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A high-order compact finite volume element method
for the dual-phase lag (DPL) heat conduction equations
with the interface
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Abstract

In this paper, a high-order compact finite volume element method is
presented for one-dimensional dual-phase lag equations with the inter-
face. The resulting coefficient matrix is five-diagonal. This high-order
method is helpful to analyze and study nano heat conduction with this
equation in relative coarse grid. We apply the discrete energy method
to give the error estimate in the L? norm with the convergence order
O(At? + h3®). Finally, numerical examples are provided to show the

effectiveness and feasibility of this method.
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1 Introduction

The well-known dual-phase lag (DPL) heat conduction model proposed by
Tzou [18, 19], has attracted a considerable interest in a wide variety of scientific
and engineering fields. It is utilized to simulate heat transfer in micro- or
nano-structures [7], interpret the non-Fourier heat conduction phenomena in
processed meats [1] and so on. For the DPL heat conduction equation, its
well-posedness and solution structure as well as stability have been analyzed
[20, 16], and many numerical methods have been applied [8, 4, 2]. In this
paper, we discuss the DPL equation with the interface, which describe the
heat transfer in multi-layer material or composite materials.

This type of problems are referred to as interface problems. Generally,
the interface problems have the discontinuities in the coefficients and singu-
lar source terms due to the presence of interfaces. There are two different
approaches to the design of a method for interface problems. The first is to
construct the methods on the body fitted grids [21]. However, it is time con-
suming to generate this kind of body fitted grids. The second is on a fixed
grid, such as the immersed interface method (IIM) [9], the immersed finite
element method (IFEM) [6, 11, 13] and so on. It needs to modify the classical
numerical schemes on fitted grids.

By introducing non-dimensional parameters [4], the 1-D DPL equation with

the interface point is expressed as follows [12],
ou  Pu  K? (D% PPu
T B t §(x —1 1
ot T or T 3 (0332 * 6t8:v2) @) +wolz —1), (1)

re€(0,1), te0,T], 1 €(0,1),

where § is the Dirac delta function, s(z,t) € C([0,T], L?(0,1)), the coefficients
K, B € C([0,T],C*0,1) uC(l,1)), that is, they are discontinuous at z = .
We set

, x €10,1], Ky, z €10,1], By, z €10,1],
e o JE el 5 ) Burel

S92, T € (l,l], K27 T € (l, ].], BQ, WS (l,l]

Then u € C%([0,7T],C(0,1)), namely, u is continuous. By integrating (1) from
x=10 tox=1I", we get

2 _ 2 _ 2 2
Ki (6u(l 0,t) B 0?u(l O,t)) K3 ((’3u(l+0,t) B 3} u(H—O,t)) _—

3 ox Y otox 3 Ox 2 otox
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in addition to
u(l —0,t) =u(l+0,t), t €[0,T].

In this paper, we consider w = 0. Then an alterative way to state the

problem is as follows,

ou 0*u K} [d0%u Pu

o o 3 B T 2
ot T or T 3 (6952 * 1815(‘33:2) +su(e,t), € (0,0), te[0,T],  (2)
ou 0*u K2 [d%u PBu

1t 32 = 3 B t [,1), t T).

o oE 3 (8x2+ 20150:52) taln cebl), et @

The initial conditions and boundary conditions are given as

u(z,0) = é1(x), a“gi’ 0) _ és(2), x € [0,1]. (4)
_ 1K1 aué(;’ t) + U(O,t) = gOl(t), t - [O,T], (5)
e a“éi’ D 4, t) = po(t), £ € [0.7]. (6)

At the interface point z = [, we prescribe the jump conditions for the solution,

ul = 0,8) = u(l +0,8), ¢ € [0, . (7)
du(l —0,t) O*u(l — 0,1) du(l +0,t) O*u(l+0,1)
2 ’ ’ _ 2 ’ ’
ki ( v e Bl N S P v e R
t€10,7].

The coefficients Ky, K5, B, Bs, a1, ay are positive constants. In fact, Ky or
K is Knudsen number. If K; ~ 1.0 (or Ks3) or greater than 1.0, the case is
typically at nano-scale, see as [4]. Here, we consider only one interface point.
Certainly, our method can be easily extended to more than one interface point.

Recently, the compact finite difference method are attracting attention for
its simplicity and high accuracy [15, 17]. The finite element method and the
finite volume element method are very good to deal with the differential prob-

lem with the second or third boundary condition. The finite volume element
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method has the simplicity of finite difference method and the accuracy of finite
element method [10], and keep local conservation. Our studies are motivated
by the importance of the compact finite volume element method [5, 14], which
has high order and the tri- or five-diagonal symmetrical coefficient matrix. In
this paper, we treat the interface point as a node point and give a uniform
discretization around it. This produces two space steps, which is more simi-
lar to the body-fitted grids, so the coefficient matrix is five-diagonal, but not
symmetrical. However, the numerical schemes which we get are simple and
effective.

The remainder of paper is organized as follows. In section 2, the high-order
compact finite volume element method is obtained. In section 3, we apply
the discrete energy method to give the error estimate in L? norm with the
convergence order O(At? + h*%). In section 4, examples are used to illustrate

the effectiveness and feasibility of our proposed method.

2 The high-order compact finite volume ele-

ment method

We introduce a new variable v = u + u; and substitute it into (2), (3). This

gives the following system:

K2

Uy — ?1 ((1 - Bl)u:m + Blvmz) = Sl(xat)a VIS (Oa l)> te [OaT]a (9)
K3

Y (1 = Bo)uyy + Bovyy) = so(x,t), x € (I,1), t €[0,T]. (10)

For the new variable v, the corresponding initial and boundary conditions

are given as

v(z,0) = p(z) = ¢1(z) + d2(z), = €[0,1], (11)
—o K, 81}6()(;, 2 +0(0,t) = m(t) = p1(t) + p1.(t), t € (0,77, (12)
s K> OL1) | v(L,t) = ma(t) = @a(t) + pau(t), t €[0,T]. (13)

ox
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First we consider a set of uniform grid in the interval [0, /] with grid points
x; = ihy, 1 = 0,1,--- ,k, where hy = [/k. And another set of uniform grid
in the interval [[,1] with grid points z; = thy, i = k,k + 1,--- ,m, where
ho = (1 —=1)/(m — k). This implies that the grid point x is the interface point
[. The other grid points can be called as regular points. Then we place a dual
grid 0 = wg < 10 < T30 <+ < Tp_1y2 < Tpgry2 <+ + < Ty, Where x;_y /5 =
(i1 + x;)/2. Write I§ = [xo, x1/0], I} = [®i—1/2, Tizay2] (1 =1,--- ,m — 1),
I¥ = [®m-1/2, 7). These dual elements I} (i = 0,1,---,m) lead to a dual
grid. 7 is usually called as the control volume which is related to the node z;.

