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Wada’s Representations of the
Pure Braid Group of High Degree

Thsan A. Daakur ' and Mohammad N. Abdulrahim 2

Abstract
We consider the representation obtained by composing the embed-
ding map of the pure braid group P,, — P, and Wada’s representation

of degree n + k to get a linear representation
Pn — GLn+k(C[tit17 s 7tq:i:_}1-k})7

whose composition factors are to be determined. A similar work was

done in a previous work in the case of the Gassner representation of P,.
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1 Introduction

The braid group on n strands, denoted by B,, is defined as an abstract
group with generators oy, 09, ...,0,-1 and relations o;0; = o;0;, |i —j| > 2,

1<4, g <n—1; 0,0410; = 0;410;0;41 for 1 <i<n—2.
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The pure braid group, P,, is a normal subgroup of the braid group, B,,
on n strings. It has many linear representations. One of them is Wada’s
representation, which is an embedding P, — Aut(F,), the automorphism
group of a free group on n generators.

In [1], Abdulrahim has constructed an embedding of the pure braid group
P, — P, and composed it with the Gassner representation of P,,; to
get a linear representation P, — GL,(C[t7", ..., tE!, ..., t51,]), where the
composition factors were completely determined. In our work, we consider
Wada’s representation instead of the Gassner representation, where o;, takes
T, =TT, +11[Ei , Tiv1 — x;; and fixes all other free generators. Our main
theorem is similar to that obtained in [1], where the composition factors of
the representation obtained by composing the embedding map and Wada’s
representation are to be determined. However, for the sake of our work, the
embedding map P, — P,.x has to be defined in a different way, where a
generator of P, is mapped to another generator of P,.; , rather than to a

product of generators of P, as in [1].

2 Preliminaries

Definition 2.1. Let F,, be a free group of rank n, with free basis x1,...,x,

. We define for j =1,2,........ ,n the free derivatives on the group ZF,, by

R -
(i) G = —0i a7 "
(111) 8%j(uv) = gTuje(v) +u 8% u,v € ZF.

Here 0, ; 1s the Kronecker symbol. For simplicity, we denote % by d;.

Definition 2.2. The pure braid group, P,, is defined as the kernel of the
homomorphism B, — S,, defined by o; — (i,i+1),1 <i <n—1. It has the
following generators:

. 0';_110'?0'1'+1 ... 052051, 1 <1< ] <n

_ -1 -1
Ai,,j == Jj—laj—Q ..
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Definition 2.3. Wada’s representation is defined as the representation of
the automorphism corresponding to the braid generator o;, takes x; — x;x;, +11-Ti7

Tir1 — x; and fizes all other free generators.

1

It is easy to see that the inverse o; °, takes z; = zi41, 241 — :U;llxix;ll;

and fixes all other generators. For more details, see [3].

3 Main Results

We determine the action of the automorphisms A, ; on the generators of
the free group F,,. We then define an embedding of the pure braid group
P, — P,y and compose the embedding map and Wada’s representation of

the pure braid group P, ..

3.1 Action of the automorphisms on the free group

Lemma 3.1. As automorphisms of the free group F,, the generators, A; ;,

act on the free group F,, as follows:

(1) A j(x;) = xlx;lxﬂ;lxz

(ZZ) A@j(l’j) = Ill']_ll’z
(111) A; j(z,) = x, if 1<r<i orj<r<n
() A; j(x,) = (xixj_lxixj):v,fl(xjxia:j_lxi) ifi<r<j

Proof. We have that

Ay = 050052

1 2 . .
j—19; 20,410, 0i41...0520;_1, 1<1< ] <n.

We need to consider A;; as left automorphisms acting on the generators of F,,
from the left.

To prove (1):

-1 -1 -1 2
O-j—lgj—Z"‘Ui+10i Oit1--- O'j,QO'jfl(.I',L')
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_ ~1 2
=0,10; 9.-0,410;0is1--.0;2(T;)

=0, 07 .. 0. 0i(0i(:))

= U;}10;32 e +1Uz(513 Z; +1xi)

= 0707 i+11 (”%J&lgﬁi”—lx'%llﬂ%)
=000 o (@ szxz i)

- 0;_1103'_—12 e z+2(x $z+2x xz+2x2)

= 0;}10;12 e z+13($ $z+3x" z+3x’)

_ 11 11
= 0,105 (i) i o T;)
_ -1 R

=0, 1(x T T )

_ -1

—.TZ'IEJ- .CEZ‘[B]- ZT;

To prove (ii):
0]-__110]-__12 050201 . 0001 ()
=040, 0. 0t0i .0 a(1i0)
= O'j 110'3 12. ce 0-7:|-110-1'20-i+1 ce O'j,g(l’j,z)
=0, 110 Lo b0k oa(Ti3)

