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2 Optimal control of some degenerate pseudo-parabolic variational inequality

1 Introduction

We shall study the optimal control problems governed by nonlinear pseudo-

parabolic equations of the form:

% + Ay + B(y) © Bu a.e in Q, 0
M1/2y(0) — M1/2y0,

with the state constraint

F(y)cS. (2)

The pay-off functional is given by

Liy,u) = / l9(t.y) + h(u)ldt, 3)

where Q = Q x (0,7),92 C R, is a bounded domain with smooth boundary.
For the data in (1)-(3), we have the following assumptions.
(H1) M is a nonnegative selfadjoint operator in H = L*(Q) with D(M) C
D(A+ ().
(H2) V' C H is a real Hilbert space such that V is densein H and V. C H C V'
algebraically and topologically, where V"’ is the dual of V. Further, the injection
of V into H is compact.
AV — V'is a linear continuous and symmetric operator from V to V'

satisfying the coercivity condition
(Ay,y) 2w |y [l +o |y 5 forally eV, (4)

where w > 0 and o € R.

(H3) g is a maximal monotone graph in R x R with 0 € 3(0). Let ¢(y) :
H — R = (—00,400] be the lower semicontinuous convex function defined by
o(y) = JoJ(y)dz, where j : R — R is such that 95 = 3. Moreover,

(Ay,Bc(y)) >0 Vye D(A), e>0, (5)

where B.(r) = e '(r — (1 +¢€B)"'r) for all € > 0,7 € R. For every £ € 3, there

exists a constant ¢ > 0 such that

| €(u) [< e+ [uP*),0<p <2/(N=2)if N>2,0<p<+ooif N=1,2.
(6)
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(H4) B is a linear continuous operator from a real Hilbert space U to H.
The norm and the scalar product of U will be denoted by | - |y and (-, ),

respectively. Let H be a real Hilbert space with the inner product (-,-) and

the norm | - |.

(H5) Let Z be a Banach space with the dual Z* strictly convex. S C Z

is a closed convex subset with finite codimensionality (cf.[22, 4, 5]). F :

L?(0,T;V) — Z is of class C*.

(H6) The functional h : U — R is convex and lower semicontinuous (I. s. c),

such that
h(u) > ¢ |ulf +co, Vuel,

where ¢; > 0,¢c € R.
(H7) ¢ : [0,T] x H C R™ is measurable in ¢, and for every § > 0, there exists
Ls > 0 independent of ¢ such that g(¢,0) € L>°(0,T) and

L g(ty1) —g(ty2) IS Ls | vy — w2 lg forallt € [0,T], |y1 |lu+ | y2 |6< 0.

Remark 1.1. From a perturbation theorem for m-accretive operators ([8]
Lemma 5) and (H2), (H3), we easily know that A+ 0j is m-accretive in H x H,
we may write (1) as

@+ 9p(y(t)) > Bu ae t € (0,T),

1/2 1/2 (7)
M y(O) =M Yo,

where o(y) = 3(Ay,y) + ¢(y), y € V.

Remark 1.2. M is not necessarily invertible and initial condition should not

be given in the form
y(0) = yo.

Since the continuity with respect to t of the solution y(-,t) can not be expected.

As we know, by Barbu [19, 20] (see Chapter 4) and Theorem 1 of [17], we
easily obtain.
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Lemma 1.3. Let (H1) — (H4) hold. Then, for any yo € D(M)NV, u €
L*(0,T;U), (1) admits a unique solution y(z,t) satisfying

y € L>(0,T;D(M)NV), My, M'?ye AC([0,T]; H),
(d/dt)My, (d/dt)M?y e L*(0,T; H).

Our optimal control problem is stated as follows.
Problem (P). Find a (g,u) € Auq such that

L(y,u) = inf L(y,u). (8)

(y,u)€Aad

Here Auq = {(y,u) € (L>(0,T; D(M)NV) x L*(0,T;U))| y is the solution
of (7) with (2) }. Any u(-) € A.qg satisfying (2) is called an optimal control,
and the corresponding y(-) = y(+; u) is called an optimal state. The pair (y, u)
is called an optimal pair.

