g [1, oo), lima, =1 ( See for example [2] ), if F(T) # ¢ and there exists a

strictly increasing continuous function @ :[0, @) — [0, ®) with #(0)=0 such
that
<x—T”x,j(x— p)> > ¢Q‘X—T”x)—%(a§ —1)|x— p|’ (4)

vxeK, p e F(T) and ne N. j is the single — valued duality mapping from E

to E* given by
i00= {7 B (x f) =[x I =1,

which holds in strictly convex dual spaces. E* denotes the dual space of E and

< , > denotes the generalized duality paring. The class of asymptotically

@ —demicontractive maps was first introduced in arbitrary real Banach spaces by
Osilike and Isiogugu [2]. It is shown in [2] that the class of asymptotically
demicontractive map is a proper subclass of the class of asymptotically
@ —demicontractive map while in [3], it is shown that every asymptotically

demicontractive = map is  asymptotically ¢ —demicontractive ~ with
$:0,0) - [0, ) given by

#(0) = (1=t ~+a7 ~pe— "
These classes of operators have been studied by several authors (See for example

[2,3, 7-10, 12] ). In [2] Osilike and Isiogugu proved the convergence of the

modified averaging iteration process of Mann [13] to the fixed points of
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asymptotically ¢ —demicontractive maps. Specifically they proved the following:

Theorem 1.1 ([2], p.65) Let E be a real Banach space and K a nonempty closed
convex subset of E. Let T:K — K be a completely continuous uniformly

L — Lipschitzian asymptotically ¢—demicontractive mapping with a sequence

{a,}c[l,o) > Y (a2 -1)<wo. Let {a, } be areal sequence satisfying
(i) 0<a, <l (i) Ya,=o (i) Y al< o.
Then the sequence {x, }:’:1 generated from arbitrary x, € K by the modified
averaging Mann iteration process
X,y =(1-a, )X, +a,T"x,, n>1 (5)

converges strongly to a common fixed point of T .

Similarly, in [3], using the modified averaging implicit iteration scheme {Xn } of
Sun [14], generated from an X, € K, by
X, =a,X,_, +{1-a, %, n>1

where n :(k —l)N +i,ilel = {1, 2,3..., N}, Igbokwe and Udofia [3] proved

that under certain conditions on the iteration sequence {an }, the above iteration

process {Xn } converges strongly to the common fixed point of the family {Ti }IN: .
of N uniformly L, —Lipschitzian asymptotically ¢—demicontractive self maps

of nonempty closed convex subset of a Hilbert space H .

Recently, Su and Li [1] introduced the following iteration scheme and called it

Composite Implicit Iteration Process. FromX, € K, the sequence {xn }le is

generated by
Xp =X + (1 -, )Tn Yi
Y = an—1+(l_ﬂn)Tan= nxl (6)

where {an }, {ﬂn } c [0,1], T, =T

nmodN *

Motivated by the results of Su and Li [1], very recently, Igbokwe and Ini [6]
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modified the iteration process (6) and applied the modified iteration process to
approximate the common fixed points of a finite family of k-strictly
asymptotically pseudocontractive maps. In compact form, the modified composite

implicit iteration process of Igbokwe and Ini is expressed as follows:

X, =a X, +(1—a, Ty,

Y, = BoX,, + (=B T, n>1 (7)
where n=(k—-1)N+i,iel = {,2,3..,N}. {a, }, {8, } c[0.1].
Observe that, if T:K — K is uniformly L—Lipschitzian asymptotically

¢ — Demicontractive map with sequence {a, }g[l, o) such that lima, =1 then

N—o0

for every fixed Ue K and t € (ﬁ,l ), the operator S, : K — K defined for all

t,s,n

X € K by

SeonX = tu+(1-t)T"[su+(1-5)T"x]
satisfies
, VX,y e K.

HS X— St,s,n y

|<(1-t)Y1-s)x—y

Thus, the composite implicit iteration process (7) is defined in K for the family

t,s,n

{Ti }N of N uniformly L -Lipschitzian asymptotically ¢—Demicontractive

i=1

mappings of nonempty closed convex subset K of a Hilbert space provided that

{a, {8, } < (n,1) forall n>1, where 7 = " LL and L = max{L, }.
+

I1<i<N
It is our purpose in this paper to prove that the iteration process (7) converges to
common fixed points of finite family of N uniformly L —Lipschitzian
asymptotically @ —Demicontractive mappings in Hilbert space. We show that the
recent results of Osililke [2], Osililke, Aniagbosor and Akucku [9] concerning the
iterative approximation of fixed points of asymptotically ¢ —demicontractive and

asymptotically demicontractive maps which are themselves generalizations of a

theorem of Qihou [10], a result of Osililke [7] and a result of Osililke and
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Aniagbosor [8] will be special cases of our results. Moreover, in Hilbert spaces,
our present results extend the recent results of Igbokwe and Ini [6] from k-strictly
asymptotically pseudocontraction to the much more general asymptotically

@ —demicontractive maps.