— gjfjlg]._f2 o ;11020i+1(33i+2)
= U;_lla 2 z+10 F(Tis)

=0, 007 0 ) o)

= gj_}laj:lQ. .. .U;rll(fl?ix;rllxi)
= 01070 o (wiah)

= ooy o )

_ IR
=0, 10; 5. Ora (T ;)

_ -1
= Uj—l

= 0; ll(x o 11%)

o (T i)

== [L'i$j ZEZ'

To prove (iii):
Since r > j , that is, the smallest possible value of r is j+1, then A, ;(z,) =
xfor j<r<n.
Now, since r < 7 , that is, the greatest possible value of r is ¢ — 1, then
A j(x,) =, for 1 <r <i.
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To prove (iv):

121

Since ¢ < r < j, the largest index of x, namely r, is 7 — 1 and the smallest

index of x, namely r, is ¢ — 1. Then

o; 110 o b0k 000 ()

=0, 40,0 HIUEJZ-H o Op100(2y)

= 0; 110 ook o (e )
=0, 110 Y Z_HO'?O'Z'_H O (T )
=040, 0. 0t (T, i)

= aj_ll _12 00 (i, i)

= U;_llO' 12 c. O';_llO'i(QZil’;ilxi)

= 07070y oy (v v v )
=00y o ()

P R S e T L
=0, 40 ... Oy (T 5 3 35

_ SO DS R P
=0, 10 -0, (X, 0, 0T, 1)

— 5 N ~1 ol
=0, 105 g O (T, Ti 1 ) Ty 1 05T, T)

- -1 -1 -1 —1
= 0,10, g -+ Op o (B3, piy 2T, T il o)

— 51 -1 -1

=0,,0; Z(x T ow i awia )
(a::z: N ax g ag)

za:i.r-la:ixjxr Z’jl’iZL’~ .CEZ'

= (ziz; rg) e wg T} )

3.2 The embedding P, — P,

In [1], the embedding of the pure braid group was defined in a way that

the generators A, ; were mapped to a product of generators of P, and other

generators A;; to Aiipjir . Whereas in our work, we require that the

generator of P, is to be mapped to another generator of P, ;. More precisely,

we define the following map:

U: P, — Poiy
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as

W(A;) = Atk 1=1 and 2<j5<n
" A’i+k,j+k7 2§Z<]§n7

where W(A4; ;) is a generator of P, , that is an automorphism of F,.; whose
action on the free generator xy,xs,..., Ty, ..., Tpek is defined in Lemma 3.1.
We compose the map above with the embedding P, — Aut(F,.x). The
image of the generators under this embedding is treated as left automorphisms
of the free froup F, ... As a basis for the free group F,, 1, we take the following

generators:

Y =1, Y2 = Tp42, Y3 = Tk43,-- -5 Yn = Lktn,

Yn+1 = T2, Yn+y2 = T3, ..., Ynt+k = Tk+1

Using the action of the automorphism, o;, on the basis of F),.;, we have
the following lemmas about the images of the generators of P,, namely W(A, ;)
for1 <i<j<n.

Lemma 3.2. For 1 < j < n, the action of the images of the generators,

Ay ; on the basis of F.y is given by

(1) U(A1;) (1) = i (y; 'vay; v,

(i) W( A1) (y5) = y1y; ',

(i18) ¥ (A1) (yr) = Y forj<r<n,

(i) (A1) (yr) = (a5 190y (Y595 1) for1<r<j,
(0) O(AL) Yntr) = 1Y) 919 Y (Y015 y1)  for 1<r <k

Proof. Since the image of A;; under V¥ is a generator of P,.; namely

Ay ik, it suffices only to prove (v). We have that

-1 -1 -1 _—-1_2
\II(AL]‘) :A17j+k: j+kflo-j+k72"‘0-3 09 010203 ...0k0k410k42 .- 0j4f—1-

To prove (v): Let ynir = Tpyq, for 1 <r < k. Then 1 <r < j+k—1 and we
have that

-1 -1 —1_—1_2
Ok 101k 203 Oy 010203 ...040k410k42 - - - Ojk—1(Tr41)

| ) -1 _-1_2
=0} 10j ko053 Oy 010203 ... 0k0kt10k42 - - - 010 41(Try1)
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1 1 1 12 -1
Ok 10j4h 203 O3 010203 ...0505410k12 ... O (Tr 41,4 9Tr41)
_ “1 -1 -1 2 -1

=0 10jih o 03 Oy 010203 .. Ok0ki10k42 - - - Or—1(Tr T4 9Ty

_ ~1 1 _—1 2 -1
=04 10j k203 Oy 010203 ... 0k0ki10k42 - - - Or—2(Tr_12, 4 0Tr—1)

