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Induced Gurevich pressure
of almost-additive potentials
for countable state Markov shifts

Zhitao Xing!?

Abstract
In this paper, we study the induced Gurevich pressure of almost-
additive potentials for countable state Markov shifts and obtain its vari-

ational principle.
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1 Introduction and main result

Let (3, 0) be a one-sided topological Markov shift (TMS) over a countable
set of states S. This means that there exists a matrix A = (¢;;)gxg of zeros or

ones(with no row and no column made entirely of zeros ) such that

Y= {w = (wo,wi,...) € SN 1ty -1 for every i € No}.
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The shift map o : ¥ — ¥ is defined by (wp,wi,wa...) — (w1, ws,...). We
denote the set of A-admissible words of length n € N by

Y= {w = (wo,wr, ..., wn-1) € 5" tuuw, =1 for every i € {0,1,...,n —2}}.

and the set of A-admissible words of arbitrary length by =% = |, oy X"
For w € ¥* we let |w| denote the length of w, which is the unique n € N
such that w € ¥". For w € X" we call [w] := {y € ¥ : 9], = w} the
cylindrical set of w. We equip X with the topology generated by the cylindrical
sets. The topology of the TMS is metrizable. It may be given by the metric
do(w,w') == e "'l o > 0, where w A ' denote the longest common initial
block of w,w’ € ¥. The shift map o is continuous with respect to this metric.
If S is a finite set of states , (X, 0) is called a subshift of finite type. We call
a function f : ¥ — R is a-Hodlder continuous, if there exist an o > 0 and a
constant V,,(f) such that for all w,w” € %, |f(w) — f(w)] < Valf)da(w,w).
We say f is Holder continuous, if there exists an o > 0 such that f is a-Holder

continuous. Let H(X,R) be the space of all real-valued Holder continuous
n—1

functions of 3. For f € H(Z,R) and n > 1, let S, f(w) := > f(o'w). We
i=0

denote by M the set of all o-invariant Borel probability measures on ». We

will always assume (X, 0) to be topologically mizing, that is, for every a,b € S
there exists an Ny, € N such that for every n > N, we have [a] N o~ "[b] # 0.

Definition 1.1. Let (X,0) be a one-sided countable states Markov shift.
For each n € N, let f, : ¥ — RT be a continuous function. A sequence
F = {log fn}>2, on X is called almost-additive if there exists a constant C > 0

such that for every n,m € Nyw € 3, we have

fn("‘))fm(anw)eic < frrm(w). (1)

and

fn-i—m(w) S fn(w)fm(gnw)ec' (2)

Definition 1.2. Let (X,0) be a one-sided countable states Markov shift.
For each n € N, let f, : ¥ — Rt be a continuous function. A sequence
F =: {log [}, on ¥ is called a Bowen sequence if there exists a constant
M € R such that

sup{A, :n e N} < M (3)
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where
L fn<W) . ’ o .
A, = sup{m tw,w € X,w; =w; foreveryi € {0,1,...,n— 1}}.
n(w
For w = (wo, w1, ..., wp_1) € X%, let
W= (W, W1y -+« y W1, W0y Wy -+« y Wiy - - -)

denote the periodic word with period n € N and initial block w. Let
Yro={weX:we X}, X i={we X wy = a}.

Definition 1.3. Let (X,0) be a one-sided countable states Markov shift,
and let v € H(X,R) with ¢ > 0, F := {log [}, on ¥ be an almost-additive
Bowen sequence. We define for n > 0 the ¥-induced Gurevich pressure of F
with respect to 2P by

1
Py (F, EE) := lim sup T log Z fiw| (@),

T—o0
wezge’r

T—n<S|,|»@)<T
which takes values in R := R U {Foo}.

In particular, if ¢» = 1 our definition coincides with the Gurevich pressure
of almost-additive potentials[2].

