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Coefficient Inequality for Certain New Sub-
classes of Analytic Bi-univalent Functions
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Abstract
In this paper, we investigate two new subclasses of the function X
of bi-univalent functions defined in the open unit disc. In this work,
we obtain bounds for the coefficients |ag| and |ag| for functions in these

new sub-classes.
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1 Introduction and Definitions

Let A denote the class of functions f(z) of the form

f(z) :z+2anz" (1)
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which are analytic in the open unit disc U = {z : |z| < 1}. Further, by § we
shall denote the class of all functions in A which are univalent in U. It is well

known that every function f € S has an inverse f~!, defined by

ffR) =2 (z€U)
and  f(f7H(w)) = w{w] <ro(f)iro(f) = 1/4}

where [~} (w) = w — agw? + (2a3 — az)w® — (5ajy — bagas + ag)w* + . . ..

A function f(z) € A is said to be bi-univalent in U if both f(z) and f~!(2)
are univalent in U [see [5]].

Let 3 denote the class of bi-univalent functions in U given by (1) Brannan
and Taha [6] (see also [7]) introduced certain subclasses of the bi-univalent
function class ¥ similar to the familiar subclasses. ¢*(a) and K(«) of starlike
and convex functions of order o (0 < a < 1) respectively (see [8]). Thus,
following Brannan and Taha [6] (see also [7]), a function f(z) € U is the class
0% (a) of strongly bi-starlike functions of order o (0 < av < 1) if each of the

following conditions is satisfied:

2.rn /
fex larg (Z / (j;’/—(l—zjf(Z)N <a77r O<a<l,zel)
2 .1 /
arg (wg (Z;/?wl;g(w>>‘<% O<a<l,wel)

where g is the extension of f~! to U. The classes §%(a) and Kx(«) of bi-starlike
functions of order o and bi-convex functions of order «, corresponding to the
function classes 6*(«) and K(«), were also introduced analogously. For each
of the function classes 6% () and K¥(«), they found non-sharp estimates on
the first two Taylor-Maclaurin coefficients |as| and |as| (for details, see [6, 7]).

The object of the present paper is to introduce two new subclasses of the
function class ¥ and find estimates on the coefficients |as| and |ag| for functions
in these new sub-classes of the function class 3 employing the techniques used
carlier by Srivastava et al. [5] (see also [6, 7, 8]).

In order to derive our main results, we have to recall here the following

lemma [12].

Lemma 1.1. If h € P, then |cx| < 2, for each k, where P is the family of
all functions h analytic in U for which Re(h(z)) > 0.

h(z)=1+cz+c?+es2®+--- forzelU
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2 Co-efficient Bounds for the Function Class
BZ(&a >‘7 :u)

Definition 2.1. A function f(z) given by (1) is said to be in the class
Bs:.(a, A\, ) if the following conditions are satisfied:

_ Mz f"(2) + A+ X — )22 ' (2) 4+ 2 f'(2) am
fex:|org [Au22f'f<z>+<A—u>zf'<z>+<1—x+u>f<z>}‘ <% @
0<a<1,0<u<A<1,z€0)
and
arg [Aﬂw?’ 9" (w) + A+ A = Ww?g"(w) +wg } ‘ 0‘7 (3)

"(w)
Aw?g" (w) + (A — pwg' (w) + (1 — X + p)g(w)
<p

0<a<1,0 <A< lL,weU)

where the function g is given by
g(w) = w — ayw® + (2a3 — az)w® — (5a3 — bazas + ag)w* + - - (4)

We note that for p = 0, we get the class Bx(a, \) which is defined as

follows:

A2 f"(2) + 2f'(2) am W<l
fex arg L\zf’(z)%—(l—)\)f(z)H< 5 0<a<lzelU) (212
and
Aw?g" (w) + wg' (w) ar o< lw
fex, larg [)\wg( )+(1—)\)g(w)” < 5 O<a<l,welU) (2.1.3)

We begin by finding the estimates on the coefficients |az| and |as| for func-

tions in the class By (a, A, 1).

