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Abstract

In this paper, a high-order compact finite volume element method is presented for one-
dimensional dual-phase lag equations with the interface. The resulting coefficient matrix is
five-diagonal. This high-order method is helpful to analyze and study nano heat conduction
with this equation in relative coarse grid. We apply the discrete energy method to give the error
estimate in the L? norm with the convergence order O(At? +h*?®). Finally, numerical examples
are provided to show the effectiveness and feasibility of this method.
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1 Introduction

The well-known dual-phase lag (DPL) heat conduction model proposed by Tzou [18, 19], has at-
tracted a considerable interest in a wide variety of scientific and engineering fields. It is utilized
to simulate heat transfer in micro- or nano-structures [7], interpret the non-Fourier heat conduc-
tion phenomena in processed meats [1] and so on. For the DPL heat conduction equation, its
well-posedness and solution structure as well as stability have been analyzed [20, 16], and many
numerical methods have been applied [8, 4, 2]. In this paper, we discuss the DPL equation with the
interface, which describe the heat transfer in multi-layer material or composite materials.

This type of problems are referred to as interface problems. Generally, the interface problems
have the discontinuities in the coefficients and singular source terms due to the presence of interfaces.
There are two different approaches to the design of a method for interface problems. The first is
to construct the methods on the body fitted grids [21]. However, it is time consuming to generate
this kind of body fitted grids. The second is on a fixed grid, such as the immersed interface method
(IIM) [9], the immersed finite element method (IFEM) [6, 11, 13] and so on. It needs to modify the
classical numerical schemes on fitted grids.
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By introducing non-dimensional parameters [4], the 1-D DPL equation with the interface point

is expressed as follows [12],
ou 0*u K? [(0%u u
=== — - 1 1 1.1
3t+5‘t2 3 (8;1:2+B(9t8x2>+8(x’t)+w6(x ), z€(0,1), t€[0,T], L € (0,1), (1.1)
where 4 is the Dirac delta function, s(z,t) € C([0,T], L?(0,1)), the coefficients K, B € C([0,T], C*(0,1)

UC(l,1)), that is, they are discontinuous at z = I. We set

s1, = €10,1], Ky, z €10,1], By, z €]0,1],
s = K= B =
s2, x € (I,1], Ky, z € (1,1], By, z € (1,1].
Then u € C%([0,T],C(0,1)), namely, u is continuous. By integrating (1.1) from z = [~ to z = [T,
we get
K% (0u(l —0,t) 0?u(l —0,1) K2 (ou(l+0,t) O?u(l+0,t)
— B - —= B = tel0,T
3 ( or PV dion 3 or P gion w, €0, 7],

in addition to
u(l —0,t) =u(l+0,¢), t €[0,T].

In this paper, we consider w = 0. Then an alterative way to state the problem is as follows,

ou  9*u K} [0%u Pu
oy -1z = — T 1.2
oo T 3 (8:102 - 16t8x2) T, ze 0.0, te(0T) (1.2)
ou *u K2 [(0%u du
— 4+ —=—|=— +By—— t [,1), te[0,T]. 1.3
at+at2 3 (8x2+ Qatax2>+82(xa ),JIE(, )7 6[7 } ( )
The initial conditions and boundary conditions are given as
Ou(z,0
u(z,0) = 1 (), % — fo(), z € [0,1]. (1.4)
Ou(0,t
—ap K4 u(‘()‘zj ) —|—U(O,t) = <p1(t), t e [O,T], (15)
ou(l,t
Ongg% + u(l,t) = (pg(t), t e [O,T] (16)
At the interface point x = [, we prescribe the jump conditions for the solution,
u(l—0,t) =u(l+0,¢), t €[0,T]. (1.7)

2 2

K2 (au(laxOJﬁ) N 18 uéltazOJ)) _ K2 (au(l(;;o,t) —1—328 ugt;—xo,t)) te. ). (18)
The coefficients K, Ko, By, By, ay, as are positive constants. In fact, K or K5 is Knudsen number.
If K7 ~ 1.0 (or K3) or greater than 1.0, the case is typically at nano-scale, see as [4]. Here, we
consider only one interface point. Certainly, our method can be easily extended to more than one
interface point.

Recently, the compact finite difference method are attracting attention for its simplicity and
high accuracy [15, 17]. The finite element method and the finite volume element method are very
good to deal with the differential problem with the second or third boundary condition. The finite
volume element method has the simplicity of finite difference method and the accuracy of finite
element method [10], and keep local conservation. Our studies are motivated by the importance of
the compact finite volume element method [5, 14], which has high order and the tri- or five-diagonal
symmetrical coeflicient matrix. In this paper, we treat the interface point as a node point and
give a uniform discretization around it. This produces two space steps, which is more similar to
the body-fitted grids, so the coefficient matrix is five-diagonal, but not symmetrical. However, the
numerical schemes which we get are simple and effective.

The remainder of paper is organized as follows. In section 2, the high-order compact finite volume
element method is obtained. In section 3, we apply the discrete energy method to give the error
estimate in L? norm with the convergence order O(At? + h3-®). In section 4, examples are used to
illustrate the effectiveness and feasibility of our proposed method.



2 The high-order compact finite volume element method

We introduce a new variable v = u + u; and substitute it into (1.2), (1.3). This gives the following

system:
K3
U — ? ((1 - Bl)uzz + Blvzx) = 81(1',t), T e (071)7 te [OaT]a (21)
K2
vy — ?2 ((1 = Bo)tugy + Bavgz,) = sa(a,t), z € (I,1), t €[0,T]. (2.2)
For the new variable v, the corresponding initial and boundary conditions are given as
v(z,0) = p(x) = ¢1(x) + ¢2(x), = € [0,1], (2.3)
ov(0,t
—ouk éx ) +v(0,8) =m(t) = 1(t) +1(t), t €[0, 717, (2.4)
ov(1,t
01, 2D 4 (1,0) = ma(1) = a(0) + pa,(0), 1 € [0,7). (2.