The thermodynamic formalism for countable states Markov shifts has been
developed by Mauldin and Urbanski [5,6] and by Sarig [8,9,10,11]. Recently,
Gurvich pressure for countable state Markov shifts [8]and the pressure for
almost-additive sequences on compact spaces [1,4] were extended to the pres-
sureof almost-additive potentials for countable state Markov shifts and a varia-
tional principle was set up [2]. In [3], the authors defined the induced pressure
for countable state Markov shifts. Inspired by the articles [2] and [3], we de-
fine the induced Gurevich pressure of almost-additive potentials for countable

state Markov shifts and obtain its variational principle as follows.

Theorem 1.4. Let (X, 0) be a topologically mizing countable state Markov
shift, and let F := {log f,}52, on X be an almost-additive Bowen sequence on
Y with sup f1 < 00, ¥ € H(X,R), v > ¢ > 0 with supy < co. Then

(o) | [ felw)dv
vdv T [ ydv

where f.(w) := lim Llog f,(w).

Py (F, X0 = sup{}b v e M and /f*(w)dl/ # —oo}, (4)
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2 Preliminaries

In this section, we study the relation between the t-induced Gurevich
pressure of almost-additive potentials and the Gurevich pressure of almost-
additive potentials. Making a similar proof as in [3, Theorem 2.1], we can

obtain the following statement.

Theorem 2.1. Let ¢ € H(X,R) with ¢ > 0 and F = {log f,}>2, on X be

an almost-additive Bowen sequence. Then

Py (F,XP) = inf{f € R : limsup Z flo@)e 5 ®) < o0},
T—o0 per
T<s€i|¢(w)

In particular, the definition of Py(F,XE) is independent of the choice of
n > 0.

Lemma 2.2. Let (X,0) be a topologically mizing countable state Markov
shift, and let F = {log fn,}>>, be an almost-additive Bowen sequence on 3
with sup f1 < 0o, ¥ € H(X,R), 1 > 0 with supy < oo. Then for every € R,
FB = {log f(w)e PV s an almost-additive Bowen sequence on ¥ and

Py(FP 5P) i= lim — log 7 i (@)e P
nmeen weEp”
|w\:n

exists; it is not minus infinity and
Pu(FP, 50
=sup{h,(c /fﬁ Jdv v e M and /]—"ﬂ Jdv # —oc0}

= sup{h, (o /f du-5/¢du ueMand/f )dv # —oo},

where F(w) := lim Llog f,(w)e ¥ f (w) := lim 1log f,(w).

Proof. Since F is a Bowen sequence on X, the bounded distortion property
(see [3]) shows for every ¢y € H(X,R) there exists a constant Cy > 0 such
that |Sj 1 (7) — S(v)| < Oy for all w € £ and 7,7 € [w]. Let g,(w) :=
fu(w)e P5¥@)  For each n € N, 8 € R, we have

B, :=sup{ gn((w,)> Lww € w = w; fori € {0,1,...n—1}} <ell%A,
gn W
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and
sup{B, :n € N} < MelPICy

So F¥ is a Bowen sequence on .

Since F is an almost-additive sequence on ¥ we have
fa(w) fn(o"w)eCem b ImbE) < () e P )
and
Frrm(W)e PSmtm@) < £ (W) £, (0"w)eC e Ao @) =ASmi(e"e),

Then F¥ is an almost-additive Bowen sequence on ¥ with sup fi(w)e %) <
00.
By [2,Theorem 3.1] and Birkhoff Ergodic Theorem [7], we have Py (F¥, 3rer)

exists; it is not minus infinity and
Pi(F7, o8y
=sup{h, (o) + /Ff(w)du [V E Mand/ff(w)dy # —o0}

=sup{h, (o) + /f*(w)du — ﬁ/w(w)dy :v € M and /f*(w)dy # —00}.