For the interior regular points z;, i = 1,--- ,m — 1, i # k, we integrate
(9) or (10) on a dual element I = [%; 12, %i41/2|, and apply the formula of
integral by parts to get,

Tit1/2 KQ
/ vedr — 3 (1 = B)(ua(Tit1/2:t) — ta(Tiz1/2,1)) (14)
Ti—1/2

K2 Tit1/2
_?B(Ul‘(xﬂrl/%t) — Uy(Ti-19,1)) = / s(x,t)d,
Ti—1/2
where K = K; or Ky, B = B; or By, s = s1 or Ss.
Expanding u(z;_1,t) at the point (x;_1/2,t) in Taylor formula with integral

remainder term yields the following result:

h 1 /h\?
w(@i—1,t) = u(wi_1/9,t) — §ux(xi71/27t) + 5\ 3 Uge (Ti—1/2, 1) (15)
O R T R R o T T
L2\ 5 Ugga\Ti— ) a1\ o Uy "\ Ti— ) A Uy '\ Tj—1 — X xz,
6\ 2 VR T o4\ 2 VEU T, !

Similar expansions for u(w;,t) at the same point (2;_1/2,t). Then

u(xi, t) —u(w;_1,t)  h?

where

1 T; Ti—1/2
Ruarsat) = ~ 47 ( / WP (z, 1) (2 — z)*de + / (2, 1) (21 - x)‘*daz) .
Ti—1/2 Ti—1

We can also get v, (x;_1/2,t) and Ry ), similarly.

Ti—1/2:t
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Noting that, using (9) or (10) and first-order central difference formula, we
deduce that

K? K?

?(1 — B)u;’)(xi,l/g, t) + ?Bvég)(xi,1/2,t) (17)
Ve, 1) — vp(xiq, T

= (v0)o(Tic1y2,t) — 5o(@i1y2, ) = (s, ) - i) So(Tiz1/2:1) + Rup(a,_yjn.t)s

where

1 Li Ti—1/2
Ry, jot) = " 2h (/ (v) Pz, t)(2; — 2)’da +/ ()P (1) (21 — x)%ix) (18)
Ti—1/2

Ti—1

Hence, by (16) and (17), we have

K? K?

= (1= Blta(@icays, ) + == Bup(wioy2,1) = D(,0) o) + Ricapo, (19)
where
K (e t) —u(zii,t) | K? o(wi,t) —v(wi,1)
D(u, U)(zi,l/%t) = ?(1 — B) . + ?B -
h/2 U :L‘Z7t — U ,f[,‘i_ 7t
_ﬂ ( t( ) - t( 1 ) . Sz(xi_1/27t)) :
and
K2 K2 h2
Ri_1/2. = ?<1 — B)Ru(xi_l/Q,t) + ?BRU(%_I/%” - ﬁth(zi—l/Qut)' (20)

The integral term about v, in (14) can be computed as follows. First we

construct second-order Lagrange interpolation for v, as follows,
1 1
Moy = S€(€ = Doe(ior, 1) = (€ = Do, 1) + 5€(E + Dorlwiga, 1), (21)

where £ = % Then integrating (21) gives

Tiy1/2 h
/ v = Su(i,t) 2 S (wia, 1) + 220w, 0) 4wl 1), (22)

Ti-1/2

Substituting (19), (22) into (14) and dropping the truncation errors, a
semi-discrete high order finite volume element scheme is given as follows,

Tit1/2
Svp(iy t) + D(U, 0) @,y oty — DU V) @y ) = / s(x,t)dx. (23)

Ti—1/2
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That is,

h
E(Ut(]}i_l, t) + 101)15(1'1', t) + U (Il‘+1, t)) (24)
_52(1 B B)u(:pi_l,t) — 2u(w;, t) + u(xigq, t)

3 h
_EBU(ZEi_l, t) — QU(ZEZ‘, t) + U(Z'H_l, t)
3 h

Tit1/2 h2
_ / s, 00 + S (sui1/2,) = 52 1/2,).
Ti—1/2

For the left boundary point x, we integrate (9) on the dual element I} =

[{E(), ZL’l/g] and get

T1/2 K12
/ i~ (1 = B) (1o 1) — (o, 1) (25)
}(12 T1/2
_?Bl(vx(:vl/g,t) — vz(x0, 1)) = / s1(z, t)dx.
xo

By (5) and (12),

Uy (o, 1) = ul@o ) gpl(t)7 vz (20, 1) =

v(wo,t) = m(t)
o . (26)

o G

For the integral term about v;, we apply the quadratic Hermite interpola-

tion to obtain

v, = (1 - 52)7’7&(1'0»?5) + 52%(331,15) + h&(1 = §)ve (o, t),

where ( ) @
vt (2o, t) — me(l T — Xo
x 7t - : ) = -7
(v, ) = L) T
Then integrating it gets
*1/2 11h, hy h%
vdzr =~ Svy(xo,t) £ ve(xo, t) + —ve(x1, 1) + —=(v4) (20, 1) (27)
/xo 24 24 12

I 1 h2 B2
= — t —h t) — t).
24%(:61, ) + (24 1+ e vy(wo, t) 12a1K1771’t<x0’ )

Substituting (19), (26) and (27) into (25) and dropping the truncation
errors, we have the semi-discrete numerical scheme for the left boundary point
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Zo, that is,

5, B
12 120[1K1

_%%(1 _B) (hilu(xl,t) - <a11Kl + hil) u(a:o,t)>

K2 (1 11
_Bip (e, t) — — f
3 1 (hlv(x17 ) (Oé1K1 + hl) U(ajO? ))

) v(zo, 1) (28)

ety i n+ 2l p t
= [ s+ ) + L0 B

K h?
1B )+ Lg (x1/9,1).
+3a1 111 (2o, t) + 511 (w12,1)
Similarly, for the right boundary point x,,, we integrate (10) on the dual
element I = [Ty,_1/2, T, using (6) and (13) and applying the quadratic

Hermite interpolation for the integral term about v;, we have

h 5 12
A m—1,1 —h
1V (#m-1,6) + <12 > T Dok,

K2 1 1 1
—22(1 = By) [ —u(@mer,t) — =) w(am, t
5 (1= B2) <h2U(w 1,1) (a2K2 + h2> u(z )>

> (T, t) (29)

—1/2 120[2}(2 3 2
K, h3
2 Bomo(t) — ~289 (X192, 1)
+3a2 272 (t) 5452 (Tm—1/2,1)

For the interface point z; = [, we integrate (9) on the dual element [ ;* =
[%4_1/2, 2] and (10) on the dual element I;”* = [z}, T4 1/2], respectively. In
fact, I; = I* U I7*. We also use the formula of integral by parts to the two

equations and sum them together,

Tht1/2 K12
/ Utdx — ?(1 - Bl)(um(xlza t) - uz(‘rk—l/%t)) (30)
Tk—1/2
K2 K}
—?2(1 — By)(up(hi1y2,t) — ua(y, 1)) — ?131(%(%;%) — Ve (Th-1/2,1))

K2 Tht1/2
_%Bg(vx(xkﬂ/z,t) —vg(x), 1)) / s(x,t)dx.
Tr—1/2
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By the jump condition (8) and the relation v = u + wu;, we have

K2 K? K2 K2
3 —L(1 = Bug(zy, t) + ?131%(1’1} ) = 5 —2(1 = Byug(a,t) + ?wa(%, t).(31)

For the integral term about v;, using second-order Lagrange interpolation

in I,”" and I, respectively, namely,

Ik+1/2 Tk Tk41/2
vedr = vedx + vedx (32)
Tr—1/2 Tr—-1/2 Tk

NG
~ Svfxy, 1) 2 24( Uy (Tp—2,t) + Bvop(Tp—1,t) +8uvi (g, t))
ha
24(8vt($k, t)+5vt (g1, t) =0 (Tht2, t)).