First we consider a set of uniform grid in the interval [0,1] with grid points a; = ihy, i =
0,1,---,k, where hy = I/k. And another set of uniform grid in the interval [I,1] with grid points
x; =1tho, i =k,k+1,--- ,m, where ho = (1 —1)/(m — k). This implies that the grid point zy, is the
interface point I. The other grid points can be called as regular points. Then we place a dual grid
0=1mzp < Tyjp <xgj2 <+ < Tp_1/2 < Tpyr/2 < - < Ty, Where ;45 = (x5-1 + x;)/2. Write
Iy = [xo,21)2), I} = [xiz1/2,Tigaye) (1= 1,--- ,m = 1), I, = [Typ,—1/2,Tm]. These dual elements
I¥ (i =0,1,--- ,m) lead to a dual grid. I} is usually called as the control volume which is related
to the node z;.

For the interior regular points x;, i = 1,--- ,m — 1, i # k, we integrate (2.1) or (2.2) on a dual
element I} = [x;_1/2,%;11/2], and apply the formula of integral by parts to get,
Tit1/2 K2
[ e = S0 B)ua(oina 8) — waican,t) (2.6
Ti—1/2
K2

Tit1/2
L B (12 0) — alioa 1) :/ s(x, t)da,
Ti—1/2

where K = K7 or Ky, B = By or By, s = s1 Or S3.

Expanding u(z;—1,t) at the point (z;_1/2,t) in Taylor formula with integral remainder term
yields the following result:

h 1/n\*
(w1, t) = u(wi_y1/2,t) — §Ux(~’lfi—1/2,t) t3 (2> Uz (Ti—1/2,1) (2.7)
1/h\? 1 /h\* 1 [oi
5 (2> e (Ti-1/2,1) + 5 (2) ui (@i t) + 5 // e i = a)'da,

Similar expansions for u(z;,t) at the same point (2;_1/2,t). Then
w(z,t) —u(x;_q1,t)  h?

) Up (Ti—1/2,t) = . ﬂumm(wiq/z,t) + Ru(z,_y ot (2.8)
where
1 x4 5) 4 Ti—1/2 5) 4
Ru($i71/27t) =~ / uy’ (x,t)(x; — ) dx +/ uy (z,t)(zi—q —x)*dx | .
Ti—1/2 Ti—1

We can also get v (2;-1/2,t) and Ry(s,_, , 1), similarly.

Noting that, using (2.1) or (2.2) and first-order central difference formula, we deduce that

K? K?

?(1 - B)ugf’)(xi,l/g,t) + ?BUS) (wi—1/2,t) = (Ve)a(Tiz1/2,t) — S2(Tiz1/2,t)  (2.9)
(i, t) — ve(wiz1,1)

= 3 - Sa:(xifl/%t) + R'Ut(xifl/th)7




where

1 T Ti-1/2
R’Ut(%‘—l/%t) = _% </ (’Ut);g) (x7t)($l - m)2d$ +/ (Ut);(cg)('rat)(xi—l - z)Qdaj> . (210)

i—1/2 Ti—1

Hence, by (2.8) and (2.9), we have

K? K? .
?(1 — B)Ux($i_1/27t) + ?sz(xi_l/g,t) = D(U,U)(zi71/27t) + Ri—l/?,r7 (211)
where ) ,
K w(zi,t) —u(x—1,t) K2 _v(xg,t) —v(x;—1,t)
D(w,0) (@, )pt) = ?(1 - B) W + ?B N
h? (wi(zi,t) — ve(Tio1,t)
Y] ( 3 — 5o(®i—1/2,1) |
and ) ) )
K K h
Ri—l/z,a; = ?(1 — B)Ru(wi_1/27t) + ?BR’U(wi_l/g,t) — ﬂth(wi—l/th)' (2.12)

The integral term about v; in (2.6) can be computed as follows. First we construct second-order
Lagrange interpolation for v; as follows,

1 1
H?)t = 56(5 — 1)’Ut(1'i,1,t)) — (52 — 1)’Ut($i,t)) + 55(6 + 1)Ut(.’L'7;+1,t)7 (213)
where £ = Y% Then integrating (2.13) gives
Lit1/2 N h
/ vedx = Svg(x,t) = ﬂ(vt(a:i_l,t) + 22v¢ (x4, t) + ve(wig1, t)). (2.14)
Ti—1/2

Substituting (2.11), (2.14) into (2.6) and dropping the truncation errors, a semi-discrete high
order finite volume element scheme is given as follows,

Tit1/2
Sve(@i, ) + D(U, 0) (2, ooty — DU, 0) (21 10.t) = / s(z,t)dx. (2.15)
Ti—1/2
That is,
h
ﬁ(vt(xi,l, t) + 10v(zs, t) + ve(xiq1, 1)) (2.16)
K2 u(;vi,l, t) — 2u(xi, t) + u(xiJrl, t) K2 ’U(.’L'Z',h t) — 21}(1'7;, t) + ’U(:Ci+17 t)

-—({1-1B) - —B

3 h 3 h

Tit1/2 h2

_ / (0,00 + 5 (50 (@is1/2:1) = 50i12,)):

Ti-1/2

For the left boundary point xo, we integrate (2.1) on the dual element I§ = [z0, /2] and get
2

e K K
vedx — ?(1 — B1)(ugz(21/2,t) — ug(wo,t)) — ?Bl(Uw(Z‘l/Q,t) — vz (o, 1)) (2.17)

0

Z1/2
= / s1(x, t)dz.
x

0

By (1.5) and (2.4),
u(zo, t) — ¢1(t) v(zo,t) —m(t)
a1 Ky a1 Ky
For the integral term about v, we apply the quadratic Hermite interpolation to obtain
v, = (1 = €)vr(wo, t) + E2v (21, 1) + ME(L = E)via (w0, 1),

ua:(x(),t) = ’ Ur(x(ht) = (218)

where (20,) 0
Ui\ Zo,l) — N T — o
T 5 t = 2 5 = .
(/Ut) (l'() ) OélKl f hl




Then integrating it gets

F1/2 11h h h?
/T v~ Svi0,1) 2 LM vu(wo, 1) + hn(ar, 1) + T (000, ) (2.19)

xo

h 11 h? h?
= ivt(xl,t) -+ <h1 -+ L (fﬂg,t).