(1) cover cases of the following type: surface waves of long wavelength in
liquids, acoustic-gravity waves in compressible fluids, hydromagnetic waves in
cold plasma, acoustic waves in anharmonic crystals, etc. The wide applicabil-
ity of these equations is the main reason why, during the last decades, they
have attracted so much attention from mathematicians. Recently, some op-
timal control problems governed by pseudoparabolic equations have already
been discussed. Linear optimal control problems for pseudoparabolic equa-
tions were considered by S. I. Lyashko [21, 15, 7, 18, 12, 13, 9]. However, these
problems studied in [15, 7, 18, 12, 13, 9] do not involve state constraints and
maximal monotone graph. On the other hand, optimal control governed by
some parabolic variational inequalities (cf. [11, 14, 10, 3, 23, 19, 20, 1]) have
already been discussed. Li and Yong [22] studied the maximal principle for op-
timal control governed by some nonlinear parabolic equations with two point
boundary (time variable) state constraints. In Cases’ work [2], the state con-
straint was considered, but the state equation did not involve monotone graph.
He [25] studied the optimal control problems involving some special maximal
monotone graph (Lipschitz continuous) with state constraint. Wang [4, 5] also
discussed the optimal control problem governed by the state equation involv-
ing some maximal monotone graph. Xu [24] have established the maximal

principle for optimal control to problem (P) under the following conditions on
M and A + 5:
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D(M) C D(A+ B) and M has the bounded inverse.

The present work in this paper is concerned with the optimal control prob-
lem governed by the pseudoparabolic equations where the operator M is not
necessarily invertible. The method in [4, 5, 19] can not be used directly. The
methods which be used primarily here are the theory of m-accretive operators
in a Hilbert space. Especially the properties of subdifferentials will play an
essential role in the approximating control process.

The plan of this paper is as follows. Section 2 gives an approximating
control process. In section 3, we state and prove the necessary conditions on
optimality for the problem (P).

2 The approximating control process

Let (y*,u*) be optimal for the problem (P). Then

d]\gty* + Ay* + 0¢(y*(t)) 2 Bu* a.e t € (0,T), ©
MV (0) = My,

with
F(y*) e s,
and
L(y*,u*) =inf L(y,u) over (y,u) € Auq.

Now consider the following approximating equations for (7):

(e+M)% + C.JMy = Bu a.e in Q, (10)
y(O) = Yo,
where C = 9p,C. = ¢ 1 (I — J°) and J© = (I + C)~ .

In virtue of (H1), for every fixed ¢ > 0, it is seen that the operator
P(t) = (e + M)~*C.JM is locally Lipschitz continuous in H and the map-
ping t — P.(t)y is strongly continuous on [0, 7] for every uw € H. Then we
easily obtain that any yo € D(M) NV, u € L*(0,T;U), (10) has a unique
solution W2([0, T|; H) N C([0,T); H) N L*(0,T; V) and dMy/dt = M(dy/dt).

We also have the following result on (10).
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Lemma 2.1. Fore > 0 gwen, u, € L*(0,T;U),u,, — @ weakly in L*(0,T;U).
Then there ezists some subsequence of {y,}, still denoted by itself, such that
Yn — 4 strongly in C([0,T]; H), where §,y, is the solutions of (10) correspond-

ing to u and u,, respectively.

Proof. Multiplying (10) by Jy,,(t) and using the selfadjointness of M, we see

d

(), T yn () + 7 | M2y (8) 2 +2(CeT M yn(8), T yn (1))
= 2(Buy, M yu(1)).

From the identity JMw = eC.JMw + JC JMw yields

d d
o | T 20,0 P | M2 (e) 2 e | ColMya(t) 12 e | IETY )
1 1
<clunlf ‘I'ZE | CeTMyn(t) 7 +ZC | JeCJeMyn(t) %,

where M, = ¢ 1(I — JM). Tt is well known that M, is m-accretive on H and
Lipschitz continuous with 1/¢ as a Lipschitz constant and | M.y |<| M% |
with M.y — M%y as ¢ — 0 for every y € D(M). For an m-accretive operator
M, My(y € D(M)) is closed and convex; so My has a unique element of the
least norm which is denoted by M%. Integrating the above inequality from 0

to T, we see

€ | (JgM)l/zyn(t) %([O,T];H) + | Mel/Qyn(t) |C([0,T];H) (1)
+€? | CeJeMyn(t) |L2(0,T;H) + | JECJeMyn |L2(0,T;H)§ C.

Multiplying (10) by JMy/ (t), we see

d
e(yn(t), Ty (0)+ | MYy, (t) [ 20 (J (1)) < (Bun, My (#).

