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Abstract 

In this paper, the solutions of the equation               ,     in     where 

          and  
   

  
      in            ,                ,     are 

considered, the operator   is named the ultra –hyperbolic operator defined by   = 

 
  

   
  

  

   
    

  

   
  

  

     
    

  

     
    ,       is the dimension of Euclidean 

space      .We define the ultra –hyperbolic kernels     of higher order, then we get 

recurrence relations between    and    , we obtain also an estimation of    and     

related to the spectrum, then we show that    and    are bounded. A relation between    

and     under certain conditions on    is obtained. 
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1  Introduction  

The solutions of the equation 

                  , k    in   ,           (1.1) 

where   ∑
  

   
 

 
    were investigated in [1], Bessel potential of higher order were 

defined and recurrence relations between these solutions and these Bessel 

potentials are obtained. 

Now, the purpose of this work is to study the solutions of  

                                          (1.2) 

and we obtain an estimation of the solutions    such equation which is related to 

the spectrum and also of the ultra-hyperbolic kernels     .There are a lot of 

problems use the ultra –hyperbolic operator, see [3], [4] and [5].Then under certain 

conditions on   we obtain a relation between these solutions    and the solutions  

   of  

                   
   

  
     in          )                      (1.3) 

                                     , k    

 

2  Preliminary Notes 

 

Definition 2.1 Fourier transform take the form 

 ̂    
 

      ⁄
∫               

   

 (2.1) 

and its inverse 

     
 

      ⁄
∫         ̂     

    

 (2.2) 

See [2], [6] and [7]. 

Definition 2.2 let                    denote by             
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    and       the set of an interior of the forward cone, 

and  ,denotes the closure of  . 

Definition 2.3 let       is the spectrum of      and  

      
 

      ⁄  ∫ ∫     
 

  
     || ||

 
          d  dt (2.3) 

where    is called ultra hyper-bolic kernel (of order  ).   

 

Definition 2.4 Bipoolar coordinates  

Let                             ,  

and 

                                       ,  

where 

∑   
  

     1   and ∑   
    

      1 where                         , and  

    ,      are the elements of surface area of the unit sphere in      ,     

respectively, and we suppose 0   r  R and 0   s   L where R and L are constants. 

  

3  Main Results  

3.1 The solution    

                 in     (3.1) 

 

The Fourier transform of (3.1) is            

    ̂  
 ̂

  || ||
  (3.2) 

where  

|| ||
 
= ∑   

  
    ∑   

    
          

and its inverse Fourier transform   is 

   
    

    
 

 ⁄
   (3.3) 

where 
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  ̂=
 

   || ||
  (3.4) 

and 

      
 

      ⁄  ∫ ∫     
 

  
     || ||

 
         d  dt (3.5) 

where    is called ultra hyperbolic kernel  (of order one) ,       is the spectrum 

of     , and the estimation of     is 

|     |  
 

      ⁄
     ∫ ∫∫                 

 

 

        

 

 

 

 

       
 

           =
 

      ⁄                                                                                 (3.6) 

where   

    ∫ ∫ ∫         
 

 

 

 

 

 
                         ,    

  
 
 

  
 

 
 
  and    

  
 
 

  
 

 
   

                                                                                                                            (3.7)                                                                               

Thus for any fixed t   o,      is bounded. 

Also, 

       
 

    
 
 

∫               
 

 (3.8) 

                                                                                                                

  |     |  
 

    
 
 
∫ |       |  
 

 
 

    
 
 

|  |  

                
 

    
 
 

 

    
 
 

          
 

     
          

(3.9) 

Where     ,           are defined in (3.7) and   

∫ |    |   
 

     (3.10) 

i.e.    is bounded. 

 

3.2 The solution   . 

At first we consider now the PDE 



S. Abdel - Rady, S.Z. Rida and H.M. Abo El - Majd 93 

-              in     (3.11) 

Which is equivalent to the system   

                

                         
(3.12) 

Applying Fourier transform, we get 

                          || ||
 
)   ̂    ̂ 

  ̂    
 ̂

   || ||
 
  

,           
      

       
 
 

   ,    
       

       
 
 

  ,  

       
      

       
 
 

 

(3.13) 

Where     and    are given in (3.5) and (3.8) respectively. So we have for 

estimation of       

                    
       

       
 
 
    

 

       
 
 
∫               
   

Where        is called ultra –hyperbolic kernel of second order,      is the 

spectrum of   . 