S S ) — —1
24 24 120411(1)”(%’ )~ ook, ™

Substituting (2.11), (2.18) and (2.19) into (2.17) and dropping the truncation errors, we have
the semi-discrete numerical scheme for the left boundary point x(, that is,

hq 5 2
- t Zhy 4 —L t 2.20
12%(1‘1, )+ (12 1+ 20, K, v (20, 1) ( )

K? 1 1 1 K? 1 1 1
——(1-By)(— - — - =B (— - —
3 ( 1) (hl U’(xht) (alKl + h1> U(J?Q,t)) 3 1 hlv(xlat) alKl + hl ’U(ant)

z/2 & K K, &
= t)d —1 t —(1-B t —B t —L z t).
/I s1(x,t)dz + 12a1K1771,t(9307 )+ 3a1( 1)p1(zo,t) + 30, 111(zo, ) + 9151, (w1/2,1)

Similarly, for the right boundary point z,,, we integrate (2.2) on the dual element I, =
[T1m—1/2,Tm], using (1.6) and (2.5) and applying the quadratic Hermite interpolation for the in-
tegral term about v;, we have

h 5 h2
—Qvt(zm_l,t) + (12}12 + 2 ) (T, t) (2.21)

12 12a5 K5

K32 1 1 1
——2(1 - By) [ —u(zpm_1,t) — — ot
3 ( 2> <h2u<x ! ) <C¥2K2 * h2> U(IE >>

K32 1 1 1
*7B 7 m— at - 7 mat
3 2 <h21}(l‘ ! ) <a2K2 * h2> ”U(.% )>

= So2lT Xz i _ 7 _ S (L, ).
Tin—1/2 o 1200 Ko .t 3ag 2)¥2 3as 2112 94 72x\tm—1/2
For the interface point x, = [, we integrate (2.1) on the dual element [;7* = [Bk_1/2, @] and

.2) on the dual elemen = |Tk, Try1/2], Tespectively. In fact, =1, Ul;. € also use the
2.2) on the dual element I’ (Tht1) pectively. In fact, I} = I} UT,*. We al th
formula of integral by parts to the two equations and sum them together,

Tht1/2 K12
/ vedx — ?(1 — B1)(ue(z),, 1) — ug(Tp—1/2,1)) (2.22)
Tr—1/2
K2 K2 _
L0 B wannr o) — wala 1) — LB (v 1) — vu(ico, )
K22 N Tht1/2
—?BQ(’Um($k+1/2,t) — vz, 1) = / s(z, t)dx.
Tr—1/2
By the jump condition (1.8) and the relation v = u + uy, we have
Ki _ K7 _ K3 + K3 +
?(1 — Bl)uw(l'k 5 ) + ?B:L’UCE(.’E]C 5 ) = ?<1 — Bg)u,;(xk ,t) + ?BQ’Uw(l'k ,t) (223)

For the integral term about v, using second-order Lagrange interpolation in [ ,i* and [ ,3’*7 re-

spectively, namely,

Tr+1/2 Tk Tr+1/2
/ vedx z/ vidx —|—/ vidx (2.24)
Tp—1/2 Tr—1/2 Tk
N hao
~Svfxg, t) = ﬁ(—vt(xk,g, t)+ 5ve(Tp—1,t)+8vs(xg, 1))+ ﬂ(Svt(mk, t)+5v(rq1,t) —ve(Thpa, t)).

Substituting (2.11), (2.23) and (2.24) into (2.22), dropping the truncation errors, we have the



semi-discrete numerical scheme for the interface point xy,

7 h hy h ho

5 (1 + h2)vr (e, )+ = on(wro, £) = o v (wn2, 0+ vn(@han, ) = 5 0 (T2, 1) (2.25)
K? w(wp,t) —u(zp_1,t) K _ v(xg,t) —v(zp_1,t)
2 _p Sip

Ty =B I MR I

_ﬁ( By u(rpy1,t) —u(zg,t) ﬁBzv(xk+1,t) — v(zk, t)
3 ha 3 ha

Tr41/2 h% h%
= /w s(z,t)dx — ﬂslﬁz(xk_l/g,t) + ﬂSQ’m(xk_i_l/Q,t).

k—1/2

Finally, we apply the Crank-Nicolson method to (2.16), (2.20), (2.21), (2.25) at the time ¢t"~1/2
and have the following fully-discrete numerical schemes,

= (& n12 4 106,00 1/2+6tv?+_11/2> (2.26)
n—1/2 n—1/2 n—1/2 n—1/2 n—1/2 n—1/2
7}(:(173)% 1/ — 2u, / +ui+1/ —K—2Bvi_1/ — 2v; / +U¢+1/
3 h 3 h
T n—1/2 h? n—1/2 n—1/2
= s(x,t )dx + ﬂ(sx(mi+l/27t ) = Se(Ti1/2,t ),
Ti—1/2
(izl 2,---om—1, 9%k, h=hy or hg, K=K; or Ky, B= By or By, s =51 or s3),
5 h? —1/2
5 n—1/2 2 oy 5 n—1/ 29
e " ek, ) %t (2.27)

K12 1 n_1y2 1 1Y\ no12) K7 1 o172 1 1\ n-1ye
——(1-B — — — ——B; | — — —
3 ( 1)(h1u1 041K1+h1 Yo 3 ! hl Y1 Oé1K1+h1 Yo

/2 _ h? _ K _ K _
:/ 81($7tn 1/2)dx—|— al 771,t(tn 1/2)+ﬁ(1_31)¢1(tn 1/2)+3f.411B1m(tn 1/2)

zo 1201 K4
hi

+ﬂ51,x(xl/2atn71/2)a (Z = O)a

h _ ) h2 _

K22 1 —-1/2 1 1 1 K 1 1/2 1 1

21-B — " _ n—1/2 2B o n—1/2
3 ( 2) (hguml OégK2+h2 u h m 1 a2K2+h2 ’U

Lm _ h _ Ky _ Ky _

_ m 1/2 d g 1/2 21 _-B iy 1/2 ) g 1/2
[ sl ey e ) g (1= Baloalt ) g B
h3 _ .