Substituting (19), (31) and (32) into (30), dropping the truncation errors,

we have the semi-discrete numerical scheme for the interface point xy,

7 h hy
ﬁ(hl -+ h2>vt<xk,t)‘i‘zlvt(xkfl;t)_ﬁvt(ﬂfk 2,t> (33)
h ho
42 Ut(l’k+17 t) — ﬂvt(x’”% t)
K u(g, t) — w(wp, ) K12 v(zg, t) — v(Tp_1,1)
—(1—-B Bip
" 3 ( 1) ha 3 ! hy
_52(1 _ B )U($k+17t) —u(xp, t) B ﬁBQU(xkﬂ,t) — v(z, 1)
3 hoy 3 n
Th+1/2 d h% h%
N t T gy ~1/21 o1°2 , 1),
/ijl/2 s(w,t)dx 2451, (x, 1/2 )+ 24527 ($k+1/2 )

Finally, we apply the Crank-Nicolson method to (24), (28), (29), (33) at

the time ¢"~'/2 and have the following fully-discrete numerical schemes,

h n— n— n
12 <5t 10607 + G Z+11/2> (34)
n—1/2 n—1/2 n—1/2 n—1/2 n—1/2 n—1/2
_E(I_B)ui—l/ — 2u, / +ui+1/ _ﬁBvi—l/ — 2v; / +Uv:+1/
3 h 3 h

Tit1/2 12 h2 ne1/2 n1/2
= s(x,t )d$+ﬂ(sx($i+1/2,t ) = Sz(Tiz1)2,1 ),
i—1/2

(1=1,2,--- ,m—1,i#k, h="hy or hy, similarly to K, B and s),
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hl n—1/2 5 h2 n 1/2
=y 2y 5w 35
S (12 T aK ) (35)

K7 Lo (1 1N e
11 -B)( = _ —
3 ( 1)(h1u1 041K1+h1 o

K12 1 n—1/2 1 n 1/2
—B - —_
3 ! (hlvl OélKl

T1/2
— tn—1/2 d = 1/2 1— B 7511—1/2
| st %Ml (4 (1= B )
1 n—1/2 h% n—1/2
+——DBim(t )+ = S1a(m1)2, 1 ), (i =0)
30, 24
ho ~1/2 b} h2 1
5" iy S 1/2 36
2% T\ " oK, ) (36)

K3 L n-1y2 1 1 -1
BEICTIR R BRIV L e
3 ( 2>(h2“m—1 ks Ty ) tm

2
= /xm So(z, 1" Y dx + 2 o (1" 1?) + it (1 — By)pa(t"Y/?)
Trn—1/2 2 2K2 30[2
K, h?
+§B277 ( " 1/2) 2_i32 ac('rm 1/2a " 1/2>7 (2 = m)a
7 n— h n— h n— h — h n—
5 (7 + h2)00; " Zlatvk_f/ 2 2—i5tvk_§/ 24 f(mk;” - Q—iatvmgﬂ
T R e
—((1 -8B —B
T U= B)—— M T
n—1/2 n—1/2 n—1/2 n—1/2
_ﬁ(l — B,) k+1/ — Uk _ £2QB2 Yktr T Yk
3 ho 3 ho
Try1/2 h2 3 h2 3 .
N / s ") dr — Srsya(@nor, ') + sna(@rsaye, ), (i = k),
Trk—1/2

vp — o W2 — up +up ! n—1/2 _
At 7 2 T
=(n—1/2)At. u? is the approximation of u(z;, nAt), similar-

Tht1/2 Ty Thy1)a
ly to v} / 3(33775"_1/2)0@:/ 81(x,t"_1/2)dx+/ sy, t""Y?)du,
Tk—-1/2 Tr—1/2 Ty

since xy, is the interface point.

where n = 1,--- | T/At, §pv; V2 =

1
v+ vl 12
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Applying the Crank-Nicolson method to the relation v = u 4+ u; and drop-

ping the truncation errors give

ool —
1 7 — 7 7 7 7 . 38
2 2 TN (38)

We may solve u}'! from (38) and substitute it into the numerical schemes

+1

(34)-(37). As a result, a linear system for v]"" can be obtained. In the

computing, the integral term about s can be solved by using the Gaussian
quadrature with enough degree of precision, and s, can be approximated by

the central difference formula.

3 Error analysis and estimates
For any integer m > 0, let

A™(2) = {qlq

I; € Hm(11>77‘ = 172}7

where I, = [0,1], Iy = [I,1], then the domain [ = [0,1] = I, U I,. We define
the norm of H™ to be with

lallms = \/llall2, 1, + llall?, .

and semi-norms of H™ are defined accordingly.
For any grid function e, let us define the following discrete zero norm,

semi-norm, and full-norm:

1
lellon = {llellgn, + lellgn, )2 (39)
1
k—1 m—1 2
hy Z hy h Z h
— {56(2) + — G?hl + 562 + ?e,z + el e?hg + 567271 s

1 - € — €j—1 ? & € — €i—1 ? ’
lelin = {Jel2p, + lelZp,}* = {Z(h—) it ) (h—) hop (40)

N[
—~
IS
—
N—

lelln = (el + leli )
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Lemma 3.1. When u € [:Il(_f) N 1:14([), we set T_1/9 = To, Tmi1j2 = Tm

and have

¢ 7
2 ) —
chi [uls woe1), @ =0,

< Ch%|u|4,[mi—1,mi+ﬂ7 1=1,2,--- ,m—1,1 7é kv h = hy or h2’

Tit1/2
Su(x;) — / udx
Ti—1/2

9 9
2 2 S
Chl ‘u’?),[rk_uz,mk] + Ch2 ‘u’3,[1k7xk+1/2]’ L= k’

7
2 ;o
\ChQ |u|3»[mm—1»xm]7 r=m.