Theorem 2.2. Let f(z) given by (1) be in the class Bx(a, A\, p), 0 < a <1
and 0 < p < A <1, then
2c0
laz] < VAol 42X — 24 62u) + (1 — 3a) (1 + XA — p+ 2Au)?

()

and
402 a

1+)\—,u+2)\,u)2+(1+2)\—2p+6)\,u)'

(6)

las| <
(
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Proof. We can write the argument inequalities in (2) and (3) equivalently as

follows:
Azt f"(z) + A+ A = )2 f"(2) + 2f'(2) _ e
M)+ - el )+ i) PO
and
Apw’g” (w) + (A + A — pw?y”(w) + wg'(w) g(w)]". (8)

Mw?g"(w) + (A = pwg'(w) + (1 = A+ p)g(w)
Respectively, where p(z) and ¢(w) satisfy the following inequalities Re(p(z)) >
0, (z € U) and Re(q(w)) >0, (w e U).

Furthermore, the functions p(z) and g(w) have the forms,

p(2) =14 piz+p22® +p32® + -+ 9)

and
q(w) =1+ qw + gw? + ggw® + - -- (10)

Now, equating the coefficients in (7) and (8) we get,

(14+ X —p+ 2 \p)as = pra (11)
1

(24 4\ — 4p + 120p)az = pac + %p% + a’p} (12)

and
—(1+ A —p+2\)as = qi(a) (13)

—1
(244X — dp + 1220) (202 — as) = oo + %q% +oiqg  (14)
from (11) and (13) we get

P1=—q1 (15)

and
2a5(1+ A — p 4 22n)* = &*(p} + 4i). (16)

Now from (12), (14) and (16) we obtain

ala—1)

4a2(1+ X — p+221)? = alps + @) + 5

(Pl +q7) + @*(pi + ). (17)
Therefore, we have

o®(p2 + q2)
4ol 42X — 2+ 6 ) + (1 — 3a) (1 4+ A — p+ 2 p)?

2 _
a2_
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Applying Lemma 1.1 to the coefficients ps and ¢ we have

2c
VAT 42X — 2+ 6p) + (1 —3a) (1 + X — o+ 22p)?

las| <

Next, in order to find the bound on |as|, by subtracting (12) from (14), we
get

ala—1)

(2a5 — 203) 2+ 4\ = 4+ 1221) = a(p2 — @) + ——

(ni — @)+ *(pf —qi)

upon substituting the value of a2 from (16) and observing that p? = ¢?, it
follows that

2 04(]92 - CI2)
@ =BT o0 TN A+ 120)
O[2 2 + 2 Q _
a3 = (p1 Q1) + (p2 Q2)

200+ N —p+2 )2 2244\ —4pu+122p)
Applying Lemma (1.1) once again for coefficients py, p2, ¢; and go we get,

402 n o
L+ XA—p+2 )2 (1+2\—2u+ 6 p)

las| <
(

This completes the proof of Theorem 2.2. O

Now, putting ;= 0 in Theorem 2.2 we have.

Corollary 2.3. Let f(z) given by (1) be in the class Bx(a, \) then,

las] < 20 (18)
VAa(l42X) + (1 — 3a)(1 + )2
and
4 2
las| < a + a (19)
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3 Coefficient Bounds for the Function Class
NE(B? )\7 /“L)

Definition 3.1. A function f(z) given by (1) is said to be in the class
Nx(8, A\, ) if the following conditions are satisfied,

M2 f"(2) + A+ XN — )22 " (2) + 2f'(2) } -5
Az f1(2) + (A= p)zf'(z) + (1 = A+ p)f(2) ’
0<p<L,0<u<A<1,zel) (20)

fGE,Re{

and

Re { Auw?g” (w) + 2+ A = pw?q" (w) + wg'(w) } > 3
Apw?g" (w) + (X — p)wg' (w) + (1 = X+ p)g(w) ’
(0<B<L,0< <A< Lwel) (21)

where the function g(w) is defined by (4).