_?iSZ,m(xm—l/Qatn 1/2)7 (Z = m)a

7 n— h n— n— h n— h n—
5 (71 + h2)d.; Y2y Zlétvk_j/ - ﬂst St f(stvkﬂl/ 2 2&5,&%;/ 2 (2.29)
n—1/2 n—1/2 n 1/2 n—1/2
+ﬁ(1 B )“k Uy Kl Kip ~ Vg1
3 ' hy 3 hy
n—1/2 —-1/2 n—1/2 n—1/2
7K722(173) hel U, 7&13 U1 — Y
3 2 ho 3 2 ha
Thkt1/2 e h2 n— h2 n— .
= / 8(.23,t 1/2)d]} ﬂsl »L(xkrfl/%t 1/2) + ﬂ32 I(karl/Qat 1/2)7 (7' = k):
Trp—1/2
n_gn—l no gl ngnel
where n = 1’ - 71"/At7 5“)?71/2:”’ quz , U?71/2: U; +2u1 7 1}?71/2: U; +vz , tn—1/2:
Tr+1/2
(n — 1/2)At. u} is the approximation of wu(z;,nAt), similarly to vl / s(x, t" V%) dx
Tr—1/2



Tk Tr41/2
/ s1(z, t”_l/Q)dx + / sz(m,t"_l/z)da:, since x}, is the interface point.
xr

LTrk—1/2 Tk

Applying the Crank-Nicolson method to the relation v = u + u; and dropping the truncation
errors give
-1 -1 -1
vl _w s u (2.30)
2 2 At

We may solve u't! from (2.30) and substitute it into the numerical schemes (2.26)-(2.29). As
a result, a linear system for v"'H can be obtained. In the computing, the integral term about s
can be solved by using the Gaussian quadrature with enough degree of precision, and s, can be
approximated by the central difference formula.

3 Error analysis and estimates

For any integer m > 0, let
where I = [0,1], I, = [I,1], then the domain I = [0,1] = I; U I,. We define the norm of H™ to be
with

gl = /a1, 1, + gl 1,

and semi-norms of H™ are defined accordingly.

For any grid function e, let us define the following discrete zero norm, semi-norm, and full-norm:

l hl hl h2 ’
lellon = {llell§ n, + llell§ n, } 2 {63 + 262h1 + et et Z ethy +2 ’

i=k-+1

N k e — e m ) 2 %
leli,n = {|€|ih1 + |€|§,h2}2 = {Z (Zhlz_l> hy + Z ( Z_1> hz} ;

i=1 i=k+1
1
lellr.n = (llell5.n + lelin)*

Lemma 3.1. When u € f{l(l) n f[‘l(I), we set x_q/9 = o, Tpmy1/2 = Tm and have

Tit1/2
Su(z;) — / udx

i—1/2

z .
Chf‘u|3 :L‘o m1]7 1 :O7
chg\u|4 ool = 12 —1, i#k, h=hy or hy,

Ch ‘u|3 [@r—1/2,2k] JrCh |u‘3 [k, i =k,

<

ﬂck+1/2]’

ch3 Ul (o, 1 )y = .

T — X9
hl hl

Su(zo) — /:1/2 udz = % [11@(0) +a(l) + 24 (0)} Iy /01/2ﬁ(§)d§

0

Proof. In [xg, 1], let £ = z

> (€)= u(

), then

11. 1. 1. vz N )
=hy [4u(0) + —a(1) + —a (0) */O u(é)dfl £ hiF(a).

2

As a linear functional of 4, [F(4)| < C||t|l1,00,[0,1]-
Since H3 < C', then |F(4)| < ||dl3,0,1- A straightforward calculation shows F(@) = 0 for
=1, & &. According to Bramble-Hilbert Lemma [3], [F(a)| < Clals,0,1- By the coordinate



7
transformation, we have |F(a)| < Ch‘;)/2|u|3’[ Thus, < chi |uls [zg,21]-

xo,T1]"

Tit1/2
Su(x;) — / udx

Li—1/2
The other conclusions can be proofed analogously. O

Lemma 3.2. Define a matriz A € R"TDx(n+1),

5 1
1 10 1
A= -
19 . .
1 10 1
1 5
For any (n + 1)-dimensional vectors ¥ = (ek ek, .- )T and e~ = (b1, et .o eb)T we
have
(1) (ek)TAek—l _ (ek_l)TAek,
(2) ()T Aek > 2 MR

(3) ‘(ek)TAekfl‘ < [(ek)TAek] 1/2 [(ekfl)TAekfl]l/Q < h [(ek)Tek] 1/2 [(ekfl)Tekfl] 1/2 )

Proof. Since the matrix A is positive definite and symmetric, and its greatest eigenvalue is h, then
(1) and (3) are true obviously. For (2), because

h
(M) T Aek = E[5(€§)2 + 2ebel +10(eh)? + 2ehel 4+ - +2eF ek 1+ 5(eh)?)

n—1
h
> 5[5(6'5)2 — (e§)” — (ef)? +10(eh)” — (e)? = (e5)* + -+ = (en_1)* — (en)? +5(en)’]
h
= 15 4(e0)* +8(eN)* + -+ +8(en_1)* + 4(en)?]
2
= 21t 0
the proof is completed. O

Lemma 3.3. |l¢| o < C|le]1,n-

m
Proof. Let |ej;,| = Oginm le;|, then |ej;,| < Z le;|h. If 7 > jo, then
== =0

J
ej=ej—ejit et —eat o e — et e =ejo T ) Oreih.

i=jo+1
When j < jo, we can get the similar result. So
m m
|€j| < Z |€i|h + Z |5§€Z|h
i=0 i=1
By the Cauchy inequality, we have |e;| < (Cl||e||(2)7h + Cg|6|ih)1/2, namely, |le|lcc < Clle|l1,h- O

In the following, we derive error estimates. First we consider the truncation errors at the time
direction. Expanding u(z;,t") and u(z;, t"~') at *~/2 in Taylor formula with integral remainder
term gets,

