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A generalized univalent functions
with missing coefficients
of alternating type

Deborah Olufunmilayo Makinde' and O.A. Fadipe-Joseph 2

Abstract

The normalized univalent function of the type
[ee]
fz)=2z+ Z(—l)”+kan+kz”+k, k>1,
n=2

has negative coefficient when n + k is odd,and positive coefficient when
(n+k) is even. In this paper, the author investigated some properties
of univalent functions with negative coefficients of the type f(z) = z +
S0 L, (=1)"*a, 12" Rk > 1 and obtain some conditions for which the

n=2

function f(z) belong to the subclass S*(a, 8, k), C*(«, 5, k).
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1 Introduction and Preliminary Notes

Let S denote the class of normalized univalent functions of the form:
f(z)=2z2+ Zanz"
n=2

analytic in the unit disc U = {z : |2] < 1}
let T" denote the subclass of S of the form

fE)=2=) an2", a, >0, n=23, .. (1)
n=2

Let J(a,\) :={f(z) € A: |—az?(z|f(2))" + [/(2) (2| f(2))? = 1] <A}, z€E
where A > 0 and a € R\ {—3,0}.  Kaur et al [3] established conditions
under which functions in the class J(a, A) are starlike of order I', 0 <T' < 1
while Yi-Ling Cang and Jin-Lin Liu [1] showed certain sufficient conditions for
univalency of analytic functions with missing coefficients.

Silverman [4] studied the properties of 7" in D, where
D ={w : w is analytic in U;w(0) =0, |w(z)| < 1in U}.

Khairnar and More [2] studied G(A, B), a subclass of analytic function in U,

which are of the form 11258, —1< A< (<1 wherew(z) € D.

Now, we define a subclass H of T to consist of functions of the form:

f2) =24 ()" a2, ap >0, k>1 (2)
n=2

And let G(«, 5, k) denote a subclass of analytic functions in U, which are of

the form ﬁgzgg, —1<a< <1 where w(z) € D.

We shall in this paper investigate a subclass H of T in G(a, 3, k).

We define S*(«, 5, k) and C(«, 3, k) respectively as follows:

S* (. B,k) = {f: J € H and % € Glo,9)}

Cla, B, k) = {f . fe Hand (%) c G(a,ﬁ)}
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Lemma 1 [1]: A function

is in M(A, B) iff

Lemma 2 [1]: A function
2) =2+ Z(—l)”+1an+lz”+1, apy1 >0
is in C'(A, B) iff

Z( n(B+1) A(ﬁl;}?)](nﬂ))%+1 <

!/

M(A, B) = {f fe Mamz7 € G(4, B)}

and

C(A,B) = {f fe Mand(ZTf,), c G(A,B)}

2 Main Results

We now state and proof the main results of this paper.

Theorem 2.1. Let a function
=z+ Z an—l—kz +k7 Antk 2 0

be in S*(«, B, k), then,

i<n+k_1(i+_15)_<a_m)an+k§1

n=2
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Proof Let
f2) =24 ()" a2, k=1
n=2
Then,
f'(z) =0
Thus
2f'(z) 2+ (D)4 k)anz" 14 aw(z)
fiz) 24 Yooy (D)™ ezt 1+ Gu(z)
Do (=) (0 4 k= Dagg gz _
I GRS S e e e e

for r — 1 we obtain

Zio 2(n+k 1)a, 4k <1
a— 0+ Zn (=) = B(n + k)lansr —

Sk D < (0 B+ S o B+ B

— n=2
:Z m+k—1)—a+0n+k)|ar<a—-0
n=2 |

=Y [(n+k—1)—a+8((n+k—-1)+1)|a <a—3

:>Z (n+k—1)(ﬁ+1)+ﬁ—a]an+kga—ﬁ
3 (n+k—1)fjﬁ1)—(a_g)]an+k
f: (n+k)( B—i— )ﬁ (a—ﬁ)]an+k§1

This concludes the proof of Theorem 1.

