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Stability of solitary waves for symmetric
coupled Klein-Gordon equations
in 2-dimensional

Hua Liu! and Guoguang Lin?

Abstract

In this paper, the authors discuss the existence and stability of soli-
tary waves for the symmetric coupled Klein-Gordon equations in RZ.
The existence is obtained by considering a minimization problem using
the concentration compactness principle and the stability is proved by

stability theory.
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1 Introduction

Stability of solitary waves describes the phenomenon that two solitary waves
still maintain their energy and velocity in respectively after they encounter.

Now, the virtue is concerned by more and more investigators. [1-4] state the
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existence or stability of solitary waves for Schrodinger equation, Kadomtsev-
Petvicshvili equation, Klein-Gordon equation and their coupled equations.
Where [4] describe the interaction of a nucleon field with a meson field, whereas
we use the following Klein-Gordon equations to interpret the motion between
the meson.

(1.1)

uy — Au+u = |ol"|u|""?u,

{ vy —Av+v = |ul"]v]"v, (z,y) € R?
where (u,v) is a real function of (z,y,t) € R%.  The periodic solutions,
periodic traveling wave solutions, exact solutions and stability of the standing
waves of the similar coupled Klein-Gordon equations in [5-9]. (1.1) describes
the interact of the same masses charged meson in an electromagnetic field, the
motion via a nonlinear coupling.

This paper is organized as follows: In Section 2 , we discuss the existence
by considering a minimization problem using the concentration compactness
principle; In Section 3 , based on the results obtained in section 2, we state
the stability by stability theory, [10-11].

Here we set: H' = H'(R?), L* = L*(R?), Y(R?) = H'(R?) x H'(R?).

The solitary waves of (1.1) are defined in the following form

{u(az,y,w = elx — ct.y), 12)
v(x,y,t) = Yz — ct,y).
Then
{ Prr — Ape + Qe = [Pl [0el e, (1.3)
Cpe — Ao + Ve = |@cl [1he|" Y. .

2 Existence Of Solitary Waves

Theorem 2.1. (1.3) admits one nontrivial solution in H'(R?) x H'(R?).

It is clear that (1.3) is the critical point equations of the functional

1 2
T(%iﬂ) = 5 / |v90|2 - 02|§0x’2 + ‘900|2 + |V¢|2 - CQ|1/}$’2 + ‘wc|2 - ;|<P¢‘T
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When 0 < ¢ <1 consider the following minimization problem

Iy=M.= (%g}gz)\ I(p, ) (2.1)
Sx={(p,0) e H' x H" : 0, £ 0, K(,¢) = A} (2.2)

Where

1
L. 0) =5 [ 1968 = Clon + 1o + V0 = Flil + 12

m%wz/ww

If (p,%) is a minimizer of (2.1), then there exists a Lagrange multiplier ¢

such that
02g0m — Ape + pe — QWCMSOCV_QSOC =0,
Cwaz - ch + 1/% - 9|¢c|r|¢c|r72¢c - 0

Where ¢ = 02“1—1)(,0, P = 92<T1—1>¢ is solution of (1.3).

We prove the Theorem 2.1 by the following several lemmas.
Lemma 2.2. I, > 0, for any A > 0.

Proof. When v € HY(R?), then [ |u,|'dzdy < /|Vu]qda:dy,Vq < 0.
And since ¢ € H'(R?), ¢ € H'(R?), we get

1
[1etiorasdy <5 Qo +10Psdy

Hence A = /|g0|r|@/)|rdxdy < AyI;. Therefore there is a some r > 0, for any
A >0, we have I, > 0. O

Lemma 2.3. ¥, # &, for any A > 0.

Lemma 2.4. (Strict Sub-additivity) We have I < Iy_o + 1o, for any a €
(0, N).
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Proof. Let ¢, = )\%go,w,\ = )\%@/}. Then (p,1) € X1 < (@a, ) € Xy
and [, = )\%[1. O

Proof of Theorem 2.1 (Concentration Compactness Principle): Let (g, ¥x)

be the minimizing sequence of problem I, for VA > 0 and set

1
e =5 (IVerl” + [9el” = Cloral” + VORI + [l” = [ )

We have

1

/Pk = 5/ (IVerl® + lorl* = Slowal® + [Vl + [ul* = [vea|?)

