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The limit in the category

of Q-P quantale modules

Shaohui Liang1

Abstract

In this paper, firstly, the definition of Q-P quantale modules and
some relative concepts were introduced. we prove that the category of
Q-P quantale modules is a pointed and connected category. Based on
which, we give the structure of the limit of this category, so it is com-
plete. Secondly, we talk about some properties of the inverse systems
of the category of Q-P quantale modules, we construct the inverse limit
of the category of Q-P quantale modules. Introducing the definition
of a mapping between two inverse systems, we get the limit mapping
in the category of Q-P quantale modules. At last, The definition of
bimorphism of Q-P quantale modules is given.
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1 Introduction

Quantale was introduced by C.J.Mulvey in 1986 in order to provide a lat-

tice theoretic setting for studying non-commutative C*-algebras[1]. On the

other hand, the concept was expected to relate to the semantics of non-

commutative logics, for example that of quantum mechanics. A quantale-

besed (non-commutative logic theoretic) approach to quantum mechanics was

developed by Piazza. It is known that quantales are one of the semantics of

linear logic. The systematic introduction of quantale theory came from the

book [2], which written by K.I.Rosenthal in 1990. In particular, each frame

(and therefore each complete Boolean algebra) is a quantale. Other examples

include the power-set of a semigroup as well as the set of all relations on a

set. Quantale theory provides a powerful tool in studying noncommutative

structures, it has a wide applications, especially in studying noncommutative

C*-algebra theory [3], the ideal theory of commutative ring[4], linear logic [5]

and so on. Following C.J.Mulvey, the quantale theory have been studied by

many researches [6-16].The inverse limit in the category of topological molec-

ular lattices and the limit in the category of topological molecular lattices was

studied deeply in [18-20].we give the structure of the limit of this category, so

it is complete. Secondly, we talk about some properties of the inverse systems

of the category of Q-P quantale modules, we construct the inverse limit of the

category of Q-P quantale modules.

2 Preliminaries

Definition 2.1[2] A quantale is a complete lattice Q with an associative bi-

nary operation & satisfying: a&(supαbα)=supα(a&bα)and (supαbα)&a=supα(bα&a)for

all a∈ Q and bα ⊆Q.

Definition 2.2:[6] Let Q be a quantale, a left module over Q(briefly, a

left Q-module)is a sup-lattice M, together with a module action · :Q×M−→M

satisfying

(1) (
∨
i∈I

ai) ·m =
∨
i∈I

(ai ·m);

(2) a · ( ∨
j∈J

mj) =
∨
j∈J

(a ·mj);

(3) (a&b) ·m = a · (b ·m). for all a,b,ai ∈Q, m,mj ∈M.
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The right modules are defined analogously.

If Q is untial and e·m=m for every m∈M, we say that M is unital.

Definition 2.3[6] Let M and N are Q-quantales. A mapping f : M−→N

is said to be module homomorphism if f(
∨
i∈I

mi) =
∨
i∈I

f(mi), and f(a ·m) =

a · f(m)for all a ∈Q, m, mi ∈M.

Definition 2.4 Let Q and P are quantales , a double quantale module over

Q and P is a sup-lattice M, together with a module atction T : Q×M×P −→
M satisfying

(1) T (
∨
i∈I

ai,m,
∨
j∈J

bj) =
∨
i∈I

∨
j∈J

T (ai,m, bj);

(2) T (a, (
∨

k∈K

mk), b) =
∨

k∈K

T (a,mk, b);

(3) T (a&b,m, c&d) = T (a, T (b,m, c), d). for alla, b, ai ∈Q,c, d, bj ∈Q, m,mk ∈
M.

we shall denote by (M, T) the Q-P quantale module M over Q and P.

Definition 2.5 Let (M1, T1) and (M2, T2) are Q-P quantale modules. A

mapping f : M1 −→ M2is saied to be Q-P quantale module homomorphism if

satisfying

(1) f(
∨
i∈I

mi) =
∨
i∈I

f(mi);

(2) f(T1(a,m, b)) = T2(a, f(m), b)for all a∈ Q, b∈ P, mi ∈ M .

Definition 2.6 Let (M, TM) be Q-P quantale module, N is the subset

of M, N is said to be submodule of M if N is closed under arbitrary join and

TM(a, n, b)∈N for all a∈ Q, b∈ P, n∈N.

If Q = P is unital quantale with unit e, we define T (e,m, e) = m for all

m ∈ M .

Definition 2.7. Let Q,P be a quantale, (M1, T1) and (M2, T2) are Q-P

quantale modules. A mapping f : M1 −→ M2 is said to be a Q− P quantale

module homomorphism if f satisfies the following conditions:

(1) f(
∨
i∈I

mi) =
∨
i∈I

f(mi);

(2) f(T1(a,m, b)) = T2(a, f(m), b) for all a ∈ Q,b ∈ P , mi,m ∈ M .