Here we have used the fact (CeJMy,(t), JMy, (1)) = Lo (JMy,(t)), thus

, d
e(yn (), Ty (0)+ | M2y () P+ o (T ya(1)

1
< e[ ()2 Bug | +e | ()24, 0)
1
< clun e | ()20 |

Integrating the above inequality from 0 to T, and ¢, is Fréchet differentiable

on H(see [4]), we see

e | (I 2y () [arn + | MYPYL(0) 2o +o(JMya(t) < e (12)
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On the other hand, from (4) and (H3), we get
c| JE Ty () P< @IS T yn(1)) < @(JMyu(t)) for any t € [0,T].  (13)

and
| Ty (t) |< € | CedMyn(t)) | + | JETM ya(t) | - (14)

This implies
T
€| yn(t) |20mm) < E/ (o (&), TNy, (8))dt+ € | M2y (1) [r20mm< . (15)
0
Multiplying (10) by M.JMy,(t), we see
d
2e(yl, (1), McJMy, (1)) + 7 | Meyn(t) |* +2(Ced Myn(t), MMy, (1))
= 2(Buy,, M. JMy, (1)), (16)

thus
d d
6% | M1/2J5Myn(t)) |2 +% | Msyn(t) |2§ ct | Msyn(t) |27

Integrating this inequality over (0,¢],¢# < T and using Gronwall’s inequality,
yields
| Meyn(t) |L2(0,T;H)§ C V t S [O,T] (17)

Hence we get
| 9a(t) |< €| Meya () | + | T ya(t) [ ¢ YVt €[0,T]. (18)
From (H2) and (H3), it follows that
| CeTMyn(t) |20, <

then in view of (10) and the above inequality give

d
| M= ynt) l20mm= ¢, (19)
which implies
| My,(t) |<c forallte|0,T], (20)
and J
| —yn() L20mm< e (21)

dt
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For every m,n > 0

d d
€7 | Um = v 2 += | MYy, —y) |* +2(CT™ (Y = Yn) s Ym — Yn)

SC|Um_un|?]+€|ym_yn|27

by some calculations, we see

1 W — )(0) [2 4 | M2 (01— ) (0) P + / | o — ) |2 dr

t
gc/ | Uy — Uy |7 d7 for all t € 10,T).
0

Hence {M'/?y,} and {y,} are Cauchy sequences in C([0,T]; H) N L?(0,T; H).
By (H2), then there exists a function § € C([0,T]; D(M*?)) such that as

n — oo

yn =y strongly in C([0,T]; H),
MY2y, — MYy strongly in C([0,T]; H).

This completes the proof. Il

Next, we recall the approximation ¢¢ of g and h¢ of h as follows. For the
details, we refer to [4, 5, 6, 19]. Let

G (ty) = / glt, Pyy — eAws)p(s)ds, >0
R

where p is a mollifier in RN, N = [e7!]. Py : L* — Xy is the projection of
L?(Q2) on Xy which is the finite dimensional space generated by {e;},, where
{e;}32, is an orthonormal basis in L*(Q). Ay : RY — Xy is the operator
defined by Ax(s) = SN sieq, s = (51, - sn).-

Let h. : U — R be defined by

. | u—wv H%Q(O,T;U)
he(u):mf{ 5e + h(v) : UEU},€>O.

Now we define the penalty L. : L*(0,T;U) — R by

r 1 . 1
Le(u) - /0 [gs(t,ye) +he(u)]dt+ § | u—1u |%2(0,T;U) +W[€1/2 +dS(F(ye))]27
(22)
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where y, is the solution of (10). ds(F(y.)) denotes the distance of F(y.) to S.
The approximating optimal control problems are as follows:
(P€)  Minimize L.(u) over u € L*(0,T;U).
From Lemma 2.1, we easily obtain the following existence of optimal solu-
tions for (P€) (see [4, 5, 19]).

Theorem 2.2. Problem (P€) has at least one optimal solution.

The following results are useful in discussing the approximating control

problems.

Lemma 2.3. Let u. — u weakly in L*(0,T;U) as ¢ — 0. Then there exists a

subsequence {Yc}eso, still denoted it self
Ye =y strongly in C([0,T]; H),

as € — 0. where y. is the solutions of (10) corresponding to u. and y is the

solutions of (7) corresponding to w.