= I.(r, V) = Iy

(7) If lim sup / prdxdy = 0, for any R < oo,
k—o0 XeR?
X+By,

Where Br = Bg(0) is a circle with radius R centered at 0 and X = (z,y) € R?.

And since

T T

/|¢¢|dedy§141 sup / || + | sup / |y|?
R2

XEeR? XeR?
X+B; X+B1

Therefore |@g|"|[¢k|” — 0, strongly in L".
Which contradicts the fact that (¢, 1x) € Xy and A > 0.

(77) We may assume

tlim N(t) =~ € (0,1)) (2.3)
—00
Where
N(t) = lim sup / prdxdy (2.4)
k—o0 X0€R2
Xo+Bt

Xo = (z0,0) € R? and (i, %) is the minimizing sequence.

We need the following several lemmas to prove the consequence.

Lemma 2.5. Assume (2.3) holds. Then for any € > 0, there exists §(e) —
0 (as € = 0) such that we can find ¢}, o3, Vi, 3  satisfying the following

relations

o — (o + o) || o + [[oe — (W + )| 0 < 0(e) (2.5)
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L(oh 61) — 7] < 6) (2.6)

Lok 1) — (I — )] < 6e) 2.7

JUATir + 166 = leaial)| < 86) (2.8)
dist(suppey, suppey) — 00, dist(suppiy, suppy) — o0 (2.9)

We may assume
K () = M(e), K (g5, U) = Aale) as b — oo

Then
A= (A1(e) + X)) < d(e) > 0ase — 0

We distinguish the following two cases:

Case 1 When A;(g) — 0 as € — 0. Choosing ¢ small enough ,we have

K(p3,03) >0

Set )
Do) o (22E) (L e ele) N,
(et-4%) = ((wai)) e 0D )
And since % —1lase— 0.
We get

Do) < limsup I(¢p, ¥7) < Iy — v+ 6(¢)

k—o00

Which contradicts the fact that Aa(e) = A ase — 0.

Case 2 lir% |A1(€)| > 0 and lir% |A2(g)] > 0, similar to the Case 1, we obtain
E— E—

Ipw@) + I < Hminf(Le(op, ) + Le(9ks 07))
< I\ +24(e)
Then Iy + I,_s < I, for a some s € (0, \) contradicts the strict sub-additivity.
(737) The only possibility is that py is tight, there exists a sequence X €
R? such that for all € > 0, there is a finite number R > 0 and kg > 0 such that

1
5 / ‘VQOF _C2|§0x|2+ |§Dc‘2+ |Vw|2_02|¢w‘2+ |1/}c|2 2 I)\—&T (210)

Xy+Br
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Since (@, 1) is bounded in H' x H', we may assume that (¢p(- — X3),
(- — X)) converges weakly in H' x H' to (¢, ).
We prove that

o(- — Xg)—p, strongly in L7 (2.11)

(- — Xg)—=, strongly in LY V2 < g < o0 (2.12)

Indeed, from (2.10) it follows that for all Yk > ko,

/ o > /|wk|2—2e
R2

Xr+Bgr

and hence

/]gpk|2 < liminf / |ow|* + 2¢

k—o0

R? Xy+Br
On the other hand, since H'(R?) C L*(R?) is compact, we get o5, — o strongly
in L?*(R?), therefore ¢i(- — X;) — ¢ strongly in L?(R?). From interpolation
and H' C L9 (as 2 < q < o0), we see that (2.11) holds.
(2.12) can be proved in the similar manner.

Therefore
K(pr, ) = K(p,¥) = X

and I, is a minimizer of I.
Proof of Lemma 2.5. Assume (2.3) holds.
We can find Ry > 0, R, > Ry, R, with R, ~ oo and X; € R? such that

y—e< [ prdedy <~ and Ng(2Ry) <~y +e, for k> ko, where
X+BRO

Ni(t) = sup / prdrdy.