Then we can find |     |  by using bipolar coordinates, where 

                       , and     and     are the elements of surface area 

of the unit sphere in      and     respectively. Then using (3.6) and (3.7), we 

obtain 

 |     |  
 

    
 
 
∫ |             |   
 

                                                                

        
 

    
  
 

  
   

   
 ∫ ∫             

 

 

 

 
 

 

    
  
 

  
   

   
   

 

Where     ,           are defined in (3.7) and   
  

 

  

  . Thus for any fixed 

t   o,    is bounded. 

Or  

  ̂   
 

   || ||
 
    

      
 

      ⁄  ∫ ∫       || ||
 
          

  
             , 
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|     |  
 

    
 
 

        

Where 

   ∫ ∫ ∫                  
 

 

 

 

 
 

 

               (3.14) 

And for the estimation of     we have                                                  

         
 

    
 
 
∫            
 

                                                 

|  |  
 

       
 
 

∫ |           |
 

  
 

                     
 

        
   

   
              

or 

     |  |   
 

     
        (3.15) 

Where    ,              and   are defined in (3.7), (3.14) and (3.10) 

 

3.3. Recurrence relations  

Theorem 3.3.1 

                                                                   

is given via  

  ̂   
        ̂

   || ||
 
      

               

    
 

 ⁄          ,                                                                  (3.16)                                                                                                    

where  

  ̂   
 

   || ||
 
          and   || ||

 
    is defined in  ( 3.2)                                                                                                                                                                                                                   

Proof.  

The formula  

                                    ̂   
        ̂

   || ||
 
    , 

was  shown for k = 1 , 2. Let (3.16) be true for some k .  In order to prove that  
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    ̂   
      ̂

   || ||
 
    

 (3.17) 

holds for the solution to the equation  

                (3.18) 

This equation is written as equivalent system  

             

                
(3.19) 

Using (3.16), we get  

    ̂   
             ̂ 

   || ||
 
  

  
          ̂ 

   || ||
 
  

 (3.20) 

But since            

    ̂   
 ̂

   || ||
 
  .  Then,       ̂   

      ̂

   || ||
 
                                                                                      

So  we get our result.  

Also we note that   

              

    
 

 ⁄
    since    ̂   

        ̂

(  || ||
 
)
   =    ̂  ̂  where   ̂ =

 

(  || ||
 
)
    ,  

and  from  properties of Fourier transform            
 

 ⁄  ̂  ̂ . 

 

Theorem 3.3.2 

                                        is uniquely solvable by  

(i)     
        

    
 
 

  for      and       
        

    
 
 

  for      

More over, if       

(ii)                         for          

(iii)    
       

    
 
 

 

Proof. 

Since        ̂  
        ̂

   || ||
 
       Can be written in the form     
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    ̂  
        ̂

   || ||
 
    

  
    

   || ||
 
 
    

 

we get for all     

    
        

    
 
 

 

Also since  

   ̂  
        ̂

   || ||
 
    

  
     

   || ||
 
   

We get for all     

   
        

    
 
 

 

Thus (i) is proven. Similarly, since  

  ̂  
            ̂

   || ||
 
      

         ̂

   || ||
 
  

  
       

   || ||
 
      

So 

                  

    
 
 

  , and                

    
 
 
 

Thus we get  

                       

where        , and thus (ii) is proven. 

From properties of Fourier transform               
 

 ⁄   ̂  ̂     ̂  ̂    
      

    
 

 ⁄
 , 

we obtain 

  ̂  
 

   || ||
 
  

 
 

   || ||
 
    

  
 

   || ||
 
  

     ̂ .   ̂ 

   
       

    
 

 ⁄       and  then             
       

    
 

 ⁄          

Thus (iii) is proven. 