Proof. Rewrite (10) as follows:

(e + M)W 4 CJMy,(t) = Buc(t) ae in Q. (23
@/6(0) = Yo-

Multiplying (23) by JMy.(t), we see
2y (0), T U0 + | MY2y(0) [ +2(CeT M yele), (1)
= 2(Bu, JMy.(1)),
from the identity JMy.(t) = eCeJMy(t) + JE TMy.(t) and (H3) yield
(CeTMye(t), JMye(t)) = €| CedMye(t) [P +e | JETHye() 1,

thus,

d d
= | M Pyc(t) |2 e (e(®), S ye(t)) + 2€ | Cdye(t) [P +2¢ | IS ye(t)

1
< 1€ LI 2yet) e | (72 Buc [



10 Optimal control of some degenerate pseudo-parabolic variational inequality

Integrating the above inequality from 0 to ¢(t € (0,77), we have

| MPy(t) |corm< ¢ (24)
and
2| CaMye(t) lzran< e | IETHye(t) 1200 < (25)
which implies
| TMye(t) |2 omm < ¢ (26)

Multiplying (23) by JMy/(t), we see
d
(ye(t), Ty (0)+ | M2y () P+ o (T ya(1))
1
< (Bue, J'yl(1) < e | (JI)2Buc [ 3¢ | (T Pyl [”.

Here we have used the fact (CeMyc(t), JMy.(t)) = Lo (JMy.(t)).
Integrating the above inequality over (0,77, and ¢, is Frechet differentiable

on H(see [4]) we see

T
| MIPyL(t) |2 < ¢ o JMye(t) < e, e / (ye(t), Jye(1)dt < c. (27)
0
This implies
T
e | yl(t) |20 < € / (ye(t), JMye()dt + € | MYPYl(t) |2rm< e (28)
0
Multiplying (23) by M.JMy.(t), we see

2e(y(8), MoT M (0) + 0 | Mo (0) [ +2(CoT e (8), M (1)
= 2(Buc, M. JMyc(t)),
thus
22 (0) P+ M) P ] Bu P+ | Mal0) P
Integrating this inequality over (0,t],t < T and Gronwall’s inequality yield
| Meye(t) |< c. (29)
Hence we get

| 4e(t) |< €| Meye(t) | + | T ye(t) [< ¢ Yt €[0,T). (30)
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In view of (23) and (28), we finally obtain
| Myc(t) |2qorim< e | Mye(t) [< e Vi e[0,T]. (31)

For every m,n > 0, we have

d
(6myém - Eny2n7y€m - yen) + E | Ml/Q(yem - yen) ‘2 +(Cemt]€]\iyem

_Cen Jeﬂfyeym Yem — yﬁn)

1
S c | B(uﬁm - ufn) ’2 +ZE | yfm - yGn ‘27
Using the identities w = Jej\iw +en M., w for every w € H, etc., we see

(C JMyem - Ce JMyen: Yem — yEn)

= (Cep. IMye, — Cor My, JE My — JE Ty, )

+ (Cer My, — Cer Iy €mCer Iy — €,Ce, TMye,)
+ (Cemjxyem — C’enJej\fyen, emMe, Ye,, — €nMe, Ye,)

>c|JE TMye = JE TNy P —clem + €n)

> ¢ | Ye = Yeu |* —clem + €n).
Here using the estimate
| yEm - yEn |§| J%y€m - Jejy\?yﬁn | +€m | M€my€m | +€’I’L | MenyEn | ‘

From (28) and (30) we see

T
| / (Em?/ém - 6ny2n7y€m — Yo, )t | < 0(6%2 + 6;/2)'
0

Hence combining them, we get
t t
M =) Pt [ = Pds < [ ] G, = ) [ ds
0 0
+c(e? + €/,

Combining this with (H2), we know that {M'2y. } and {y.,} are Cauchy
sequences in C'([0,T]; H) N L?(0,T; V). Then there exists a function

y € C([0,T); D(M'?))

such that as n — o0o,¢, — 0,
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Ye, =y strongly in C([0,T]; H) N L*(0,T; V),
M2y, — MY?y strongly in C([0,T]; H). (32)

JMy., —y strongly in C([0,T); H), ey, — 0weakly in L*(0,T; H).
(33)
Note that
MY2JMy. — MYy strongly in L*(0,T; H), (34)

Indeed, we see

| MYV My, () — MYy 2 () <2 | MY2(TMy, (8) = e, ) () 2
+ | MY (ye, (8) = y(t) |?