Corollary 2.3. Let » € H(X,R) with ¢» > ¢ > 0 and F = {log f,}>>, on

> be an almost-additive Bowen sequence. We have
Py (F,SE7) > inf{3 € R : Py(F7, 5F) < 0}. (5)
Proof. Let

B:={BeR:limsup »  fi@e P < oo},

T—o00
wezge’l‘

T<S‘w|¢(w)

For each 3 € B, it is easy to see that

1 _
lim supTlog Z flo(@)e P1¥@® <o

T—o0
w ezger

T< S| (@)

and we conclude that

1 _
li ] " — —ﬁS|w|’lﬁ(w) < 0.
1msupn og E Jiw|@)e

n—oo
wesker

|wl=n
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Otherwise, we assume that

lim sup — log Z fiw|(@ e A5 ®) = 94 > 0.
n—oo wezper
|w|:n

Then there exists a sequence {n;};en such that for each j € N

wGEpeT
jwl=n;

For sufficiently large T' > 0, let {ny, } C {n;} with S, (@) > T. We have

Z f|w|(w)e—55\w\w(w) > Z f|w|(w)e_ﬂslw\¢@ S Qo

wesher weskeT
T<S‘w‘1l}(w) |w|=ng

Since i — oo when T — oo, we conclude that

lim sup Z fol(@ e POl P (@) — 5
T—o0 p—
T<S| ‘w(w)

This shows (5) holds.

Corollary 2.4. Let (3,0) be a topologically mizing countable state Markov
shift, and let F = {log f,}22, be an almost-additive Bowen sequence on 3
with sup f1 < 0o, ¥ € H(3,R),v > ¢ > 0 with supyp < co. We have the map
B+ P(FP,¥Per) is strictly decreasing on int{3 € R : P;(FP,¥P") < oo} and

Py(F, X)) = inf{5 € R: Py (F’, £2) < 0} = sup{ € R : P1(F’, T2) > 0}.
(6)

In particular , if (3, o) is a subshift of finite type, then the map 3 — Py (FP, Xper)

is a strictly decreasing continuous map on R. Hence we conclude that Py (F, L")

’) ﬁi J 720, per —
( w( ), Ea ) — 0.

Proof. By the Lemma 2.1 we have

PL(FP, 2Py = sup{h, (o /f* Ydv— ﬁ/z/; S Mand/f*(w)dl/# —00}.
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Then for any (3,3, € int{3 € R : P1(FP XP") < 0o}, < Bo and 0 < € <

w, there exists p € M such that

sup(h (o) + [ fwldv— B [ vw)dv v € Mand [ f(w)dv 2 ~o0)
<hulo) + [ 1) 8 [ wwrdnt e
o) + [ )= 81 [ w@idnt e~ (G- 5 [v)dn
<o) + [ 1) =51 [ wiwrdn = (3~ 5 [ )i - 5)
< sup{h (o) + / Fuw)dv — By / P(W)dv v € Mand / fo(w)dy £ —oo}
~( = B ( [ w(wldu - 5).

Thus, the map 3 — Py (FP,XFer) is strictly decreasing. Since
inf{3 € R : P, (F°,2P") < 0}

>inf{# € R : limsup Z flo(@)e ™ P51¥®) < oo} (7)
T—o0 er

we have
inf{B € R : P, (F°,¥P) < 0} = inf{f € R: P, (F? 2r) < 0}
=sup{B € R: P (F7,2r) >0}.  (8)
Combining (7) and (8), we obtain (6).
If (3, o) is a subshift of finite type, obviously, for each 8 € R, Py (F?, ¥Per) <
00, we easily obtain the conclusion.
We denote by Cyx., := {K C ¥ : K is compact and o~ (K) = K} the set of

compact o-invariant subsets on . we say that the exhaustion principle holds
for Py, (F,XP"), if there exists a sequence { K, },en C Cs, such that

lim Py k, (Flk,, 26" N K;) = Py(F, X57)
where

« . 1 N
Po(Flie, B K = limsup log Y f@)1k ()
T—o0
wesPnK*,
T=n<S|,| Y|k @<T

and K* := {w € ¥* : [w|N K # 0}. Obviously, the conclusions of Theorem 2.1
and Corollary 2.1 are valid for Py k, (F|k,, XL N K}).
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Corollary 2.5. Let (X,0) be a topologically mizing countable state Markov
shift and and let F = {log f,}32, be an almost-additive Bowen sequence on
Y with sup fi < oo, ¥ € H(X,R),¢p > ¢ > 0 with supy < oco. We have the
ezhaustion principle holds for Py (F, X2).