2 Preliminary Notes
In the sequel, we need the following:

Lemma 2.1 ([8], p.80) Let {a, }",,{b,}, and {5, }", be sequences of

nonnegative real numbers satisfying the inequality

a, <(+6, )a, +b,n>1.

n+l1

If > 5,<o and > b, <o, Then lima, exists. If in addition {a,};, has a

n=l1 n=1 n—oo

subsequence which converges strongly to zero, then lima,, =0.

n—o0

Definition 2.1 Let K be a closed subset of a real Banach space E and
T :K — K be a mapping. T is said to be semicompact (see for example [1]) if for

any bounded sequence {x, | in K such that |x, —T,x,| — 0 as n— oo, there

exists a subsequence {x, |c {x, }suchthat x, —x" € K.

3 Main Results

Let K be a subset of a real Hilbert space H . We call the mapping T : K — K

asymptotically ¢ —demicontractive with sequence {ain}c [0,00), lima, =1 if

F(T)¢¢ and there exists a strictly increasing continuous function

¢:[0, 0) > [0, ) with ¢(0)=0such that
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<[+ 14z v o + =T ~g{x-Tx))  (®)

forall xe K, pe F(T)and n>1.

Since in a Hilbert space, j is the identity map, for allx e K, p € F(T) and
n>1. Using (4), we have:

= Jx=p-1(-T" (1 —T“)p]“2
= fx=pl =2{( == (=T (= Pl -7 e (1 =T
= [ pl 20T - p))+ [T
=||x—p||2—¢ﬂ S AR S
< [1+1 2_¢q _

Observe that if we set 1+/ a’ —1 kn in (8), then Eg[l,oo) and limk_nzl.

n—oo

" ), proving (8).

So that equivalently, we have,

"<k, o)’ ) ©)

RV

Lemma 3.1 Let E be a normed space and K a nonempty convex subset of E.

Let {T,}', be N uniformly L, - Lipschitzian self mappings of K such that
L =max{L,}, L the Lipschitzian constant of T,i=12 ..., N. Let

{a, }, { B, } be sequences in such that
0 Y(-a)=w (i) Y(-a ) <o (i) Y(1-4)< o

For arbitrary X, € K, generate the {x } by

nnl (la)Tyn

yn :ﬂnxn—l +( _ﬂn)Ti Xny n>1
Then,
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Tix, =%, < 2[2L3(2+L)+(1+L2)]HTikxn—xn

w2U|T %, = x| +4(1-a, )2 [ 200+ L)), -,
Proof. Let A, =[x, —T,*x,|. Then, applying (7) and the fact that L = max(L,) we
obtain :
I =Tl < %o =T |+ LT %, = %,
< At Lx, =%, ]+ L”Tik’lxn — X,
< 1+ (1-a, )2 Jag+ Lo, +2(1-a, 2%, = %o
w(1=ay )2 [Tix, =%, + 201y )]y, = %)
That is

[1=(1=a, )2 ][x, =Toxs| < [14 2 Jan+ Lag, +2(1—a, )2)x, = %,
+2(1=a, )2y, =% (10)
Observe that
o =%, < (2+L)4, +20+ L) [x, = x,.]- (11)

Substituting (11) into (10), we obtain

Mx, x| < [1_(1_1%)L2J{ 20 (24 L)+ 1+ 1) ], -,

+2(1-a, [+ 2L+ L)%, = x| }-

k-1
+ L”-rI Xoo = X0

Since from condition (ii) lim(l -a, ): 0, then there exists an N, >0 such that

n—o0

vnz=N,,

1-(1-a

n

1
& >

Therefore,

mx, x| < 2202+ L)+ [+ ], - x,

+ 2|-HTik_1Xn_1 - X + 4(1 -—a, )L2[1 + 2'—(1 + L)] ”Xn - X'H” ’

n-1
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completing the proof. O

Theorem 3.1 Let H be a real Hilbert space and Let K be a nonempty closed

convex subset of H . Let {T,}" be N uniformly L -Lipschitzian asymptotically

¢ —demicontractive self maps of K with sequence {ain}g [1,00) such that

ia ~1)<ow foralliel and F= ﬂF =0

n=1 i=1

where F(T,)={xe K:T,x=x}. Let one member of the family {T,}'  be

i=1

semicompact. Let {«, }._,, {S.}.., = [7n,1] be two real sequences satisfying the

n=1"?