= =20 (Me, ye, (), M, Ye, () — Mye, (t)+ | M2 (ye, (t) —y) |
< cent | M2 (ye, (t) —y) P— 0,

for all ¢ € [0, 7). In virtue of (28), (30) and (31), weakly closedness of d/dt and
0, it is shown that

dy., /dt — dy/dt weakly in L*(0,T; H), (35)
Mdye, /dt — Mdy/dt weakly in L*(0,T; H). (36)

Therefore, y € AC(0,T; D(M)) and dy/dt € L*(0,T; D(M)). We easily see
that y(t) € D(C) a.e. t € (0,T) and there exists a function £ € L>(0,7T; H)

such that as ¢, — 0,

C.. JMy., — & weakly star in L*(0,T; H),

€n“en

and &(t) € Oy(= Ay + B(y)) a.e. t € (0,T). From (32), we have M/?y(0) =
M2y, Thus letting € — 0 in (23), it follows that

dMy )+ Ay + £(t) = Bu(t) a.e in Q,
M1/2y(0) _ M1/2y0.
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Lemma 2.4. Let yo € D(M)NV,u € L*(0,T;U), then y. — y strongly in
C([0,T]; H) N L*(0,T;V) as € — 0. where y. is the solutions of (10) corre-
sponding to u and y be the solutions of (1) corresponding to u with the initial
condition M'/?y(0) = M'/?y,. Furthermore,

| MY2(ye = ) leqorsm + | Ye — Y lr20m.m < ce'/?. (38)

Proof. By the same argument in the proof of Lemma 2.3 we have y. —
y strongly in C([0,T]; H). We have for all € and A,

4 (eye — Ayn) + LD O) 1 0 gMy, (1) — CrJMyA(E) = 0 ae in Q,
Y(0) — yx(0) = 0.

(39)
Multiplying (39) by v.(t) — ya(t), we have
1/2 _ 2
e - L))
+2(Ced M ye(t) — O3 ya(t), ye(t) — ya(t)) = 0. (40)

From (H2), (H3) and (30), the third term of the left hand side of (40), using

the identities w = JMw + eM.w for every w € H, etc., we see
(CeTMye — CrIY Y, ye — )
= (CTMye = OrT 'y, JETMye = JE T yp)
+ (CeTMye = O yn, eCeT My = AC TV )
+ (CedMye — CrJY Y, eMeye — AMoy»)
>c | JOTMy, — JCTMyy > —c(e + N)
>l ye—uyn [P —cle+N).

From (28) and (30) we see

T
| / (eyl — A5, Ye — ya)dt |< (€2 + AV3).
0

Hence combining them, we get

T
] ]\/[1/2(3/6 —u) )P +/ | ye —ya |? ds < c(el/2+)\1/2).
0

Letting A — 0 in the above inequality, we get (38). O
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Lemma 2.5. Let u. be optimal for the problem (P¢) and y. be the solution of
(10) corresponding to u.. For e — 0, then

Ye — y. strongly in C([0,T); H) N L*(0,T; V).

uc — u, strongly in L*(0,T;U).

Ye be the solutions of (10) corresponding to u, y. be the solutions of (1) cor-
responding to w, with the initial condition M'/?y(0) = M/ ?y,.

Proof. For any € > 0, we have

[€/2 + ds(F(y.))].

L) < L) = [l () + hew )t + 7

By Lemma 2.3, y. — y, strongly in C([0,T]; H), We have

g°(t,ye) — g(t,ys) for all t € [0,T7,

and
he(ue) — h(uy).
So
T T T T
lim ge(t,ye)dt:/ g(t,y.)dt, lim hE(u*)dt:/ h(u,)dt.
e—0 0 0 =0 0 0

Similarly, By (38) and (H5

~—

, We see

1 1
Sl s (P < ol | F(u) ~F () 127 < e = 0 as e — 0
thus,
lim sup Le(ue) < L(u.). (41)
e—0

On the other hand, since {u,}o is bounded in L?(0,T;U), there exists u; €
L?*(0,T;U) such that, on some subsequence {€}., still denoted by itself, as
e — 0,

ue — up weakly in L*(0,T;U),

and so, by Lemma 11,

Ye — 11 = y(uy) strongly in C([0,T]; H).
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By (41), one can check easily that

1
m[ﬁl/z +ds(Fye))]” <c.