Proof. In [zg, 1], let £ = i ; 3507 (&) = u(x ; :vo)’ then
1 1
1 /0 1/2
Su(zo) — / " vda = % {11a(o)+a(1)+2a’(0)} I / a(€)de
x0 0
11 1 1. 1/2 N )
=y [ﬁa(O) + 5 i(1) + i (0) - /O a(g)dgl 2 pyF(a)

As a linear functional of 4, |F(4)| < Cl|i|1,00,/0,1]-

Since H* «— C*, then |F(4)| < ||dl|s 1. A straightforward calculation
shows F(i) = 0 for & = 1, &, €2 According to Bramble-Hilbert Lemma
3], |F(@)| < Clils,. By the coordinate transformation, we have |F(u)| <

Tiy1/2 7
Ch‘;)ﬂ]u\gy[xo,m. Thus, |Su(z;) —/ udx| < chi|uls [zy,21)- The other con-
Ti—1/2

clusions can be proofed analogously. O

Lemma 3.2. Define a matriz A € RTDx(+1)

5 1
" 1 10 1
12
1 10 1
1 5
For any (n + 1)-dimensional vectors e* = (ek eV, -+ eF)T and
et = (ef Tt e e DT we have

(3) |(e")T Aek—1| < [(ek)TAek] 1/2 [(ek—l)TAek—l]l/Z <h [(ek)Tek} 1/2 [(ek—l)Tek—l} 1z
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Proof. Since the matrix A is positive definite and symmetric, and its greatest

eigenvalue is h, then (1) and (3) are true obviously. For (2), because

h
(ek)TAek = 5[5(65)2 + Qelge’f + 10(6’1“)2 + Qe’fe’; + 4 Zefkleﬁ + 5(6’2)2]
> —2[5(60)2 — (e§)* — (e)? + 10(e})* — (ef)? — (eh)* + - — (eb_1)” — (ef)* + 5(ey )]
= S [4(ef)” +8(e)* + - + 8(en_1)® + 4(en)?]

2
= [t 2
the proof is completed. O

Lemma 3.3. |le||o < Cle

1,h-

m
Proof. Let |ej,| = Or<r%i<r?1n le;|, then |ejy| < Z le;|h. If § > jo, then
== i=0

J
€ =€ — €1 + €ji—1 — €52 + -+ €jo+1 — €jo + €is = €j + E (5@61]1
i=jo+1

When 5 < j9, we can get the similar result. So

m m
el <D Jeilh+ ) |0zeq| .
=0 =1

By the Cauchy inequality, we have |e;| < (Cilells, + Cg|€|ih)1/2, namely,
lefle < Cllefl1n- O

In the following, we derive error estimates. First we consider the truncation
errors at the time direction. Expanding u(z;,t") and u(x;, t"~1) at "2 in
Taylor formula with integral remainder term gets,
w(wg, ") — u(z;, ")

At

(i, t72) = + R (u),

tn—1/2

1 " -
R (w) = (/ / ul (i, ) (" — n)2d77+/ R G n)2d77> :
tn—1/2 tn—




14 Ling Zhu, Qian Zhang, Hong Sun, Zhiyue Zhang

tn m—1/2

1 B
R (u) = —3 ( / » u® (i, ) (8" — n)dn — / 1 u? (s, m) (" — n)dn) :
t’n* tn7

Remark 3.4. It follows from the Cauchy-Schwarz inequality that,

By < 0at [ @ ()
(R2(u))? < OAF / (ul? (. )2l (43)

Hence, the numerical schemes (34)-(37) have the following truncation errors
at the time direction,

vz _ 10h h

12R<” J(0) + T3 B ) + R (W),
(1=1,2,--- ,;m—1, z#kz, h = hy or hg),

. 7 hq h
Ry = i+ o) R W) + TR () = R, (0)

h h .
L RE0) = 52 R (), (i = k).

In addition, we have another kind of truncation errors at the time direction

as follows,

. K?*(1 - B)
R = === (R () = 2R () + RE) ()
_K B

(2

yoooom—1,1#k, h="hy or hy, similarly to K and B),

R(E)Lt(v) - 2R£,2t)< ) + RE—Q&-)l t( )) )

w
=
N

Ki(1-B
LKl -B)

2
L ()
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o K?(1-B Ky(1 - B
e O ) Rty )
2

K2B KB
_ 32h22 (Rgz),m(v) - Rﬁ?t@)) + BQT;Rgt(v), (i =m),
HN— K2(1 - B ) KZB
n—1/2 1 2 9 1 ) )
R = S (R - B ) + S5 (R0 - B2, )
K51 = B) (oo 2) K3Bs () @ .
_23T <Rk+1,t(U) - Rk,t (U)> — 32h2 <Rk+1,t(’U) — Rk,t (U)) , (Z — k»)

At the space direction, the numerical schemes (34)-(37) have the truncation

errors at the fixed time t"~1/2,

—n—1/2 Tit1/2 e e
Ri,x = (Rifl/lx - Ri+1/2,fv) + (S(Ut)i_/ Utdx) = Ri(1)1,y/cQ + Rz‘(z)l,f’

Ti—1/2

(i=1,2,m—1),

—=n—1/2 Z1/2 . - .
Rox / (_R1/27x) + (S(Ut)o —/ ’Utdﬂf) 2 RO(I)l,/xQ + R 122’ (Z _ 0)7

zo

—n—1/2 om e e .
Rm,w/ = (Rmn-1/22) + (S(Ut)m - / Utdw) = Rm(ll)/,i + Rm(zl)/,ia (i =m).
m—1/2

Cit1—€; ei—€i1
Let e ; =uf —u(x;, t"), e}, =vp —v(z;, "), dpe; = — ; “ gl =— hz ,

1
62e; = E(érei_éjei). The error equations for the numerical schemes (34)-(37)

are given as follows,

h (€1 _62111 Zz_en ! €Zi+1 _eg;h

— | —=— = 110 : ’ 44

12( At At T Ar (44)

CK?Bhgepiteyt  KX(L-B)hgeiiten' . e
R e L. T

(1=1,2,--- ,m—1,i#k, h="hy or hy, similarly to K and B),

hy [_eno—engt ery—en'\ KBy elgteng

— [ 52 ’ ’ ’ — 5,2 ’ 45

12 ( At A 3 5 (45)

N h2ooelg—eng! L KBt e’ KP(1- Bi)s €iot en!
1204, K, At 3ay 2 3 * 2

Ki(1=By)ely+elst :
= By ot Cun | otz preie ez gy
3041 2
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h2 egmfl - eg:nl egm - eg:nl KQZB2 egm + eg:nl
— = : 52 ] P ’ 46
2 ( Ar T Ar )T T3 > (46)
N h3 € — i L KByt erm  K2(1—By) 5 Cum T i
1205 Ko At 3 2 n 3 * 2
K ]-_B 63m+ez7n1 _Nn— ~n— ~n— .
B 2<3a2 2) o 2 — m,xl/z + Rm,t1/2 + Rm,t1/27 (i =m),
l(h h )eg,kz - 62,21 ha €yt — 62}1—1 C hieygs — 62,/21—2 (47)
oq t TR At 4 At 24 At
{ hy €y ki1 — BZ,EL _@ o k2 62,2«1#2 " K%Bl 5 Cor T 63,21 B K22B25 €y s T 62,21
4 At 24 At 3 " 2 3 ¢ 2
_ K31 By) gt KRBy eupt i
3 * 2 3 * 2
FR PRI PR (= k).