Definition 3.2. We note that for p = 0, the class Nx (8, A, u) reduces to
Nx(3,\) which satisfies the following conditions

A2 f"(2) + 2f'(2)
f €X Re {)\zf’(z)—l—(l—)\)f(z)] >0, (0<p<1,0<A<1,z€0)
(3.1.1)
and
Re { Jwy" (w) +wy'(w) } S8, (0<B<1,0<A<1l,wel) (3.12)
Awg'(w) + (1 = A)g(w) LT T T

Theorem 3.3. Let f(z) given by (1) be in the class Nx (B, A\, 1), 0 < <1
and 0 < p < A <1, then

2(1 - )
el = \/(2+4>\—4M+12/\M>_(1+>\—M+2)\u)2 @)

and
4(1 - B)? (1-5)
(T+X—p+2\u)?2 (142X —2u+ 6 p)

las] <

(3)
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Proof. 1t follows from (20) and (21) that there exists p(z) and g(w) such that

Mz [ (2) + (204 X — )22 f"(2) + 2 f'(2)
Mz f7(2) + (A =)z f'(z) + (1 = A+ p) f(2)

=0+1=08pz) (4

and

Apw?g" (w) + (A + A = pw?g"(w) + wg'(w)

Mg w) + O — g ) + (1 A+ wg(w) 0T Alate) — (5)

where p(z) and ¢(w) have the forms (9), (10) respectively.
Equating the coefficients in (4) and (5) yields

(L+ A= p+ 2 )az = (1= B)p (6)
(24 40— 4+ 1203 = (1 — B)ps + (1— PP (7)

and
—(14+A=p+2 \uw)as=(1-F)q (8)
(244X — 4p+122) (205 — a3) = (1 = B)az + (1 — B)’qf (9)

from (6) and (8) we get

PL=—q (10)

and
2a5(1+ A — p+27)” = (1= B)* (7 + q7). (11)

Now from (7), (9) and (11) we obtain,
(142X = 2+ 6M)a; = (1= B)(p2 + q2) + (1 = B)*(pi + 1)

= (1= B)(p2 + q2) + 2a3(1 + X — pu+ 22p)%.

Therefore we have,

o (1= B)(p2 + q2)
2 (244N —4p+122u) — (L + X — p+22p)?

Applying Lemma 1.1 for the coefficients py and ¢, we have,

2(1-p)
|as| < 2
(244N —4p+ 12 u) — (T+ A — pu+ 2 )
Next, in order to find the bound on |as|, by (7) from (9) we get, and from (11),

(2+ 4\ — dp + 1220) (2a5 — 2a2) = (1 — B)(p2 — @) + (1 — B)2(p% — ¢2).
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Since p? = ¢? it follows that,

(244X — 4p + 122p) (2a3 — 2a3) = (1 — B)(p2 — @2)
2a3(2 + 4N\ — 4p 4+ 12\p) = 2a5(2 + 4X\ — 4+ 127p)
+ (1= 0)(p2 — @)
(1= 8P +4a)
(14+X—p+2:p)?
(244N = Ap 4+ 1200) + (1= B)(p2 — @2)-

2a3(2 + 4N —4p + 12 p) =

Once again for the coefficients py, q1, p2 and ¢» applying Lemma 1.1, we get,

- -p
L+ A—p+2 )2 (142\—2u+ 6 u)

las| <
(

This completes the proof of Theorem 3.3. O

Now, putting g = 0 in Theorem 3.3, we have the following corollary.

Corollary 3.4. Let f(z) given by (1) be in the class Nx(5,A), (0 < [ <1)
and (0 < X < 1) then,

2(1 - p)
jaa] < \/2(1 T2 — (1+ A2 (12)

and

0-p2  (1-5)

< .
sl < Tz T iE

(13)
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