conditions;

O Y(l-a,)-
i) S(1-a,) < o
i) S(1-4,) < o, (1—a, 1=, )° <1, 0<f<f,<Q<,

where 7= and L =max{L}, L

uniform Lipschitz constants of

L
T,i=1L2,...,N. Let x, € K be arbitrary, the modified implicit iteration
sequence {x,}_, generated by
X, = oy X,, + (1=, Ty,
Yo = BXoy (=BT %, n>1 (12)
exists in K and converges strongly to a common fixed point p of the family

Ths -

Proof. We use the well known result of Reinermann [15] (See also Osilike and

Igbokwe [16]).

it + (1 —t)y||2 = t||x||2 +(1 —t)||y||2 —t(1-t)x - y||2 (13)
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which holds for allx, y € H, t €[0,1].
Using (12) and (13), we obtain

%= = Jon (% = p)+(1-a, XTy, - )
= ¥, — P+ (e, Ty, — P e (-a, fx, - Ty
< ax - p[ +C(-a, )y, - o _an(l_anjxn,l_nkynz
< a % - o +0-a, )y, - o[ +ozn(1—ocn)‘xn_1 ~Try, [
= o). -+ L2(1—an)( (X, = p)+ (-8, XTx, - p
+an(1_anjxn—l ~Try. [
= anllxnfl—pllzﬂz t=a,  B,[x, - ol
S0 LR A ENER e
a,(1=a, Jx, , ~T¢ vl
< o) = o)+ LA - ¥ - b + L1, N1- B, TX, —pH
~LB (=), (1= B ) ~Tix | + (= fx Ty - (14)
% =Tov < (g 1P+ C0- g XLs D], - of
+[L2 —B.)Lp, +1)+ L1 ]|xn—p|| (15)

Substitute (15) into (14) to obtain

%, =l <
[an + Lzﬁn (1 _an)+ (l -, )[(Lﬂn + 1)2 +L (1 _ﬂn )(Lﬁn + 1)]]||Xn—1 - p”2

FL(-a, 1= AT, - p - L, 0-a, M- 5, )

=, J20- LB, + 1)+ (=5, 7 %, - b (16)

2
T*x

n-1 i M
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From (8), we have

L G (IR T VAR [

Substitute (17) into (16) to obtain

x| a7

%, = [ <
[, + L, (-, )+ (e (L, +1) + 2= XA, + D, s — ol
~ (- a, X1 B (%, T, ) - 8, (1=, X1 8, )%
+(=a, f L=, (LB, + D)+ L' (1= B, )
+L(1-5 [L+1 +1+/ ]|x —p|".

2
TXx

n-1 i Mn

That is
(1-(- g, |C(Lg, +1)+ L (1= 8,)+ [L+1) y+1+ (s (a2 -1)]
F(1- B (LB, +1)+ L)+ E|L+1) J+1+ U (2 -1)g, - 5, Yx. - o’
< (1= B Yay + LB, + (LB, +1) + (1= B, XL, + i — B[]
L (1-a, J1-5,) 4 )-128,(1-a, J1-5,) (18)

Observed that L2(LA, +1)+ L*(1- ,B)+L2[(L+1 +1+/ a’ 1]>1 Using the

2
 —THx

1 n

X, — T x,

fact that (1—- 3, )<1, then,
(=81 A (LB, + D+ L= )+ L+ 1F 41+ Y (a2 1), - 5.
< (=LA + 1)+ L= 8)+ L L+1P 41+ @2 -1)]B, - 5, .

So we obtain,

-G 1= 8. ot~ (1= BB o — 0 <
(1= B, e, + 2B, + (LB, +1) + L*(1= B, XL, + Vl|x,, — p|
L (1-a, X1 5,)4(x, )-8, (1-a,)i-5,)

2
k k
T X, Xoy —Ti X

I n s
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where &, = (LB, +1)+ L' (1= 8,)+ L|(L+1f +1+ 14 (a2 -1)] >0.
So that
(l_ﬂn){l—zﬂn +(Lﬂn +1)2 + Lz(l_ﬂn)(l—ﬁn +1)}

+(1- B, )6, — (1= B,) B.&
1_(1_ﬂn)[‘fin(l_(l_ﬂn)ﬁn)-i_ﬂn]

2

%, = ol <1+ %o, = Pl

L'(l-a, N1-5.) o
1-(1- B, &, (1= (= BB, )+ B, ]

LB, (1-a, J1-5,)
1-(1-8,)& (== B)B)+ B,]

~T.*x

n 1 n

)

k
Xoq =T X, |-

(19)

Since lim(1— /3, )= 0, then there exists a natural number N,, such that V n> N,

RIS EX IR R VAR AEES
Therefore, it follows from (19) that
%, = P < [+ 20- NS, + (LA, +1) + (1= 5, XLB, +1))
+(1=B.)en = (1= B, ) Bu&n o — 0|
~LC(-a,)1- 5,04 )
k

2
X, — T X

n .