Theorem 2.2. Let a function

z)=z+ Z(—l)"+kan+kz”+k, Upip >0
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be in C(a, 5,k), then

i{(n+k)(n—|—k—1)(ﬁ+1)_<O‘_ﬁ>}an+kS1-

a—f

Proof Suppose f (z) € C(«, 3, k). We have

n=2

1+ 300,(=D)" (0 4+ k)?ans 2™ 14 aw(2)
1+ 527, (=)™ (n + k)anyp 21— 1+ fuw(z)
Do (=)™ (n+ k= 1)(n + k)agp2" !

(@ B) + S £ Rl — A+ Ra e )
Yoo (1) (4 k= 1) (0 + k)an 2" <1
(o= B) + 2o (n + k)a = B(n + k)] anez 1
since |w(z)| < 1. Let |z] — 1, we obtain
n+k—1Mn+k)anxr 1
(= B)+ > le(n+ k)= B(n+ k)ansr —
— > (n+k=Dn+kang < (0= B8+ _(n+k)a— B0+ k)an
L (n+k) (n+k—1)(ﬂ+1)—(a_5)]
= ; { a—3 }anJrk
o ((MFE) (n+k)(ﬁ+1)—(a—ﬂ)]
Snz;{ a—ﬁ }an+k<1,
which is the required result. Il

Theorem 2.3. Let a function

o0

n+k +k
5 anJrkZ y Atk > 0
n=
f'(z

be in Si(a, B) then (1 — \)= ) is also in S*(a, 3,k) 0 < o < 1

f(z)
Proof Let f(z) € S*(«, 8, k) then,

S ((n+k—1)(ﬁ+1)—(a—ﬁ)>an+kS .

n=2 Oé_ﬁ
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But,
(1 — A){Z + Z;.O:z(—l)nJrk(n + k)an+kz"+k} 1 + CY’I.U(Z)
24D oo (=) Ray, 2 th 1+ Buw(2)
= 24> (=1 (0 + k)ap 2"t {Az+AZ D" (n + k) a2 *’“}
n=2

+ Zﬁw(z) + Bw(z) Z(_l)n—l—k(n + k)an+kzn+k

n=2

- {/\zﬁw(z) + Apw(z) Z(—l)“+k(n + k>an+k2n+k}

n=2

=z+ i(—l)"*kawk R zaw(z) 4 aw( i )" *a, 2" F
Zﬁﬂ—wﬁﬂﬂ—AWH%ﬂ—}%%ﬂ%l—A .
= = w(z
(= (1=Xp)+ > ,(— )n-&-k[ (1= NBn+ k)] Uy 21
ZZO 2(_1)n+k [(1 —A)(n+k) - 1} Apyp2"TF =
= = [w(z)] <1
( ( ) ) + Z ( )n+k|: (1 — )\)ﬁ(n + k;)} an+k2n+k_1

for [z| =r — 1
Sy (1= + k) — 1 ane — A

<1
(0= (1= N)B) + Ty [ = (1= N8+ B |

=

U
NE

:(1—A)(n+k)—1}an+k—A§a—(1—w+z [a—(l—)\)ﬁ(n—f—kz)]an%

3
I|
¥

> :(1—A)(n+k)—1}an+k—z [a—(1—A)ﬁ(n+k)}an+k <a—(1-Ng

Gk Sa— (1= N8

4
|M8|

3
||
N

((1—)\)(n+k)—1> —a+ (1= NBn+k)

<(1—)\)(n+k)—1>—a+ﬁ{(1—/\)((n+k)—1)+1} i < o — (1= N8

4
[

3
[|
N

((1—A>(n+k>—1)(6+1)—a+(1—A)6]an+kSa—<1—w

4
T Mgll

3
[|
¥
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But,
S [((1 N4 R) =) (B D)~ (o (L= 08) | ans
- o= (=N
T k= 1)(E+1) — (= 5)
< -
This shows that (1 — )\)% belongs to Sj (v, ). O

Theorem 2.4. Let

fz)=z+ Z(—l)”+kan+kz”+k, Ak > 0.
n=2

belong to the class C(a, 5,k) then (1 — )\)(Z]J:ES))’ also belong to the class
C(a, B, k)

Proof
(L= N1+ X5, (1™ (0 + a1 1+ aw(z)
L+ (1) R (n + k)ay gzt 1+ Bw(z)
and following the proof of Theorem 3, we obtain the result. n
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