n n—1
et .
We multiply the error equations (44)-(47) by % and sum them
together for ¢ from 0 to m to get a "big” error equation. Firstly, we consider
the left-hand side of the "big” equation term by term. Denote these terms by

12 ne1/2 yne1/2 .
Y2 v v successively.

n n—1 n n—1 n n—1
Yn—l/Q . E <5 ev,O - ev,O + ev,l - ev,l ) ev,O + ev,O

! 12 At At 2
k—1 n n—1 n n—1 n n—1 n n—1
hl Cpi—1 ~ Cyi_1 Cui — Cui €uit1 — Gyt Cu,i +evi
L SR ) N : : i %
i 2_; 12 ( AL T A T A >
+E €1 — 63,7@1—1 n 56% - 62,21 e s+ 62};1
12 At At 2
n n—1 n n—1 n n—1
@ 56v,k - ev,k + ev,k’-i—l - ev,k-i—l ev,k + ev,k:
12 At At 2
m—1 n n—1 n n—1 n n—1 n n—1
ho [ €yi1 = €yia i — Cu €oit1 — Cuit1 | Cui T Cuy
ey S Y| AR ’ ’ i %
+i—zk:+1 12 ( Al AL T A 2
h2 6:} m—1 " eg;nlfl :)Lm - ‘32;} egm + ez;nl 1
LR ml 5 ’ ’ mo e/
T ( Al Al SR

1 n n— T n n—
= 5Af (ev[l]+€v[1]1> Ak <ev[1]_ev[1]1)

T
<€Z[2] +62[5]1> Am—k+1 (62[2} —e:)‘[;]l> + M2
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By Lemma 3.2 (1), we have

n—1/2 1
¥ = = ((e) Arnely — (@) Arnel) ) +

1 n n n— n— n—
E ((evm) Am_k_;_levm — (ev[g]l)TAm_k+1ev[2]1) + M 1/2’
n n n n 1T n n n n 17
where ey[l] = [ev,07 ev,l’ T 7ev,k:| ) ev[2} = [ev,k’ efu,k:—‘rl? T ev,m] )
h n _ ,n—1 n _ ,n—1 n _ n—1 noy n—1
Mn71/2 _ ey _%ev,k‘ ev,k + zev,k‘—l ev,k;—l . lev,k—Z ev,k—Q ev,k ev,k
12 2 At At 2 At 2
hy [ 3e€yr— 6:,21 n 2€Z,k+1 ZEH Clegkin — 63,212 €p s T eZkl
12 2 At At 2 At 2 .

We will move the term M™ /2 into the left-hand side of the "big” error

equation, then use the Cauchy-Schwarz inequality to estimate it, that is,

|Mn71/2‘

1 +en 1\ 2 en _en—l 2 en —enT 1 2 en el 1
< —h v,k Ch v,k v,k v,k—1 v,k—1 v,k—2" U k—2
2 < 2 ) o ( At - At * At

1 n 4 n—1 2 n n—1 2 n n—1 2 n n—1 2
Cok T Cuk Cu ke Cuk Cuk+1 7 Cukt1 Cvk+2 " Cy ki
+—h ——— | +Ch . ’ + : : + : .

2 2 2

n n—1 1
< _

2

n n—1
e, + ¢,
2

n—1
e te

<
B 2

+C
0,h

N —

0,

where the last inequality is deduced by the relation vy =wu;+uyy, (42) and the
L? error estimate in [10].

Using the summation formula by parts, we have

t”l
+ CAt3/ ||Uttt||(2)7] dt,
h tn—1

KB, _ epgt+eny eng ey K?B +e” teptent
Yn—1/2 _ ™ 15 v,0 v,0 “v,0 0,0 1 h 52 vz
2 3 7 2 2 Z ! 9
+K12315 Cor QZkl €y r T evk K22B25 €y g T BZkl €pp T GZkl
3 7 2 2 3 ¢ 2 2
K232 Z s M+e" ter +enit +K3325 m e e )
i=k+1 2 3 : 2 2
_ KB |ep+ep ')’ | KBy | ey + ey ?
3 2 oy 3 2 s
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A straightforward computation shows that

2 n _ ,n—1 n n—1 n n—1
Y12 ( hi  €y0 = €y N KBy ée,ot e ) €p0 T €up
g —

1200 K3 At 3oy 2 2
- i, KoBy i +ez,;3> Cl + €l
12009 K5 At 3 2 2
hi -t h3 et

> L n \2 2 n 2 9 '
- 24At0&1K1 (<€v,0) (ev,O ) ) + 24Ata2K2 ((ev,m) (ev,m> )

Hence, we get the estimate of the left-hand side of the ”big” error equation

as follows,

len—1/2 + }/én_l/2 + ngn—l/2

1 n T n
> BYN ((%m) A/H-lev[l] —(%[1] ) Ak+1€v[1]>

1 n T n n—1\T n—1 K%Bl 624_63_1 ’
o () Al = () Amanel) + =5 25|
T RN i

et )+

e’ )2 2 (e N2 (en—1)2
3 } 2 ‘17h2+24At041K1(( ) ( w0 24Ata2K2(( ) (e”’m) )

Next we consider the right-hand side of the "big” error equation term by

term.

m m n 1

n—1 n—1
BN 1/2€vz+€vz R 1/261)2 Cvi n— 1/26vz+evi A
R, —_ R ———F—— =T+ 1.
Z +Z 92 1L

i,z i(1),x
1=0 =0

By the summation formula by parts and the Cauchy-Schwarz inequality,

we have
+e;“ — en; + e e+ !
T, = —Rl/z R e— 0 ° 4 Z i—1/2,2(V) — R’i+1/2,x) T + Ri—1/2, ka
=1
+ 6 -1 en . + en—'l el + en—l
v k v k .1 .4 v,m v,m
—Rpiq1/2, xT + (Ri—1/2,x - Ri-l—l/?,x) - 5 + Rm—l/2,xT
i=k+1
+ e e . 4+ e 1
_ R@ . m U K .8 h Rl x(sx v,0 X o
Z 1/2, 5 1+ Z 122085 I
i=k+1
k 2 2
9 1K?B, |et4er! 1K2B, |et4ent
. :E h C i h h 1 v v 2 v v )
Z 1o.0) 2+ Z 1/20) Pt 5 5 13 > |,
=1 i=k+1 )12




A high-order compact finite volume element method... 19
Further, by (20), we get

> (Ricijp0)’ln (49)