(i, t") — u(x;, t"h)

n— 1
Ut(l’i,t 1/2> = At + Rg,t) (’LL)7
where
1 o yn—1/2
3 n 3 n—
R (u) = vy (/ ug® (@i, m) (8" = )?dn +/ uf (g, ) ("1 — n)%) :
tn—1/2 tn—1



u(xia tn) + U(ﬂ?i, tn_l)
2

u(mi,t"_l/Q) =

m—1/2

I _
R ()=~ ( / w? (i, m) (8" — n)dn — / R CRIG 1—77)d77>~

n—1/2
Remark 3.4. It follows from the Cauchy-Schwarz inequality that,
o
(B W) < ond [ @l o) (3.1)

tn—1
n

(RE)(w)? < oA / (u? (w4, 1))t (3.2)

tn—1

Hence, the numerical schemes (2.26)-(2.29) have the following truncation errors at the time
direction,

n 10h
B = LR, () + TR RD W) + LR, (),

(2:12 —,i;«ék,h:hlorhz),
Ruv? = R V(v )+%R0 (v) + 125§K1R82(”)’ (i =0),
R:Ln_,tl/2 = h; L 1t( )+%R ¢(v) + 1232%[( Rfﬁb)t(v), (i =m),
R = %(m-i-hz)R/(iz( )+ R,ﬁl)lt( )—ﬂREJ_)“( v) + R,Sjlt( ) — %R&)u(v)? (i = k).

In addition, we have another kind of truncation errors at the time direction as follows,

. K2(1—B
A = RO B) () () 2R )+ B, )

K?B
T (R@l, (v) = 2R%) () + B, ,(v),
2 m—1,i#k, h="hy or hy, K=K or Ks, B= Bj or Bs),

Sn—1/2 Ki{(1- By) 2 2 Ki(1-B1)
Ry, /= _13T (Rg,t)(u) - R((),t)(u)) + TRé,t)(U)

K2B KB
~n (AR = AE0)) + SRR ), (1=0),

3h 3o
i = OB (1) - B w) + OB e
B8 (R0, () R2,0) + 22210, ), = m)
e = OB (o - 2, ) + B (R ) - 2, )
OB (), ) - mw) - K22 (5, ) - BEW) =0

At the space direction, the numerical schemes (2.26)-(2.29) have the truncation errors at the
fixed time ¢t"~1/2,
—n—1/2 “+1/2 A n—1/2 n—1/2 .
Ri,w = (Ri71/2,a: — Ri+1/2,z)+ S(’Ut)i— vtda: = Ri(l),x + Rz(Z) z 0 (7, = 1’ 2,. cem o — 1)7

i—1/2

—n—1/2 1z n n .
Row” = (~Rijza) + <S(Ut)0 —/ vtdx> 2 Ry 2+ Ry 2 (i=0),

0



E;Tacl/z = (Rm-1/22) + (S(Ut)m —/ / Utd$> = szzf)/i + RZL?S)/?L’ (i =m).

m—1/2

€i+1—€; €;i—€;i_ 1
Let ey ; =ui'—u(x;, t"), ey ;= v —v(w;, t"), §Iei:M, Jyeilell, 5261‘:%(5.7:61*5561)-

The error equations for the numerical schemes (2.26)-(2.29) are given as follows,

1 —1 —1 —1
i <eﬁ,i—1 - e:)Lz 1 +10 ’U i ez,i + eg,i—i-l - eZ,i+1> K? Bh52 v,i e:)l,i (3 3)
At At ’

12 At 3 2
KQl_Bh 63i+ezzl n— n—
_ (3 ) 5i , . ) +R 1/2—|—R 1/2+R 1/2
(1=1,2,--- ,m—1,i#k, h="hy or hg, K = Ky or Ky, B= By or Bs),
hi 562,0 - 62,61 n €y1— 6211 _ K%Bla €pot+ 62,_01 hi ego— 6301 (3.4)
12 At At 3 " 2 1201 K At '
LKiBidoteny'  KP(1-Bi) g cioteny  Ki(l—By) it e’
3, 2 3 “ 2 34 2
+§g$1/2 +Rn 1/2 +Rn 1/2,(2
h2 Um 1 en ! - Z ! Um+€g7nl h% €Zm—€g7n1
5 n ’ ™ (3.5
L KaBy G el K 1—32) um+ezn} _ Ka(1—Bo) €im t€um
30y 2 3ag 2
+R, 1/2+R" PR (i:m),
7 TR T T TR R W R
7(h1+h2) ,k k _"_71 k—1 k=1 N1 Cok—2 k—2 (3.6)

At 4 At 24 At

n n—1 n n—1 n—1 n n—1
ha €v k41 ~ Cokt1 P2 Co ks T Cokgo . K3?B 5 A K22326 €ok T €k
4 At 24 At 3 ¥ 2 3 ¥ 2
K2(1-B wetenn KP1-Bi) . eurtein e e
_ 5( 2)500 k k ( 1) Cuk & +lel/Q_'_R 1/2+R 1/2, (i = k).
3 2 3 2
n n—1

We multiply the error equations (3.3)-(3.6) by

to m to get a "big” error equation. Firstly, we consider the left-hand side of the ”"big” equation term

by term. Denote these terms by Y;"~ 1/2, Y;_UQ, an_l/Q successively.

yn1/2 _ ha 5 u0*6201 +€g,1*6331 quFGZol
! 12 At At 2

and sum them together for i from 0

_ 1 1 1 —1
n Z hi €hio1 ~ €yt . 1062,1' — €y . €yit1 ~ €yir1 \ Coi T €oi
4 At At At 2

n n—1 n n—1 n n—1
€y k-1~ Cy k1 €vk ~Cuk \ Cok T Euk
At At 2

n n—1 n n—1 n n—1
56U,k - ev,k + ev,k-{-l - ev,k+1 ev,k + ev,k
At 2
1

n n—1 n n—1 n n—1 n n—1
hy (€1~ €yi-1 €vi ~ Cyi €uit1 ~ Cuitl \ Cui T oy
+ > 2 +10 +
, At 2

4 M’nfl/Q

n n—1 n n—1 n n—1
h2 ev,m—l - 6v,m—l ev,m - ev,m ) ev,m + ev,m

10



= QLAt (63[1]+62'[I]1)TA;¢+1(63[1]— 2[1]1> 2215 (GZ[Q]JFSZ[;]l)TAm_kH(63[2]*6:’[;]1)+ Mn—1/2