Proof. Let § > 0, it follows from Corollary 2.2 that Py (FPu(F=a")=0, ¥pery >
0. By [2, Proposition 3.1], we have the exhaustion principle holds for Py (F?, ¥rer)
with 5 € R. There exists a subset K € Cy, , such that

P11k (}-(pw(f,zg”)ﬂs) |, 22" N K™)

]. per goe
=lim —log Y fu(@)e PeIEI0RE . (3) > 0.

n—oo 1,
weshe nK*
|w]=n

By Corollary 2.1 we have
Py (Flr, ZPTNK*) > inf{3 € R : Py x(F°|xc, TLNK*) <0} > Py (F, SP)—6.
Hence, for Py (F,¥P°") the exhaustion principle holds.

Proposition 2.6. Let (3, 0) be a topologically mizing countable state Markov
shift, and let F = {log f.}22, be an almost-additive Bowen sequence on 3,
e HE,R),¢p > ¢ > 0. Then Py(F,XP") is independent of the choice of
a€es.

Proof. It is sufficient to prove that

Py(F,Z67) < Py(F,Z7). (9)
Let T' > 0 be large. For each a,b € S, and w € X2 with T' < S),;1)(@), since
(33, 0) is topologically mixing, there exists

whi=(bywr, ..., wr 1) ,w = (a,wi, . ,w;g_l) e xF

such that wlww? € X, Let  := wlww?. Making a similar calculation of
2], we can find a constant C'y > 0, such that f, (@) < Cyfiu+2k(x). Since
1 is Holder continuous, the bounded distortion property (see [3]) shows there

exists a constant Cy > 0 such that

186 (@) = St (0™ )| < Cy, [BS)¥(@) — BSupp(c*z)] < |BICy
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for @, o*x € w], B € R.
Let Cy = inf Spip(v),Cr = inf Spi(vy), we have
YEW!] Y€w?]

T+ Cy+ Cy — Cy < Syt ()

and
e B8 Y(@) L olBI(C1+C2+Cy) o =B 1w P(2)

Thus, there exists a constant C' > 0 such that

S fu@)e @ < ¢ 3 Fo (@)@,

weshe” wesDer
<5 (@) T+C1+Cy—Cyy <8, % (@)

Therefore, we obtain (9).

3 Proof of Theorem 1.1

In this section, we will prove the variational principle of the induced Gure-
vich pressure of almost-additive potentials for a countable states Markov shift.
Our result is a generalization of the Gurevich pressure of almost-additive po-
tentials.

Firstly, we show

Py (F, EE) f G UV E ./\/land/f*(w)du # —oo}. (10)

> sup
M Td
By Corollary 2.1, for 8 > P, (F,¥P"), we have Py (F?,Xre") < 0. By Lemma

2.1 we have

0 >Py(F7, 52)

> sup{h, (o /f* du—ﬁ/wdy uEMand/f Ydv # —o0}

:sup{/@/)(w)d fl/}d qupdy -08):ve Mand/f*(w)du # —o0}

and we obtain (10).

Nextly, we prove

Py (F,¥5T) ff ‘v E /\/land/f*(w)du # —oo}.

<Sup{f@/}d f¢d
(11)
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By Corollary 2.3, there exists a sequence { K, },eny C Cx» such that
lim Py, (Fli,, 2o N Ky) = Py(F, Z57).

For each n € N, K, is the finite alphabet case. Combining Corollary 2.2 and
[2,Theorem 3.1}, we have

0 =Py, <fr7’w‘f<n Flw S0KD sper 1 )

=sup{h, (o /f* Jdv — Pyl i, (Flk,, 20" N K)) /wdy :
Ve MKnand/f*(w)dV # —o0}
Ssup{/@b(w)d fwd f§*¢dv ):v € Mand/f*(w)dy # —oo}

—73¢|Kn(.7:|Kn, XN K.
Then

Py(F,267) = lim Py g, (Flr,, 26 N KZ)

ff v an w)av —0o0
sup( 75 + L € Mand [ £ (o) 7 o)

Combining (10) and (11), we obtain (4).
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