Definition 2.8. Let (M,TM) be a Q− P quantale module over Q,P , N

be a subset of M , N is said to be a submodule of M if N is closed under

arbitrary join and TM(a, n, b) ∈ N for all a ∈ Q,b ∈ P , n ∈ N.
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3 The limit in the category of Q-P quantale

module

In this section, we will talk about the structure of limit in the category of

Q-P quantale module.

Definition 3.1. Let Q,P be a quantale, QModP be the category whose

objects are the Q-P quantale modules of Q,P , and morphisms are the Q-P

quantale module homomorphisms, i.e.,

Ob(QModP)={M : M is Q-P quantale modules},
Mor(QModP)={f : M−→ N is the Q-P quantale modules homorphism}.

Hence, the category QModP is a concrete category.

Theorem 3.1 Let I is a small category , D : I −→ LFQuant is a functor,

then the limit of functor D is that S = π |S: S −→ L, π :
∏
i∈I

D(i) −→ L

for all u : i −→ j is a I morphis such that f(j) = D(u)(f(i)), and satisfy

pi(f) = f(i) for all i ∈ I, f ∈ (
∏
i∈I

D(i), T ).

Proof. Define a order on L is that f ≤ g if and only if f(i) ≤ g(i) in D(i)

for all i ∈ I.

(1) Let u : i −→ j, D(u) ∈ Mor(QModP), then D(u)(0(i)) = 0(j), so

0 ∈ L.

Suppose {fk | k ∈ K} ⊆ L, define (
∨

k∈K

fk)(i) =
∨

k∈K

fk(i)(∀i ∈ I)for all

i ∈ I, then for all u : i −→ j, we have D(u)((
∨

k∈K

fk)(i)) = D(u)(
∨

k∈K

fk(i)) =
∨

k∈K

D(u)(fk(i)) =
∨

k∈K

fk(j) = (
∨

k∈K

fk)(j), thus
∨

k∈K

fk ∈ L;

(2) For all a ∈ Q, b ∈ P, f ∈ L, define(T (a, f, b))(i) = TD(i)
(a, f(i), b)(for

all i ∈ I), then for all u : i −→ jis a Q-P quantale module morphism,

D(u)(T (a, f, b)(i)) = D(u)(TD(i)
(a, f(i), b)) = TD(j)

(a,D(u)(f(i)), b) = TD(j)
(a, f(j), b) =

(T (a, f, b))(j), so T (a, f, b) ∈ L.

Therefore L is a submodule of
∏
i∈I

D(i),i.e.,L ∈ Ob(QModP). By the defi-

nition of L, we can know that is a natural source with functor D.

Let (L̂, TbL)is a Q-P quantale module, (L̂, (p̂i)i∈I)is a natural resource about

functor, thenD(u)(p̂i(m)) = p̂j(m)for all u : i −→ j,m ∈ L̂. Define h : L̂ −→
Lsuch that for allm ∈ L̂, h(m) = fm, and fm(i) = p̂i(m) for all i ∈ I. Since

for allm ∈ L̂, u : i −→ j is a Q-P quantale module morphism, we have

D(u)(fm(i)) = D(u)(p̂i(m)) = p̂j(m) = fm(j), so fm ∈ L, therefore h is a well
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defined.

We will prove h is a Q-P quantale module morphism,

(1) For all{mk | k ∈ K} ⊆ L̂, i ∈ I,

h(
∨

k∈K

mk)(i) = f W
k∈K

mk
(i) = p̂i(

∨
k∈K

mk) =
∨

k∈K

p̂i(mk) =
∨

k∈K

fmk
(i) =

∨
k∈K

h(mk)(i) = (
∨

k∈K

h(mk))(i), i.e., h(
∨

k∈K

mk) =
∨

k∈K

h(mk);

(2) For all a ∈ Q, b ∈ P, m ∈ L̂, i ∈ I,

h(TbL(a,m, b))(i) = (fTbL)(a,m,b)(i) = p̂i(TbL(a, m, b)) = TD(i)
(a, p̂i(m), b) =

TD(i)
(a, fm(i), b)

= TD(i)
(a, (h(m)(i)), b) = (T (a, h(m), b))(i), i.e., h(a,m, b) = (a, h(m), b).

So h is a Q-P quantale module morphism.

It’s clear p̂i = pi◦h for all i ∈ I.In fact, (pi◦h)(m) = pi(h(m)) = h(m)(i) =

fm(i) = p̂i(m) for all m ∈ L.