By Lemma 3.2 (1), we have
B Arrel) +

—1/2 1
W= og ()™ Axsrely) - (el
1 _ _ _
2At ((63[2})TAM—’<+1€Z[21 - (63[2}1)TAm—k+1eZ[2]1) + M,
T T
where e,y = [eg,o’eg,l’ e 762,1@} sl = [ez,kveu,k+17 : 763,4 )
-1 -1 -1 1
-2 P03 €k Cok N 2€Z,k—1 e R L A
12 2 At At 2 At 2
—1 —1 -1
hy [ 3 €k — Cork n 2€Z,k+1 — €y i1 B 163,%2 — €y ri2 ) ok T ok
12 2 At At 2 At 2
We will move the term M"™~'/2 into the left-hand side of the "big” error equation, then use the
Cauchy-Schwarz inequality to estimate it, that is,
|M"12 (3.7)
N2 N 2 1\ 2 N
< lh ey rtens Ch €k —Cok L €y k1 Co k1 . €y k2 Cp k2
=2t 2 ! At At At

N 2 N2 , N2 , g
1 b ek tenn Ch €k —Cok n €y k1 Co kil . €y k2 Cokto
2 2 At At At

i 2
1]|em +en—1? en —en—t 2 1]er +en—12 "
S 5 % +C’ Ar S 5 ﬁTU + CAts/ H’Uttt”al dt
0,h 0,h 0,h tn_1
where the last inequality is deduced by the relation v; =u; +uy, (3.1) and the L? error estimate in
[10].
Using the summation formula by parts we have
1 1 1
yr1/2 _ K%Bld u0+€v0 €voteuo KZB1 Zh 52 m+6:}l evitens
2 - x
3 2 2 2
K%Blé eorteun Cont e B K2232§ vk +€Zk1 €ok +€:Jlk1
3" 2 2 3" 2 2
1 1 1
K2B2 mz h62 vz+€gz n +6n +K22326 vm+e:}ml vm_'_egml
2 2 3 " 2 2
i=k+1
_ KB |+t KRBy |ep et
3 2 1,h1 3 2 1,h2
A straightforward computation shows that
Y12 ( M o€’ | KiBielotern' i+ ey’
12(11K1 At 3@1 2 2
h% e:;L,m - e:)l;nl + KQBQ eg,m + eg;nl e;rzl,m + e;r)l;nl
12()(2](2 At 30{2 2 2
h‘% n \2 n—1\2 h'2 n 2 n—1\2
_m((e”70)_(”0))+m(( m)’ = (egm)?) -

11



Hence, we get the estimate of the left-hand side of the "big” error equation as follows,
Yln—1/2 + Yn 1/2 + Yn 1/2

1 n—1I\T n—1
> 57 ((€h) Akl = (€0 i)

2
1 n T n n—1 1 K12B1 634’6271
% ((6”[2]) Am—k+1€v[2] 7(61)[2] ) Am—k—i—lev[Q] ) + 3 2 1,h1
J3B|ey ey’ B2 ) B2

AT S n \2_ (,n—1\2 e n 2 2
92 |17h2+24At011K1 ((61170) (eu,O ) ) 24Ata2K2(( ) (e’u,m) )

ER

3

Next we consider the right hand side of the ”big” error equation term by term.
m n—1

Zin 1/2@1”71”_2 ?(1)17;2 vz vz +ZRZ2)1QZMéT1+T2,

By the summation formula by parts and the Cauchy-Schwarz inequality, we have

n k—1 n n—1 n—1
vO+evO1 ev,i+€v,i vk+evk
Ty = —Ry o, Ty + Z (Ri—1/2,x(v) - Ri+1/2,x) -5 + Ri_1/2, Ty
=1
n m—1 n n—1 n n—1
€y 'Uk: evi+evi evm+€v’m
—R Zwk T vk — R, vt vt R _vm = Tv,m
k+1/2,x + Z i—1/2,z 'L+1/2,:1c) 5 + Bm—1/2,2 5
i=k+1
Zi+eZzl - vi+eZ;1
_ZRZ 1/2x ————h + Z R;_ 1/2, x(s ffm
i=k-+1
1K2B, |et4en—1)? 1K2By |er4er1|?
<C h C h 1 v v 2 v v )
Z i—1/2,2) M+ Z i1/2.2) 2t 7 3 5 13 5 .
i=k+1 sh2
Further, by (2.12), we get
k
> (Ri—1/2.0)°In (3.8)
=1
k 2
K2 KZ h2
= Z ( Ru(xi,l/g,t”*”z) + ?BRU($i71/2,tn71/2) - 24th(1¢1/2¢"1/2)> hq
;=1

<.

IN

k
2 4
Chy Z ( w(z;_q2,t""1/2) + RU(L 172,87 ~1/2) + h vt(% 1/2,t”’1/2))

?/ ( - 1/2)) n (U§E5)(x’tn—1/2))2+ ((Ut)ggf’)(x,t”—l/Q))Q) de.

We remark that
1 " "
12 / t dt—/ t)dt
u(t" ) = [ [ wwar— [ o],
t

where g(t) = / ut(8)(t — s)ds. Using the Cauchy-Schwarz inequality we have
¢

n—1/2
2 2 (" 2 ("
))<= t)dt + — 2(t)dt .
()< 2 [ o 2 [ 0 o
2 [ At3
<= t)dt + —— 7 (t)dt.
= At /tn wA(B)dt + 57 tn,lu“( )
Since the estimate (3.9) is only related to the time t, we have
2 2 ¥ At3 2
5)(,p n-1/2y)" < 2 5) )
(P ) < 2 /ti (1t (x,t)) dt + S ((utt)w (e.1)) dr. (3.10)

12



2
Similarly to estimate the term ( () ( ,t”*1/2)> .

Noting that

1 tn tn tn—l/Z
wn (") = - l [ s = [ was)e = sds— [ uas)e = ods|
At tn—1 tn—1/2 tn—1
we have
2 9 " At [V
n—1/2 < 2 2 = 2
(ut(t )) - At ¢n—1 Ult dt + 6 /tvnfl Uttdt.
Then

((vt)f)(x,t”*l”))z < jt/:l ((vt)f’)(a:,t)) dt + Ag/ﬁ” ((Utt)(g)(af,t)>2dt. (3.11)