=1
k 2
K> K? h?
= Z (?(1 - B)Ru(xi71/27tnfl/2) + ?BRU(xi71/27tn71/2) - ﬁth(xil/2ztnl/2)> hl
=1
k
2 2 4 2
<Ch Z <Ru(xi—l/27tn_l/2) + Rv(wi—uz,tn_l/z) + thUt(xi—l/Q:tn_1/2)>
=1

l
< [ () + (0,02 4 (@)t
0

We remark that

u(t" V%) = Ait Utt: u(t)dt — /t::g(t)dt} :

t
where g(t) = / ug(s)(t — s)ds. Using the Cauchy-Schwarz inequality we

tn—1/2
have
( (t”flﬂ))2 < 2 /tn (t)dt + 2 /tn 2(t)dt (50)
U — U —
- At tn—l At tnfl g
2 [ A [T
< = 2(t)dt + — 2 (t)dt.
- At tnfl Y ( ) _I_ 24 tnfl Utt( )

Since the estimate (50) is only related to the time t, we have
2 " A3 7
(uf? (@, )" < / (@@, 0) dt+ S [ ()P (,0)" dt. (51)
At ¢n—1 24 tn—1
2
Similarly to estimate the term <vm5) (:17, t"*1/2)> .
Noting that

1 tn tn tn—1/2
ut(t"_l/z) = / 1 u(s)ds —/ / u(8)(t" — s)ds —/ 1 utt(s)(tn_l —s)ds|,
tn— tn—l 2 tn—
we have
2 [ At [V
(ut(tnflﬂ))2 < _/ urdt + —/ u,dt.
t tnfl 6 tnfl
Then

((Ut)g(cg) (xv tnil/Q))2 S % / ((vt)g(cg) (xv t))2 dt + % /tnl ((Utt)gg)(xa t))2 dt'(52>

tn—1
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Substituting the above estimates (51) and (52) into (49), we have the fol-
lowing estimate,

tn tn

([
n<C ([ 0B o) 8 [ Quul ol A2 [ o)
tn— tn—

tn—
h8 tm tm™ tm
2 2 2 2 4 2 2 2 2
+CE(/ 1(lU‘E),IQ+|'U’5712+‘Ut‘37[2)dt—|—At/ 1(!utt!g,,b+\vtt\5712)dt+At/ 1\vtt\37[2dt)
tn— tn— tn—
LK2By et + et 1K2B, |en + et
4 3 2 |, 403 2 i,

By Lemma 3.1 and the estimate (52), we have

1 & 2 Yo en o ene1?
“ n71/2 2 - n,l/Q 2 “ 7’L71/2 2 v v
T < | (Rogyl)* + 3 ;(RZW) + 5 (L) ] o
m—1 1/2 2
2 pn-1/2v0 1 n-1/2v2 | 2 n-1/2y9 ey + eyt
+ R + — : +—(R —
h2( k(2),x) h2 l:zk;rl( 1(2),x) h2( m(2),x) 2 Ouha
2 1 &2 2
n—1/2\2 n—1/2\2 n—1/2\2
<C —1(30(2),1) + I (i )"+ h_l(Rk(2),x) ]
=1
2 / 1 i / 2 / 1 €n+€n_1 2
C . Rn—l 2\2 - R'@—l 2\2 “ Rn—l 212 - v v
+ h2( k2 ) +h2 i:k+1( 20 ) +h2( (@) T3 5 o
h‘? " 2 2 a 2
<o ( / 2 dt + At / |vtt|47hdt)
tn—1 tn—1
Ch—g t 2 dt+ A t 2 dt
+ AL v p, dt + el 1,
tn—1 tn—1
At tn—1 F0,%1 tn—1 #0571
h6 tm tm™ 1 en+en—l 2
+C-2 / vel3 dt+At2/ Vit t )| + - || 5"
At ( - ’ t‘3,[xm_1,xm} - ‘ tt‘?),[acm_l,xm} 9 9 o
n—1

et t el
Therefore, we get the estimate about the term Z szl/Qw—w

2
i=0
By Lemma 3.2 (3), Lemma 3.3, the Cauchy-Schwarz inequality and the
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inequality, we give

m +en 1
E :Rn 1/2 vz
pa it 2
el _I_en— +6n 1 en _i_enfl
_ \/ER(DU,R(l)v,---,\/ﬁR(l)v>A 0,0 ”U,O’ €y 1;17'__7 v,k v,k
(V2R w). R} @) L0)) Au | 7 s s

Corten it o Tel
—i—(\/ﬁR,SE(U),R,SF)Lt(v),... ,ﬁRSL(@)Am_kH( kg\/ﬁk’ ,k+12 ,k+17,..’ ’ ,

ha hy RO

3 hi
(= gy RO+ ERE )+ R () 5

hi (1), \€vo T eny’ h3 (1), Com T €
R R 4 L4 L
ok, Toe (W)= a1, TtV =5
k-1 1/2 n+ n—1
e (&
< [(RE )20 + Y (RO @)k + (R @2 | |25
=1 OJU
1/2
en + en!
(R} (v))22hs + Z 0))2hy + (R, (0)) 2h2] 5
i=k+1 0,h2

M, (4 ho) (R 0) + (B, (0)° + b (B2, (0)?)

0y (a(BY (0))2 + ha( B, ()?)

tn

+e . ¢
te1(h1 + ho) ( ok —_uk ) + M_,hiAt? / v, (0,)dt + M., hyAt? / vZ,(1,t)dt
t

n—1 tnfl
vo e, Com T Com
+82< al 0) ( )

o k-1

h
< C’At3/ 1 [Uttt (0,6)= + E vy (i, )y + vy (1, 1) 21] dt
[ i=1

n n—1
e, + ¢,

2

1
dt + ~
"3

n—

tn m—
h
t

0,h

tm tm 2

v2,(0,1)dt + MESh;‘At?’/ v (1,t)dt + ¢

tn—1

el + et
2
i
v2,(0,t)dt + M., hyAt? / v2,(1,t)dt

tn—1

+M_,hiAE /

tn—1

1,h
tm i
< COAP / ety 7 dt + Moy h AL /
tnfl tnfl
2

n n—1
e, +e,

2

L en + en1|?
2

7 +e€

0,h
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where the last inequality is explained as follows: since

k-1 l
. h h h
}lbli% (Uttt(‘TOat))Q?l + ;(Uttt(xiat)f?l + (Uttt(fmt))Q?l - /0 (vie(, 1)) ?dz| = 0,
then for ¢ = fé(vttt(x, t))?dz, there exists a hg > 0, such that
k—1 h 1
Vgt (o, t Z Vute (T4, ) + (Uttt(mkvt)) ?1 < 2/ (Uttt(x>t))2dflf = QHUtttHg,]p
i=1 0

whenever h < hy. The similar conclusion can be obtained at I, = [I, 1].