Thus, ds(F(y.)) — 0 as € — 0. Since S is closed and convex, F(y;) =
111% F(y.) € S. Since the function u — fOT h(u)dt is weakly lower semicon-

tinuous on L*(0,T;U), we see
liren_éonf Le(ue) > L(uy) > L(uy).
together with (41), yields
11_1)]% Le(ue) = L(uy).

Arguing as in the proof of Lemma 11, we have M2y, (0) — M'/?y,(0) in H.
Hence y; = 9., u; = u,. This completes the proof. Il

3 Necessary conditions on optimality

Let Og be the generalized gradient of y — ¢(¢,y) and dh be the subdiffer-
ential of h (see [4, 5, 19]). Y* = (H*(Q2))'+ V' is the dual of Y = H*(Q) NV
with s > N/2.

Firstly, we consider the Cauchy problem

(e + M)ddlte — Ape — Be(ye>pe — [F"(ye)]"6e = AV (t,ye) in (0,T),

pE(T) = 07
(42)
where 3¢ = (8. B = e {(I—(I+eB)7Y), B = [ [Be(r—e20)—B(—€20)]p(0)
+0.(0) and p is a C§° -mollifier on R.

Lemma 3.1. Problem (42) has a unique absolutely continuous function p. €
L30,T;V)NC([0,T]; H) with p. € L*(0,T;V"), such that

T
€| pet) [3 + | M72p(t) I3 +/ [ pe(t) [} dt < ¢ Y e>0, te0,T], (43)
0

/ | p5ﬁ€(y6) | dedt < ¢ ¥V e>0. (44)
Q
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Proof. From (H1)— (H3), 5(y.) > 0, it is see that C' = (e+M) " (A+[5(y.)) :
V' — V' is demicontinuous monotone operator that satisfies

(Cw,w)>w ||w|P +c Yw eV,

I Cw < e(1+ [ w [IP7),
where w > 0 and p > 2. It follows by Theorem 1.9" of [19] that (42) has a
unique solution p. € L*(0,T;V) N C([0,T]; H) with p. € L*(0,T;V"’). Multi-
plying (42) by p.(t) and integrating over [t, T|, we see

T
€| p(t) |2+ | MY2p (1) 2 +/ | pe(s) II2 ds < c.
t

Thus we obtain (43). Multiplying (42) by ((p.) and integrating on (), where
( is a smooth monotonically increasing approximation of the sign function such
that ¢(0) = 0. For instance
=6 = [ (60 =20) - G(-20)p(6).

where (\(r) =7 |7 |7 for | 7[> A\, (r) = A r for |7 |< A, and pis a C°—
mollifier. Then (Ap.(t),(pe(t))) > 0, therefore,

/ By )C (po)pedadt < / V0 (1 )C (o) | dadt, ¥ € > 0.
Q Q

Then, letting ¢ tend to the sign function, we get (44). ]

We state the main results of the necessary conditions on optimality as

follows.

Theorem 3.2. Suppose that (H1) — (H7) hold. Let (y.,u.) be an optimal pair
of problem (P). Then there exist the function p € L>=(0,T; H)NL*(0,T;V)N
BV([0,T];Y"), the measure p € (L°(Q))" and \g € R, & € Z* satisfying

My~ Ap — ~ [P € I(0.T; H), (45)
SMp(t) — Ap(t) — p = [F'(y.)]"60 € Aodyg(t, y.) a.e.in (0,7), (46)
M'?p(T) =0,

(o,w— F(y,)) <0 for all w e S, (47)
B*p € M\gOh(uy)(t),a.e. t € (0,T), (48)

(Ao o) # 0. (49)
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Proof. Since (y., u.) is optimal for problem (P€), we see
L€(ug> > Le(ue) fOT any p > 07U S L2<07T7 V>7

Here u? = u. + pv. Thus

> 0. (50)

By some calculation, we have
i [ 9y — gt ye)
im
=0 Jg P

where 2. € C([0,T]; H) N L*(0,T;V) N WY2([0,T]; H) is the solution to the

linear equation

T
_ / (Vg (L y.), 22)dt,
0

(e+M)% 4+ Az + 3(y.)z = Bv in (0,7T), 651

2(0)=0

Thus, we also have
T T
A [ zdde+ [ (TR, 0)de] + (6 F (w2
0 0

> /0T<u* — U, V)dt. (52)

where

N £L/? _{V%W@W,UF@ﬂ¢&

Cds(Fye) +€/27 > ) 0 otherwise,

and & € ddg(F(y©)). Since S is convex and closed, we see

1, if Fly) ¢ S,
H&M@{ if F(y) ¢

0 otherwise.