X, _Tikxn

- LZﬂn(l_an )(l_ﬂn )2
< [1+8, %y — "~ L=, )i -5,V o )

- Lzﬂn(l_an )(l_ﬂn )2||Xn—1 _Tan”z’ (20)

X, _Tikxn

where
8, =2A(1=B){L A, + (LB, +1) +L (1= B, ) (LA, +1)]
+(1=8) & —(1-B8,) B.&al. 1)
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Since from condition (iii) Zdin <o, it follows from (21) and Lemma 2.1 that

n=1

lim”xrH - p|| exists. Hence 1im||xn - p|| exists. So there exists M >0 such that
n—o n—aw
X, = p[<M , ¥ n>1, we obtain from (20) that

Xn _Tian ) < [1+5in ]|Xn—l - p”2 _”Xn - p”2

Ci-a,)i-5,) o

S e e

L*(1-Q) y (l—aj)ﬁmxj —TjkxjH) < fxy - p| +M2.Z::§ij
=N+

j=N+1

k
X, _Ti X,

ni::(l—ozn )¢q

)< o -pl M7, <o,
n=1

)=0.

X, _Tikxn

Since i(l ~a, )= o, it follows that liminf ¢ q

n—o0

k
X, _Ti X,

n=1

Since ¢ is an increasing and continuous function, then lim inf =0.

n—oo

Furthermore, since {X,} is bounded and lim(l -a, ) = 0, it follows from

n—oo

Lemma 2.1 that liminf |[x, —T,x (=0 foralliel.

n—oo

Since one member of the family {Ti }I'i ,1s semicompact, there exists a subsequence

{an }; of {xn }le which converges strongly to u and furthermore,

lu-Tu|=Lim|x, -T,;x,[=0 for all i € I.Thus u € F. Since {xn_}f"
n—ow 17j=1

o0
n=1

converges to u and Lim |u—T,u| exists, It follows from Lemma 2.1, that {x, }

n—oo

converges strongly to u and hence the proof. O

Since every asymptotically demicontractive maps T is asymptotically

@ —demicontractive map (see for example [2]), we have the following:
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Corollary 3.1 Let K be a nonempty closed convex subset of a real Hilbert space
H. Let {T,}" be N uniformly L-Lipschitzian asymptotically demicontractive

self maps of K with sequence {a, }<[1,00) such that i(ain ~1)< o for all

n=1

N

icl.Let F=[\F(T,)=¢ where F(T,)={xeK, T,x=x}. Let one member of
i=1

the family {T,}", be semicompact. Let {&,}7,, {B.}:, < [7.1] be two real

n=11

sequences satisfying the conditions:

M Y(-a)=w (i) Y(-a, ) <o i) Y(1-4)< ».
n=1 n=1 n=1

(iv) (1-8, \1-a, )L’ <1, 0<fB<a, <a<l,

where 7 = ﬁand L = max{L, }, L; the Lipschitzian constants of {T,}" . Let
+

1<i<N =1

{xn} be the implicit iteration sequence generated by (12). Then {x,},_, existsin

N
i=1 °

K and converges strongly to a common fixed point p of the family {T,}
Remark
If we set S, =1, the iteration scheme takes the non-implicit form:

X, =a X +(1—ea, JT*x, . (22)
In the case of N=1, (22) becomes the modified Mann iteration process [13] given
by

X, =a, X, +(1-a, JT*x . (23)
The conclusion of Theorem 3.1 and Corollary 3.1 are still valid. Hence, we state

the following theorem without proof:

Theorem 3.2 Let K be a nonempty closed convex subset of real Hilbert space H .

Let T be an L-Lipschitzian asymptotically ¢ —demicontractive self map of K
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with sequence {a,, } < [1,0) such that

i(ain ~1)<oo and F(T)={xeK, Tx=x}# ¢.

n=1

Let{a, }7, < (0,1) be a real sequence satisfying the conditions:

Q) i(l—an)zoo

i) Y(l-a, ) < » O<a<a,<f<l.
n=1

For arbitrary x, € K, let {xn} be the averaging Mann iteration process

generated by (23). If T is semicompact, Then {X,},_, existsin K and converges

strongly to a common fixed point p of the family T .
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