Using precisely the same arguments as above, we have

moo er. + e”_.l
Rn71/2 v,8 0,8
Z 2,0 2
=0
K2 : (2 €yt 6221
(1= B) 3 (R ) = A% () 4=
K} - 2 2 €yit+ 62;1
F B (B (0) — RE,(0) b
=1
2 €Zi + 622 !
+521-B) Y (B ) - BE, () 6=
i=k+1
m n n—1
2) ev i + ev i
2B, Y (B 0) - B2, 0) 6
i=k+1
Ki(1—-B1) 2, \€vo T €  KiBi o eroteny
R
30 Ot(u) 5 30, o,t( ) 9
K2<]- _BQ) (2) vm T €ym K3 Bs (2) evm_'_eﬁ;nl
R R :
3@2 m,t( ) 2 3 2 mt(v) 2
9 1/2
<oy (P REWY et
< 1
=1 hl 2 1,h1
1/2
m (2) (2) 2 -
R (u) — Ri™ 4 (u) er 4 el !
+C ’ ho L=
z:;—l-l ( hs 2 1,ho
9 1/2
‘[ RE () = RZ, () ep+ep!
+C 1) - hy 5
i=1 1 Lh




A high-order compact finite volume element method... 23

m (ROw) - R, )\’
+C Z( " Ry

1=k+1

1/2
n n—1
en + e

2

1,h2

tn
+0Aﬁ/‘ (2,0, 1) + 020, 1) + a3 (1, 6) + 05 (L, 1)) dt

tn—1

n n—1 2 n n—1y\ 2
6'0,0 + 61},0 6fu,m + ev,m
‘|‘€1 T + E9 T

tm tm 2
1K{B
S OAtS/ ’utt’i[dt + CAtB/ |/Utt|i[dt + - 11
tn—1 tn—1

n n—112
e, +ée,

2

4 3

1,h1
1 K2B, 2

4 3

n n—1
€y + €y

2

1,ho
n n—11|2
en + e

t’n
+0At3/ (ug(0,8) + 05 (0,) + up(1,8) +vp(1,1)) dt + ¢ 5

tn—1

1,h

For the remaining terms, we use the summation formula by parts, the e

inequality and the similar estimate of the last inequality in (48) to get,

K2 er +eﬁ’1 er —|—ef}“1 k-l eZH—eZ;leﬁi—%eZ;l
=1
K? er +eZ_1 ey +eZ‘1
_?1(1_31)5”5 ’kQ — 2 .
K32 erptenten et S ententen 4t
57 (L= By) 4 b5 ’2’+Zh25x’2’ "
i=k+1
K3 et enmen +er
_?2(1_32)5“" T2 2
CKi(1-B)ejoteny enoteny  Ky(l— By) €yt Cum €hm t Cim
3o 2 2 3o 2 2
K2 en +en! en e
—~§u4m2ﬁ«%;7;ﬁ<@ 5
=1
K?2 “ en +en! en et
——=(1-B hy | 67— d Oz
3 ( 2)1;—%1 2( 2 2

Ki(1-By)ero+ens etg+ens’ Kyl —By)er, +erten +enl

)

30 2 2 30 2 2
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k n n—1 2 112
Cusi + Cui 62 + e;l !
SM, > hy [0t ) e |
=1 2 2 1,1
k n—1 2 _112
6?”‘ + eui ez + 62 1
ISYHD oY oY C i rin I
i=1 2 2 Lhy

2 2

2 2
€ho T €io’ €h0 + €00 €m T Cam €om T Com
e (%) e, <%> ML (T) s (T)

n n—11|2
e, +e,

Iy (53635?3@))2 o |2

E

< M.

1

1 17h1

<.
Il

n n—11|2
e, + €,

2

(-
>
N

@71\
+M., (55}% (u)) + &2

~ 1,hs

~
—_

tm 2

gMEAt?’/ 1 ]S pdt + €
tn—

n n—1
e, +e,

2

1,h

Combining the above estimates, we can get an error inequality. Then mul-
tiplying the inequality by 2At¢, summing up it for n from 1 to N and making

e sufficiently small and noting that €2 = 0, we have

(edy)” Awriedy + (o) Amorsrelly
tN

< Chj / (Ju
0
tN
+ChS (At“ /
0

tN

e / ([a2 g, + o2, + 2, + o

g,h + Mg,h + |Ut‘§,11 + ‘Ut|421,11) dt
tN

(|utt|§,h + |Utt|§,11) dt+At2/

; (|Utt|:2g,11 + |Utt|z21,l1> dt)

421,[2) dt

tN tN

+ChS At4/ (lveel3.z, + lveelisy) dt)
0

+ChS /
0
+Ch /
0

(lusel3.r, + [ouel3 1) dt+At2/
0

tN tN

|Ut|§,[xo,x1}dt + A752/0 |vtt|§,[z0,z1]dt>

tN tN

|Ut|§,[xm,1,xm]dt + At2/0 |Utt|§,[acm1,acm]dt)
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tN
+0At4/ (Noseellg.r + luwael? s + Jveel r + uie(0,8) + 030, 8) + ugy(1,8) + v (1, 1)) dt
0

tN tNV 2

n n—1
e, +ée,

N
v (1L, t)dt + CALY 5

n=1

+ChiAt! /

0

1@mﬁﬁ+c@A#/
0

0,h

Using Lemma 3.2 and applying the discrete Gronwall inequality argument,
we have

[N, < C(AE + B + hS). (53)

Further, if |vy|s3 00 exists, we have

x1 Tm—1
|vt|§,[xo,m1} + ‘Ut|§,[mm,1,mm] = / Utgxmmdx +/ U?xrxd'r < 2h1|vt|§,ll,oo + 2h2|vt|?2>,12,oo'
Tm

xo
Similarly, we have
Vet o]+ 10215 fon 2] < 2P lVst3 1y o0 + 2h2|Vst3 1, o0

It follows that

ley' I, < C(AE" + Al + h)). (54)