Let h′ : L̂ −→ L is a Q-P quantale module morphism such that p̂i = pi ◦ h′

for all i ∈ I, then h(m)(i) = fm(i) = p̂i(m) = (pi ◦ h′)(m) = h′(m) for all

m ∈ L̂, i ∈ I, so h = h′.

Therefore is the limit of functor D .

Theorem 3.3 The category of QModP is completed.

4 Inverse system and Inverse limit in the cat-

egory of Q-P quantale module

Theorem 4.1 Let I is a downward-directed set, F : I −→ QModP is a

functor, then F is said to be inverse system in the category of QModP.

Remark 4.2 We can give another definition of inverse system is as follow.

Let I is a downward-directed set, there is a Q-P quantale module (Ai, Ti) for

all i ∈ I, If i, j ∈ I and i ≤ j, then exist a Q-P quantale module morphism

Fij : Ai −→ Aj for all i, j, k ∈ I. If i ≤ j ≤ k, then Fik = Fjk ◦ Fij and

Fii = idAi
. We can said S = {Ai, Fij, I} is a inverse system of a Q-P quantale

module, Fijis said to be a skeletal mapping.

Definition 4.3 Let S = {Ai, Fij, I} is a inverse system of a Q-P quantale

module, {xi}i∈I ∈ (
∏
i∈I

Ai, T ), i, j ∈ I,Ifi ≤ j, thenFij(xi) = xj, {xi}i∈I is said

to be Silk thread ofS.
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Theorem 4.4 Let S = {Ai, Fij, I}is a inverse system of a Q-P quantale

module, then W is a submodule of (
∏
i∈I

Ai, T ).

Proof. (1) Let {mk}k∈K ⊆ W , and for all k ∈ K, mk = {xki}i∈I . SinceFijis

a Q-P quantale module morphism, then Fij(
∨

k∈K

xki) =
∨

k∈K

Fij(xki) =
∨

k∈K

xkj,

i.e.,
∨

k∈K

mk ∈ W .

(2)For {xi}i∈I ∈ W,a ∈ Q, b ∈ P ,i, j ∈ I, Ifi ≤ j, then Fij(Ti(a, xi, b)) =

Tj(a, Fij(xi), b)

= Tj(a, xj, b), so{Ti(a, xi, b)}i∈I ∈ W .

Theorem 4.5 Let I is a downward-directed set, F : I −→ QModP is a

inverse system of Q-P quantale module, then (W, (pi)i∈I)is the limit of F, and

pi({xi}i∈I) = xi for all {xi}i∈I ∈ W .

Let F : I −→ QModP and K : I ′ −→ QModP are the inverse systems

of F and K respectively, (W, (pi)i∈I) and (W ′, (p′i′)i′∈I′) are the inverse limit of

F and K respectively. Specifically says, let I and I’are the downward-directed

sets, F and K are the downward-directed sets, satisfyF (i) = Ai, K(i′) = Ai′ ,

for all i ∈ I, i′ ∈ I, (Ai, Ti) and (Ai′ , Ti′)are Q-P quantale modules, by the

theorem 5.3, we can see that (W,T ) and (W ′, T ′)is the submodule of (
∏
i∈I

Ai, T )

and (
∏
i∈I

Ai′ , T
′)respectively. For all i, j ∈ I, i′, j′ ∈ I ′, sincei ≤ j, i′ ≤ j′,

thenF (i −→ j) = Fij : F (i) −→ F (j), K(i′ −→ j′) = Ki′j′ : K(i′) −→ K(j′)

are the Q-P quantale module morphisms. For alli, j, k ∈ I, i′, j′, k′ ∈ I ′, if

i ≤ j ≤ k, i′ ≤ j′ ≤ k′, thenFik = Fjk ◦ Fij, Ki′k′ = Kj′k′ ◦ Ki′j′ and Fii =

idAi
, Ki′i′ = idAi′ , Fij and Ki′j′ is said to be Skeleton mapping of F and K

respectively.

Definition 4.6 Let I is a downward-directed set, I ′ ⊆ I. For all i ∈ I,

exist i′ ∈ I ′ such that i′ ≤ i, I ′is said to be cofinal set ofI.

Definition 4.7 Let F : I −→ QModP and K : I ′ −→ QModP are inverse

systems in the QModP, (ϕ, {fi′}i
′∈I′) is said to be mapping from F to K, if

satisfy

(1) ϕ : I ′ −→ I is a monotone and ϕ(I ′) is a cofinal set of I

(2) fi′ : F (ϕ(i′)) −→ K(i′) is a Q-P quantale module morphism for all

i′ ∈ I ′, and satisfy that Ki′j′ ◦ fi′ = fj′ ◦ Fϕ(i′)ϕ(j′)for all i′, j′ ∈ I ′, i′ ≤ j′, then

the diagram
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F (ϕ(i′))

F (ϕ(j′))

Fϕ(i′)ϕ(j′)

K(i′)
fi′

fj′

Ki′j′

K(j′)
??