Substituting the above estimates (3.10) and (3.11) into (3.8), we have the following estimate,

hS tn tn tn
n<ci (/ g 0 o )+ A [l g o) A8 [ ol e
tn—

tn— tnfl
h " 2 2 2 4 tn 2 2 2 " 2
+0At (|U|5,12+|U|5,12+|Ut|3,12)dt+At 1(|Utt|5,12+|Utt|5,12)dt+At 1|Utt|3,12dt
tn— tn—
1}(1231 erten P VKB |ep +en '
4 3 2 i 403 2 1’h2'
By Lemma 3.1 and the estimate (3.11), we have
2 13 2 Y en pen1 2
4 pn—1/2\2 n—1/2\2 n—1/2\2 v )
T, < e (R ) + i ;(Ri@,),z )? + h (Ri2)a) 1 T |
2 1 = 2 2 ?
_ e+ el
+ 7(Rn 1/5 t Zz 1/2 7(R:Ln 1/i)2 v v
ho ) h ; (2), ho (2) 2 0.hs
2 154 2
4 rpn—1/2\2 L n—1/2\2 4 rpn—1/2\2
<C I Ry )"+ I ;(Ri@),m )+ It (R0l ) ]
9 / 1 m—1 / 2 / 1||e? 4 en 12
n—1/2 n—1/2\2 n—1/2\2 v v
+C 7(Rk(2) )2+ hf (i) ) +h72(Rm(2),x) T3 5 -
Jr k)
tn o
foel2 ;. dt + AP / fvuel2 . dt
t" 1 t"_l
hg 2 2 " 2
+C |Ut|41[2dt + At |Utt|4’[2dt
tn 1 t y— 1
hG 2 2 i 2
+C’ |’Ut|3,[z0,z1]dt + At Vtt]3, 20,20 B
tn—l
t" en n—12
1 + ey
2 2 2 €y
+0At (/tnl |Ut|3’[xm*17$m]dt + At /tnfl |’Utt|3’[$mlaxm]dt> + 5 2 0.h '

n—1
—n— 1/26vz+evz

Therefore, we get the estimate about the term Z R, . 2

=0

13



By Lemma 3.2 (3), Lemma 3.3, the Cauchy-Schwarz inequality and the ¢ inequality, we give

n—1
n—1/2 vz+evz
ZRM 2
=0

T
en +6n71 en +6n71 enk + en—l

\[R(l) (1) V), - 7\@R(l) v ) A 0,0 v,0 7 v,1 v,1 e v, v,k

= (VaRgi), R ) 00) Ak | =955 ; 5

T
er +en 7t er —|—e"_,1 er 4en !
(\/ﬁR](C, ( ) R;ﬂ»ll t( ) fR(l) ( >) m—} ]C+1< b vk ) Las vkt PR L o

2v/2 2 2V/2
n—1
1 1 2 (1 hi _a ha a1 eg,k"’ev,k
(=gl +hIRCN) + SR (0) R (0) = S R (0) = SRR (0) ) SR
6 4 24 2
hi (1), Emotens h3 (1), Corm T €
R . : R :
oo I, ot () =5+ g i, e ()5
1/2 .
e+ el
< |’ @) 2h1+2 (R (0))2h + (R ()2 | | 25—
2 0,h
=1 sha
1/2 )
en+en”
+ (R (v))22hs + Z (R + (R, (v ))‘%zl et
i=k+1 0,h2
h h h R(l) 2 h R(l) 2 h R(l) 2 h R(l) 2
+Me, ((h1 + 2)( ()) +hi(Ry 2 (0)" + ha(Ry 2y 1 (v)7 + ha(Ry [y ()7 + ha(Ry Ly (V)
n n—1 2 t" tn
Cok T €k AAL3 2 4A43 2
+e1(hy + he) —— + M., hTAt v (0, 8)dt + M., hs At vg, (1, t)dt
tn—l tn—l
eotens'\' (e rean\’
oy | P | e |
tm h k—1 h
< C’At?’/ Ut2tt(07t)*1 + Z’UtQtt(xi’t)hl + vftt(xk,t)—l dt
gn-1 2 P 2
n m—1 n n—112
h h 1(e”+e
+CAL / V(e )+ Y vh (@ e + v (@, ) | dE+ o ||
e 2 2 2 2 0,h
i=k+1 )
¢ ¢ en + et 2
+M_,hiAL / v2, (0, t)dt + M., hy At / vi, (1, t)dt + ¢ %
tnfl tn—l l,h
tm " "
gCAtS/ Huttt||§,dt+M52h‘1‘At3/ vftt(07t)dt+M€3h§At3/ vZ,(1,t)dt
tn_l ’ tn_l t"_l
1 eﬁ—i—eﬁ_l 2 eﬁ—i—eﬁ_l 2
—_ -z + £ -_— v R
2 2 0,h 2 1,h
where the last inequality is explained as follows: since
. h !
}L1_>H10 (et (0, 1)) —- L Z Vgt (24, 1 - (Uttt(xk,t))2?1 —/0 (vt (2, 1)) ?dz| = 0,
then for € = fo v (T t)) d:c there exists a hg > 0, such that
h l
vt (20, 1)) = L Z Ve (24, Ly (vm(xk,t))zé < 2/ (vere (2, 1)) dw = 2||Uttt||%,11,
0

whenever h < ho. The s1m11ar conclusion can be obtained at I = [I, 1].
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Using precisely the same arguments as above, we have

m n n—1
Rn71/2 ev,i + ev,i

z : 7,1 9

=0

K2 i 2 2 €y T i 'K - 2 €u,i
21 -B) Y. (B - RY, ) 6t 22 Y (R 0) - B () 65
1=k+1 i=k+1
Ki(1—-By) ,2), \€v.0 +eys' KB (2) enotens
R : ’ R oD vl
30[1 O,t( ) 9 30{1 0,t (U) 9
Ko(1—Bs) o), \€omT€im  KoBs (o), . €un+ei
3@2 Rm,t( ) 9 + 30&2 Rm,t (,U) f
) 2) 2\ /2 B
Ry (u) = R 4(u) en +en!
S C, 1,t () s hl v v
; ( hl 2 1,hy
9 1/2
m R(2t) (u) — R(,2)1 t(u) en + en—1
C 1, 1—1, h v v
* Z ( ha ? 2 1,h
i=k-+1 sn2
9 9 2 1/2
C R;t)(fu) - Rl(—)l,t(v) " en 4 en-1
i=1 ha 2 1,h1
2 1/2
™ (RE) () - R, (v) en 4 en1
C 1, 11— s h v v
o 3 (R A
i=k+1 2
Cotens e + o
+CAL / (uf,(0,8) +v5(0,8) + ufy (1,8) + viy(1,8)) dt + &1 <”°2°> +e9 (2
tn—1
" tn 2 n n—1 |2 2 n n—112
1K:iB; |e"+e 1 K5By |el +e
< CAE 2 dt C’At?’/ 2 gt -2 e T -2 v v
= /tn_l sttt + o orelrdt 3= 2 |, 403 2 |
t" 6"4’6”71 2
+CA / (uf,(0,8) +v3(0,8) + ufy (1, 8) + vp (L, 1)) dt + e
to_1 1,h