- Uji&k—lo-jiﬁ-lk’—Q .05 oy o (wam )

= 0 1Tk a O3 05 o1 (217, 1)

=03 105y 03 oy sy g )

= U;rlk—l";rlk_z oy (g e g )
O-j_+1k710-j_+1k72 ) a[l(xllexlmiﬂlx;lxl)

-1 -1 -1 _—1 -1 -1 -1
Ojtk—19j4k—2 " O, 00,1 (T1T, DT, T T, 1)

1 -1 -1 -1 -1 -1
O k10 k2 - - - Oro (T1T, 1 Ty 2T, 4 T4 21T, 9 T1)

_ -1 -1 -1 -1 -1 -1
= 010k 10j k-2 - - Orp3(T10, 31Ty 3,y Try 3013, 371)

-1 -1 -1 -1
UMH(931%HH%%‘+k—1$r+1$j+k—1ff1$j+k7ﬁ1)
—1 —1 -1
= $1$j+kxl$j+er+ll'j+k$1Ij+k$1
o -1 —1 -1
= (V1Y 1Y) Ynir (Y0195 Y1) O

For 1 <1 < j <n, we have that W(A;;) = Aitrj+x. Acting on the
generators of F,, . , namely, x4, ..., 2,1 subject to the rules stated in Lemma

3.1, we easily verify the following lemma.

Lemma 3.3. For1 <i < j <n, the action of the images of the generators

A; ;j on the basis of F,.y is as follows:

(1) W(Ai;) (i) = vily; 'wiy; 'yi)
(ii) W(Ai;)(y;) = vy i

(iii) V(A ;)(yr) =y, for 1 <r<i or
7<r<n

(10)% (A ;) (wr) = iy 'wayi)uy (ivayy 'ys)  fori<r<j

(v) U(Ai ;) (Yntr) = Yntr for 1<r<k

Proof. As in Lemma 3.2, we only need to prove (v): Let y,ip = Zpy1,
for 1 < r < k. Since r < k, that is, the greatest possible value of r + 1 is
k+ 1, it follows that \Ij(Ai,j>(yn+r) = \IJ(AZ',])(Z'T_H) = Ai—i—k,j—i—k(-rr—i-l) = Tpyr1 =
Yntr- L
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Let ¢ be a homomorphism from F,,; to (C*)"** defined by o¢(y;) = t;,
for1 <i:<n+k. Let D; = ¢6%i . Our objective now is to determine the
Jacobian matrix of the image of the generator A;; under the map, namely
the automorphism W(A; ;) on the free group F,,,; defined in Lemma 3.2 and
Lemma 3.3, so that we can find the linear representation obtained by compos-
ing the map P, — P, with Wada’s representation. By intuition, the order
of the generators of F),} is:

Yis- - Yns Yntls - - - Yntk

Consider W(A4; ), the image of A; ; under the map P, — P, , and call it

A; ; for simplicity. Then we define the jacobian matrix as follows:

Di(Aij(y1) - Dogr(Aij(y1))
J(Ai ;) = : X
Dl (Ai,j (yn+l<:)) s Dn-l—k(Ai,j (yn-i-k))

The construction used here is the Magnus representation of P,y [2, p.115-
119].

We now prove our main theorem.

Theorem 3.4. By composing the embedding P, — P, with Wada’s repre-
sentation of P, i, we get a linear representation of degree n+ k whose one of
the composition factors is isomorphic to Wada’s representation of P, and the
other is a diagonal representation. The matriz that corresponds to the image
of A; j has the following form:

where y(A;;) 1is the image of A;; under Wada’s representation of degree n
and My is a diagonal representation whose diagonal entries are all ones in
the case 1 <1 <n and —t%t;}rr when 1 =1 and 1 <r <k.

Proof. From Lemma 3.2 and Lemma 3.3, we easily verify that statements
(i), (ii), (iii) and (iv) coincide with the definition of the image of A, ; under the
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Wada’s representation of P, specified by the basis {y1,...,y,} (See Lemma

3.1). Furthermore, statement (v) in Lemma 3.2 asserts that
V(A1) Wnsr) = 5 9190 b (Winy; 1),
for any 1 <r <k, which in turn implies that
Do (P(ALy) Ynir)) = 0

Statement (v) in Lemma 3.3 asserts that for 1 < i < j < n, we have that
U(A; ;) WYntr) = Ynir for 1 <7 <k, which implies that

Dn—&—r(\II(Ai,j) (yn+r)) =1

This completes the proof. [l

4 Conclusion

In our work, we have completely determined the composition factors of the
representation obtained by composing the embedding map P, — P,y; and

Wada’s representation of the pure braid group P, ..
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