XoER?
Xo+Bt

Therefore
/ prdrdy < 2 (2.13)

Ro<|X-Xi|<2R,
Define o3, ¢, 1} and 1} as follows:
Choose &, € C5°(R?), such that 0 < ¢,n <1 and £ =1, on By, supp C Bs;
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n =1, on BY ,suppn C BY.
Let
=X, = X,
§k—§< 7 );771@—77( R, )

9011c = &uPr, 90% = NPk, %i = &uor, %ﬁ = NkPk-

Set

Now we prove (2.5)-(2.8)

llee = (on+ @il = ller = (Eror +mee) .,

1
< ( / [0k ®)2 + [|€kor + M| 22
Ro<|X =X |<2Rg
< V2 + |16kl + el 2

However
1€xprlle < NI€kllzellerlla, (2.14)
where
1 n 11
P q 2
By (2.13)

rorllre < Ave.

Similarly we can prove

lorerllr: < Ave.

Then

ok — (o + @), < Av/e.

By the same method as above, we obtain

lor — (on + e llm < AVe, [k — (Vr + 0|l < AV,

therefore (2.5) holds.
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(2.6)-(2.7) follows from the definition of N(t), ~.

Since

2

et =ttt = 1| = | [ el ol @ - g - i)
IR2

IN

on|"[tr]"
Ro<|X =X |<2Ry

ac [y
Ro<|X =X |<2R,

< 4(e)
then (2.8) holds. O

IN

3 Stability of Solitary Waves

Set
Pl y) = (elx,y), ¥z, y)),
where (p,1) is solution of (1.3).

Theorem 3.1. There exists T, = T.(||Fo]|) > 0 such that have only one
solution of (1.1) and satisfy 3(0) = @y, for any @(z,y) € H'(R?*) x H'(R?).

Definition 3.2. Let (p, 1) be a solution of (1.3). If there is a some § > 0,
for all X > 0 such that for any ¢(z,y,0) € Y(R?) with |g(z,y,0) — @lly <
d and J(x,y,t) satisfies the following inequality is solution of (1.1)

sup inf B2,y t) — (p(z—0,y),¢¥(x —0,y))|y <e,

Then J(x,y,t) = (p(x — ct,y),¥(x — ct,y)) is solution of (1.1) is orbital
stability; Otherwise is orbital instability.

Note

T

So={(0¥) €Y Llp, %) = K(p,v) = [M(e)) 71},
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where (p,1) is solution of (1.3).
Choose @ = (u,v) € Y(R?), set

1 2
B(@®) = 5 [l + [Vul? + [ul + orf + Vol + o + o
R2

Q) =~ [ wu+ v
R2
Consider d(c) = E(g) — cQ(f), F € S..

Set

We get

By (3.2)-(3.3)

3r—2

P(6) = | e L= A g (1= ) ) [ﬁM@]

Therefore d’(c) > 0, for any r > 1.

111

(3.1)

Lemma 3.3. d(c) is differentiable and strictly increasing function for

O<ex< 1.

Proof. By (3.2)-(3.3)

o) = =2 pao) = T - ey AL,
20) = o1 = T > 0
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Lemma 3.4. Let d’(¢) >0 and 0 < ¢ < 1, there is a some £ > 0, such

that ¢; >0 and |c; — c|* < e, then

1
d(c1) > d(c) +d(¢)(e; —¢) + Zd”(c)]cl — % (3.4)
Proof. This follows by Taylor’s expansion at ¢; = c. O
Now define
U = {ﬁ eY| inf ||[d— Jlly < s}
FeS.

Since d(c) is differentiable and strictly increasing for 0 < ¢ < 1. By u—@, J €
S., then

(i) = d-! (T - 1K(ﬁ)) , (3.5)

is a C' map ¢(@) : U..—~R* for small enough € > 0 and &. € S..