-

-

commutes.

Theorem 4.8 Let F : I −→ QModP and K : I ′ −→ QModPare inverse

systems in the QModP,(W, (pi)i∈I) and (W ′, (p′i′)i′∈I′) is the inverse limit of

F and K respectively, then the mapping (ϕ, {fi′}i′∈I′)between F and K can

induce a Q-P quantale module morphismf : W −→ W ′, such that f({xi}i∈I) =

{x′i′}i′∈I′for all {xi}i∈I ∈ T , x′i′ = (fi′ ◦ pϕ(i′))({xi}i∈I) for all i′ ∈ I ′.

Proof. At first, we will prove the mapping f is well-defined.

For alli′, j′ ∈ I ′, i
′ ≤ j′, sinceφis a monotone, then ϕ(i′) ≤ ϕ(j′). By the

definition 5.7(2), we know that Ki′j′ ◦ fi′ = fj′ ◦ Fϕ(i′)ϕ(j′). Fϕ(i′)ϕ(j′)(xϕ(i′)) =

xϕ(j′) = pϕ(j′)({xi}i∈I) for all {xi}i∈I ∈ W , then Ki′j′(x
′
i′) = Ki′j′ ◦ fi′ ◦

pϕ(i′)({xi}i∈I) = Ki′j′ ◦fi′(xϕ(i′)) = fj′ ◦Fϕ(i′)ϕ(j′)(xϕ(i′)) = fj
′ ◦pϕ(j

′
)({xi}i∈I) =

x
′
j′ , i.e.,{x′i′}i′∈I′ ∈ W ′.

(1) For all {gs}s∈S ⊆ W, i′ ∈ I ′, we have that

f(
∨
s∈S

gs)(i
′) = (fi′ ◦ pϕ(i′))(

∨
s∈S

gs) = fi′ ◦ (
∨
s∈S

gs)(ϕ(i′)) = fi′(
∨
s∈S

gs(ϕ(i′)) =
∨
s∈S

(fi′(gs(ϕ(i′)))

=
∨
s∈S

(fi′ ◦ pϕ(i′))(gs) = (
∨
s∈S

f(gs)(i
′),i.e.,f(

∨
s∈S

gs) =
∨
s∈S

f(gs), Sincef(0) = 0,

thenf preserve arbitrary sups.

(2) For all a ∈ Q, b ∈ P, ∀{xi}i∈I ∈ W, i′ ∈ I ′,

we have that f(T (a, {xi}i∈I , b))(i
′) = (f({Ti(a, xi, b)}i∈I))(i

′) = (fi′◦pϕ(i′))({Ti(a, xi, b)}i∈I)

= fi′(Tϕ(i′)(a, xϕ(i′), b)) = T ′
i′(a, fi′(xϕ(i′)), b) = {T ′(a, f({xi}i∈I), b)}i∈I(i

′),

then f(T (a, {xi}i∈I , b)) = T ′(a, f({xi}i∈I), b).

Therefore f is a Q-P quantale module morphism.

Definition 4.9 Let F : I −→ QModP and K : I ′ −→ QModP are inverse

systems in the QModP,(W, (pi)i∈I) and (W ′, (p′i′)i′∈I′) is the inverse limit of

F and K respectively,then mapping f is said to be the limit mapping in the

QModP.

Theorem 4.10 Let F : I −→ QModP and K : I ′ −→ QModP are inverse
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systems in the QModP, (W, (pi)i∈I) and (W ′, (p′i′)i′∈I′) is the inverse limit of

F and K respectively, f is a limit mapping. Since fi′ is a Q-P quantale module

morphism for all i′ ∈ I.

Proof. For all g1, g2 ∈ T and g1 6= g2. Sincef(g1) = f(g2), thenf(g1)(i
′) =

(fi
′ ◦pϕ(i′))(g1) = (fi′◦pϕ(i′))(g2) = f(g2)(i

′) for all i′ ∈ I
′
. Because fi′ is a mono-

tone, then pϕ(i′)(g1) = pϕ(i′)(g2), sog1(ϕ(i′)) = g2(ϕ(i′)). Sinceϕ(I ′)I ′is the co-

final set ofI, then for alli ∈ I, existϕ(j′) ∈ ϕ(I ′)such thatϕ(j′) ≤ i, theng1(i) =

fϕ(j′)i(g1(ϕ(j′))) = fϕ(j′)i(g2(ϕ(j′))) = g2(i), Contradictory,thusf(g1) 6= f(g2),thereforef is

a monomorphism.
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