 

 3.4. Estimation of       

It holds 
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  |  |   
 

    
 
 

       
      

      
      

 (3.21) 

or 

|  |  
 

    
 
 

        ,     (3.22) 

where          are defined in (3.7),   
  

 

  

   , ∫ |    |
              and  

   ∫ ∫ ∫                   
 

 

 

 

 

 
               ,       (3.23) 

We have, 

|  |  
 

    
 

 ⁄
             |  |  

 

    
  
 

  
   

   
    

Let (3.21) is true for some  . We prove now that 

|    |   
 

    
 
 

        
      

      
      

 

Proof. 

     
     

    
 

 ⁄
 

 

    
 
 

∫   
 

            
 

Then 

         |    |   
 

    
 
 

       
      

      
      

  

Thus we get the result (3.21). Also from (3.16) we get 

          
 

    
 
 
∫ ∫        (  || ||

 
)
 

            
 

    

So                                   

|  |  
 

    
 
 

    ∫ ∫ ∫                   
 

 

 

 

 

 
                

                                            
 

    
 
 

        

Thus for any fixed t   o,    is bounded  

Now we consider the problem  

            

or equivalent 
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                           (3.24) 

Then  

    
 

    
 
 
∫    

                      

|  |   
 

       
 
 

              |  |   
 

       
 
 

    
   

 
  

     

 

3.5. The estimation of       

We now prove that  

  |  |  [
 

       
 
 

]

  

  
      

    
  

                   
(3.25) 

or         

|  |  
 

        
        

where               are defined in (3.7), (3.23),   
  

 

  

   and ∫ |    |
        

Proof. 

Let (3.25) is true for some  , we prove for     

      
 

    
 
 

∫   
 

            
 

|    |  
 

    
 
 

|  ||     |      

|    |   
 

       
 
 

       
      

    
  

       

 

Then 

 |  |   
 

       
 
 

       
      

    
  

         
 

 is true for all     . Or  

            

Which equivalent                                   ;                                                                                       
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 ⁄  

      
       

    
 

 ⁄
∫   
 

            (3.26) 

  ̂  
 

   || ||
 
    

      
 

      ⁄  ∫ ∫        
 

  
   || ||

 
                 

|     |  
 

    
 
 

       (3.27) 

From (3.26) and (3.27) 

|     |  
 

     
       ∫       

   

 
 

     
         (3.28) 

 

3.6. The relation between    and     under certain conditions on    

Consider now the ultra-hyperbolic equation (3.24) for the solution    and            

   
   

  
      in            ,                                         (3.29)    

Where  

        , k    ,        ;   
       is the Laplace transform with 

respect to time t , 

i.e.  

  
       ∫     

 

 

                    

Theorem 3.6.1 

        
       

Where    and    are the solutions of (3.24) and (3.29) respectively.  

Proof. 

We perform Laplace transform w.r.t. time t for (3.29), we get  

   
       ∫     

 

 

             ∫     
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when  

               
       , we get  

               

 

3.6.1 Estimation of                

   |       |   
 

       
 
 

       
      

    
  

               
  

Or 

|        |
 

       
  
 

  
   

 
             ,   

where                 are defined in (3.7), (3.23) and          

     ∫ ∫   (     ) 

 

 

 
                         

Proof. 

Since 

          
       

       
 
 

       
 

then using (3.3),(3.5)and (3.8) we get 

   
       

       
 
 

∫ ∫ ∫     (  || ||
 
)         

             

 

 
  

 

where   is the spectrum of       . Since      
 
 ,then  

        
       

       
 
 

∫ ∫     || ||
 
         

  

           
 

Then by changing to bipolar coordinates 

        |       |  
 

      ⁄      ∫ ∫   (     ) 

 

 

 
                

    ×|       |    ∫ ∫             
 

 

 

                 

         
 

      ⁄          |       |       
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      ⁄   
   

      |       |  

So using (3.25) we obtain the result. 

 

4  Conclusion 

We find the solutions of the equation (1.1). We define the ultra –hyperbolic 

kernels kE  of higher order, then we get recurrence relations between ku  and  

kE , we obtain also an estimation of ku  and kE  related to the spectrum, then we 

show that ku  and kE  are bounded. A relation between  and of (3.29)  

under certain conditions on kf  is obtained. 
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