Subsequently, we discuss the error of the numerical scheme (38) for v =

u + uy. The error equation is

n n—1 n n—1 n n—1
€ui — Cui €y T Coi €pi T €y 1 ) )
A = e R () + R (0) — B (0). (55)

n n—1

er.+e
First, we consider the error equation at [0,1]. Multiplying h; — 5
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both sides of (55) and summing together for i from 0 to k gives

k k‘ n n—l 2
1 n \2 n—1\2 Cui T Cuy
S MACHSCTERRD W ( '

i=0
k n—1 n—1 k n—1 k n—1
el +e el . +e el . +e’. el . +e’
o v,1 v,1 U, u,l (1) Uy w, (2) U, Ul
=> = 5 D R () Y R ()=
=0 =0 1=0
k n n—1
Cui + Cui
— Z thz(,Qt) (U)#
i=0
— 2 k—1 n—1\ 2 n n—1Y\ 2
1 630‘1“6:}01 €pi T €y Cok T Euk
< = 2h e A4 A h e L4 L 2h [t . ¢ LA
=5 1 ( 5 + ; 1 5 + 2 9
+1 er 4 en! 2
2 2 0.1y
k—1 2
1 2 2 2 1|er+ent
o |20 (R @)+ Y m (R @) + 20 (BQ@) ) + 5 |
2 i=1 ’ 7 2 2 0.h1
k—1 2
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Multiplying 2At¢, summing together for n from 1 to N, using the Gronwall
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inequality argument and noting that €2 = 0, we have

tN

2
eI / (a2, + el 1.+ lowll2) .
0,h1 0

n n—1
e, +e,

N
lew i < CALY =
n=1

We can get the similar conclusion of the error equation at [/, 1], namely,

tN

2
IeING / (21, + el g, + Nowll2,) .
0,ha

n n—1
e, +e,

N
e (135, < CALY
n=1

Combining them gives

2 tN

+0At4/ (Hutt|
0,h 0

n n—1
e, + e,
2

N
leX )5, < CAtY o0+ welld  + vully 1) dt.(56)
n=1

Finally, using the Gronwall inequality argument and combining (53), (56),

we have,
e llon + lle llon < C(AL + i + h3).
Further, if |vy|3 00 exists, we combine (54) and (56) to get
lew llo + lle llon < C(AE + 3 + h3®).

Theorem 3.5. Let u(x,t), v(x,t) € H3([0,T], H(I)) be the solutions to
the dual phase equations (7)-(6), (9)-(13) and the relation v = u + u;. Let
ul', vl be the solutions to the fully-discrete numerical schemes (34)-(38). Then
existing a hg > 0, such that

lewllo, + lleclly,, < CIAE + A + h), (57)

whenever max(hy, hy) < hg. And Heivah (or Hef)VHO,h) is defined as (39),

where e)f; = u) — u(x;,t"). Further, if |vuls o exists, we have

lewllo .+ lledlly,, < COAE + R + ). (58)

4 Numerical example

In this section, the examples are provided to verify the accuracy and effective-

ness of the above schemes.
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2
Example 4.1. Let the coefficients By = 1, K1 = £ <1, =02, B, =4,
T

Ky =— <1, ap =0.2. The accurate solution is as follows,
T

This implies that the interface point [ = 0.5. The initial-boundary values
can be determined by the accurate solution. Setting h = max(hy, he). For
convenience, we select h; = hy in computation, namely, h = hy or hy. The
maximal L2 norm error and the L> norm error at the final time 7' = t¥ = NAt

are respectively defined by

k m 1/2
2 2
€0 = OSISBT/};T (hl Z; [u(zs, t") — uil'|” + ho Z; |u(x;, t") — ul| ) ,
i= i—

€oo = max |u(z;, tV) —ul|.
0<i<m

First, we investigate the convergence order with respect to the spatial vari-
able x, when the time step At is small enough. This implies that e(m, At) =
O(h? + At?) = O(h?), where m is the number of grid points and e denotes e
O €s. In our computation, we set At = 1079, and choose the spacial size to
be h = 0.1, 0.05 and 0.025. The corresponding results are listed in Table 1.

Table 1 shows that the convergence order p with respect to the spatial variable
e(2m, At)

e(m, At)

Conversely, we discuss the convergence order with respect to the time step,

when the spacial size h is very small. We set h = 1/5000, choose At = 0.01,
e(m, 2At)
e(m, At)
Table 2, which shows the order ¢ is around 2.0, i.e., O(At?).

Subsequently, we consider the following cases, that is, At = h? and At = h.

x is around 4.0 , i.e., O(h*), where order = log,

0.005, 0.0025 and compute order = log, The results are listed in

The results are listed in Table 3, 4, respectively. For example, when At = h2,
e(m, At) = O(h? + At?) = O(h? + h*?) ~ O(h?) if p < 2q. We find that these
orders are around 4.0, 2.0, respectively, which are in accord with O(At? + h?).

The left one of Fig. 1 shows the true solution v and the numerical solution
uy, at nodes, when h = 0.1, At = h?, T = 1. The right one of Fig. 1 shows the
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Table 1: Numerical results at T=1 with At = 1076

h €g order €oo order
0.1 1.181 x10° - 2.404 x 1076 -
0.05 6.789 x 107% 4.12 14134 x 1077 4.01

0.025 4.076 x 107  4.05 8.5362 x 1072  4.05

Table 2: Numerical results at T=1 with A = 1/5000

At €o order oo order
0.01 1994 x 1077 - 8.004 x 1078 -
0.005 4.984 x 10=® 2.00 2.001 x 10~® 2.00

0.0025 1.246 x 10°% 2.00 5.003 x 10~  2.00

Table 3: Numerical results at T=1 with At = h?

h €o order €oo order
0.1 1.377x10° - 2.752 x 1076 -
0.05 8.009 x107% 4.10 1.631 x10~7 4.08
0.025 4.837 x 107%  4.05 9.894 x 1072 4.04

Table 4: Numerical results at T=1 with At = h

h €0 order €oo order
0.1 2142 x107° - 3.725 x 1075 -
0.05 5.077x107% 208 8847 x10°¢ 2.07

0.025 1.252x107% 2.02 2.185x 107 2.02
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absolute error at h = 0.1, At = h?, T = 1. We find that the absolute error at
the interface point x = 0.5 is a bit bigger than the other points. But it does

not affect the global error orders.

0.4

0.35]

0.3

0.25

0.2

0.15

0.1

0.05)

0.

0 . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1 0 o1 02 03 04 05 06 07 08 09 1
X

Figure 1: (a) The true solution w and the numerical solution wuy. (b) the

absolute error |u — wup|.

Example 4.2. The accurate solution is the same as Example 1. Let the
8 4
coefficients By =15, Kij=—>1, a1 =0.1, By =4, Kb =—>1, as = 0.2.
s T
Setting At = h?.

The left one of Fig. 2 illustrates the comparison of the numerical solution
u with respect to x when h = 0.1, T"= 1 or T' = 10. We can see that the
maximum norm errors of u are both O(1077). The right one of Fig. 2 shows
the convergence orders with respect to the maximal L, norm error and the

maximum norm error when 7" = 1. They are both nearly 4.

T=10

The absolute error

(a) (b)

Figure 2: (a)The numerical results of u with respect to x with h = 0.1, At = h?

when 7'=1 or 10. (b) The convergence orders of w.
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5 Conclusions

We have developed a high-order compact finite volume element method for
solving 1-D dual-phase lag equation with the interface. Around the interface
point, we make modification to keep the high-order accuracy of the method.
The examples are given to discuss the nano-heat conduction where the Knud-
sen number K; or K, is around 1.0 or is grater than 1.0. Further research
will focus on a convenient high-order finite volume element method to solve
multi-dimensional dual-phase lag equation with the interface, for example, ADI
scheme, which can simplify the computation.
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