and

1< | &2 2

Thus, we see

Ae = No, & — & weakly in Z7.
It follows from lemma 2.5 that y. — v, strongly in C([0,T]; H) N L*(0,T;V).
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Now, since {Ap.} is bounded in L2(0,T; V") and 3°(y.)p. is bounded in
LY0,T; L)), [F'(ye)]*¢ is bounded in L*(0,T; V'), we may infer that {p.} is
bounded in L*(0,T; L'(Q)+V") and so, {(e+M)p.} is bounded in L*(0, T; Y*).
Since the injection of H into Y* is compact and the set {p.} is bounded in H
for any ¢ € [0,7]. By the same arguments as those in [19, 4, 5], there exists
p e L>([0,T]; H)N L*(0,T; V)N BV ([0,T];Y*) and p € (L*°(Q))* such that,

on some subsequence ¢, still denoted itself
pe(t) — p strongly in Y™, V t € [0,T].

Here BV ([0, T]; Y*) is the space of all Y*-valued functions p : [0,7] — Y* with
bounded variation on [0, 7).
On the other hand, by (43) we see

pe — p weakly star in L(0,T; H), weakly in L*(0,T;V). (53)

Note that V — H is compact, for every A > 0 there is 6(A) > 0 such that

| pe(t) = p(t) 2=l pe(t) — p() [lv +0(A) || pe(t) = p(t) [Iy- V¢ € [0,T].
This yields
pe — p strongly in L*(0,T; H), (54)
and
pe(t) — p(t) weakly in H Y t € [0,T]. (55)

Moreover, by (44) we infer that there is p € (L*°(Q))* such that, on some
generalized subsequence e,

B(ye)pe — 1 weakly star in (L*=(Q))%, (56)

Vg(t,y.) — n weakly star in L>(0,T; H))*, n(t) € dg(t,y.) a.e. t € (0,T).
(57)
Since F is continuously differentiable from L?(0,T;V) to Z,

[F'(ye )" e — [F'(y.)]*&o weakly L*(0,T5V").

From (43), we infer that | (e + M)Y2p(T) |*= {(e + M)p(T),p(T)) = € |
p(T) |2+ | MY2p(T) |2< c. Together with (55), we obtain

(e + M)V 2p(T) — MY?p(T) in H.
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Now letting € — 0 in (42), it follows that

SMp — Ap =~ [P € I¥(0,T; H), (53)
EMD0) = Aple) = = (P0G € Mot e in (O.T),
M'2p(T) = 0,

It follows from (51), (52) and (42) that

T T T
_ / (B*po, o)t + A, / (Vhe(us), v)dt > / (s — g, V),
0 0 0
for all v € L?(0,T;V). By lemma 2.5, u. — u, strongly in L?(0,T;U), it
follows
T T
/ (Vhe(u.), v)dt — / (VC(t), 0)dt, C(t) € Oh(u.) ae. in (0,T),  (60)
0 0

for all v € L?(0,T;V). Thus,

T T
—/ (B*p,v)dt + )\0/ (C(t),v)dt >0 for all v € L*(0,T;V).
0 0

Since & € dds(F(y.)), we get (§,w — F(y.)) <0 for all w € S.

Now we claim that (A, &) # 0. Indeed, if Ay = 0, we have that {& }c~o
is bounded in Z*. By (H3), S has finite codimentionality, so dose S — F(y*).
Thus it follows that & — & weakly in Z* and

(&0, w — F(y*)) <0 for all w € S. (61)

Finally, if (Ao, p) = 0, it follows from (59) that u + [F'(y*)]*¢ = 0. So in
the case that p ¢ R([F'(y*)]*), we must have (A\,p) # 0. This together with
(58), (59) and (61) completes the proof. O

Example 3.3. Consider the initial-boundary vary value controlled system

CANBEED (1 Ay, t) + Byl 1) 3 Bu(e, ) in @ x (0,T),
Zy(z,t) =0 on 9Q x (0,T), (62)

(=) 2y(2,0) = (=A) 2y, in Q,
where Q C RV be a bounded domain with smooth boundary.

yo €W ={y € H*(Q) : %y(m,t) =0 a.e. on 00}, ((-)

satisfies (H3). Thus, the results of Theorem 3.2 remain true. O
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