Lemma 3.5. Suppose d"(c) > 0 for 0 < ¢ < 1, then there exists € > 0
such that for all @€ U,, and g, € S,

B(@) ~ B(g) — e(@)(Q) ~ Q7)) > 7' @)le(a) — P, (36)
where ¢(if) = d-1 (7" - 1K(ﬁ)) foriel...
Proof. It follows from (3.2), we have
B(#) = eli)Q(@) = Lo () — ~ K (@) (3.7)
Since
——d(c() = K (@), ——=d(e(l)) = K(¢.()), 4.(7) € S,
Then

This implies that
Le(ay (@) = L) (Pe(1D)). (3.8)
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And since @.(%) is a minimizer of I (@) subject to constraint and c(u) €

C1, then by (3.7) and Lemma 3.4 we have

E(i) — c(@)Q(1) > e (Pem) — : ; 1K(93c(u))
= d(c(1))
U — 1 " — 2 (39)
> d(c) + d'(c)(c(d) — ¢) + 5 d"(c)|c(d) — c|
> B — o@QUE) + 1d()lel) — cf
Where d'(c) = —Q(5.). O

Now using the above lemmas we can prove the following theorem.

Theorem 3.6. (Theorem of Stability) Let r > 1 and 0 < c <1, (p,v) is
solution of (1.8), then

QB("L‘a Ys t) = (QD(ZE —ct, y)7 ¢($ —c, y))
is a orbital stability solution of (1.1).

Proof. In fact, if it is instability. Then by the definition of stability,
35 > 0 and initial data Uy(0) € U, 1 such that

sup inf ||uk(t) — G|y >0 (3.10)
t>0 PES,

where i (t) is the solution of (1.1) with initial data x(0).

By continuity in ¢, we choose the first time ¢; such that
inf ||dx(ts) — lly =6 (3.11)
peSe

Since E(u) and Q(@) are conserved at t and continuous for «, we find

G € S, such that
|E(tx(tr) — E(8r)| = |E(tk(0)) — E(Gr)| =0, as k—o0

QU (k) — (k)| = [Q(r(0)) — Q(Fr)| =0, as k—oo (3.12)
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Choose ¢ small enough and by Lemma 3.4

E(ur(te)) — E(Pr) — (e (te)(Q(ur(tr)) — Q(Pr))) > id"(cﬂc(ﬁk(tk)) —cf

(3.13)
By (3.11)
(| (tx )|y ||95k)H2Y + 20
(2- g)IC(SBk) + 26 (3.14)

<
<
< C[M(c)]7T +26
<

00
Since ¢() is a continuous map, ¢(u(x)) is uniformly bounded for k. By (3.13)
c(tg(ty))—ec, k—oo (3.15)

Hence
r

lim K (7,(t)) = lim — (el () = d(c) (3.16)

k—o0 k—oo 17— r—1

On the other hand

L(un(tr)) = E(ty(ty)) — (i (tr))Q(dk(ty)) + %K(ﬁk(tk))
= ey () ~ (e clii(t)Q(t)) + K (is(t1))

(3.17)
And since
Q(uk(tr)) = Q(uk(0)) < [[d@k(te)|ly < oo.
By (3.16)
(@ (t))—d(c) +% Tf -d(c) = - - ~d(c), as k=00 (3.18)
That is
L (@ ()= 1e(Pe) = [M(c)]T (3.19)
Let
Ce(te) = (K (uy(ty T))%Ic(ﬁk(tk))
L Mg
([M(c))77)>
M (e)] 7 [M(e))

— —
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Hence é(tk) is a minimizing sequence, therefore exists ¢ € S. such that
lim (16 () — (M(O] TG |y = 0 (3.20)

where

K([M()] 71, = 1.

Jim [( (1)) | O i (1)) ™2 (@ () — @)1y

< M) 1>[1gn 1t = (M @] TG ]
+ lim |([M(e)] 700 — (K (@(t)) 2| |3l

k—o0

0

lim || (ty) — Grlly
k—o0

(3.21)
which contradicts with (3.11). O
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