For the remaining terms, we use the summation formula by parts, the ¢ inequality and the similar

15



estimate of the last inequality in (3.7) to get,

2 n—1 nfl n n—1 n n—1 n n—1
K31 (1—B1) {5 u0+6u0 eUO_|_€UO +Zh152 uz u,i ev,i+ew),i _§7eu,k+eu,k ev,k+e1z,k

2 2 * 2 2
m—1 n—1 1 n—1
KQ uk+euk evk+€vk 2 u2+€uz v1+e um+63mevm+evm
—=(1-B On had; —67
5 2){ 2 2 + %1 ? 2 2 2 2

n—1 _n n—1 n n—1 _n n—1
Kl(I*Bl) u0+eu0 e1;0_'_61)0 KQ(]-*BQ) eu,m+6umevm+6u,m

3aq 2 2 3az 2 2

k n—1 n— 1
K1 u1+euz vz+e
o () (3 5)
K? = it et e tenyt
——2(1 - By) § ho (5 : : ) (am Ll T

K1(1—B1)€u,o+€u,o epotenn  Ko(1—B) e+ Cum Chm t Com

3aq 2 2 3o 2 2
k n n—1\ 2 12 k n n—1\ 2 no o1 2
€uyi T Cus ey + ey €uyi T Cui ey + ey
SMslz;hl <6z2> tel—— — 1h1+M52;h1 5zf te|—— — .
1= ’ 1= El

+en 1\ 2 +en 1\ 2 en +en—1 2 e _’_enfl 2
+M53< 02u0> +€3< 021)0) +M€4<u,m2 u,m) +€4<v,m2 v,m)

k 2 k 2
2 2 ey +ep ! 2 2 ey +ep !
<M, Yo (5RE W) e || ML e (5=RE () + e | y
=1 sIt1 =1 )2
t" n n—1 2
gMEAt?’/ |uge|? pdt + Cote |
tn—1 ' 1,h

Combining the above estimates, we can get an error inequality. Then multiplying the inequality
by 2At, summing up it for n from 1 to N and making ¢ sufficiently small and noting that e) = 0,
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we have
N T N N T N
(%[1]) Aptar€,]) + (ev[Q]) Am—kt1€4g)

tN

scﬁA (Jul2 + (02, + [0, + 02, ) e

tN tN
+Ch <At4/0 (luee|2 1, + lvwl? 1) dt + At2/0 (losel3 1, + lvelir,) dt)
tN

O / (Juf2

+Ch8 <At4 |utt|§,[2 + ‘vtt@,fz) dt + Atg/
0

+ |Ut|§,12 + |Ut|421,12) dt

tN

(|Utt|§,1r2 + |Utt|421,12) dt)

tN
+Ch§ < |01]3 {2 ) A+ At2/0 |Utt|?2,,[xo,:c1}dt>

tN
+Ch6 |Uf‘3 [Zm— 1,:13m]dt+ At® / |Utt§’[mm1,:rm]dt>
0
+0At4/ (lveeellg 1 + el 1 + [oeel3 1 4 7, (0,8) + 07 (0, 8) + uf, (1,) + w7 (1, 1)) dt
0

N N

t t N
GTING / 02,(0, 8)dt + CHAAL / V(1 )dt + CAEY
0 0 n=1

n n—112
€y + )
2

0,h
Using Lemma 3.2 and applying the discrete Gronwall inequality argument, we have
2
e ]lg, < C(AL! + AT + RS). (3.12)
Further, if |vy|3 00 exists, we have
2 2
|vt|3,[w0,w1] + |Ut|3,[xm71,zm] = /
X

Similarly, we have

1

Tm—1
2
Utmvzdx +/ vtwa:a:dw < 2h1|’Ut|3 11,00 + 2h2|vt|3y12;00'
T

[¢] m

+ 2R3 |vet]3 1, o0

10213, 0] F [V8]3, 21 o) < 2P0
It follows that
leN15,n < C(AE* + hi + h3). (3.13)

Subsequently, we discuss the error of the numerical scheme (2.30) for v = uw + us. The error
equation is
n n—1 n n—1 n n—1
€ui — Cui e 4+eui e 4+e’ui
u,i < iy Cwi . o Ut . , JrR(l)( )JrRz(i)(u) 7Rl(}2t)(v)' (3.14)

n n—1

e
First, we consider the error equation at [0,]]. Multiplying h; —= to both sides of (3.14)
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and summing together for ¢ from 0 to k gives

k k n n—1\ 2
1 n 32 n—12 €uyi T Cus
zmgym%»—@in+zm(g,

k n n—1 _n n—1 en e 1 n—1
€y it €, €,;tTe€ ; s
o v,1 v, u, u 7 (1) ,z u i u,z u,i
k n—1
’lL Z + eu i
- AR @)
=0
n 2 k—1 n n—1\ 2 n n—1 _
1 e:)LO+ vO1 €v,i v,% €.k €.k 1|ley +ep !
<=12h : h : 2h . — | “
=3 1 ( 5 2 1 5 + 2hy 5 + 5
k—1 2
1 1 2 1 2 1 eZ +eﬁ—1
+5 (2h1 (RS @) + ;hl (R @) +2m (B W) ) 11 e
k—1 2
1 9 9 2 9 2 1 n -‘r@ﬁ 1
. <2h1 (B2 w) +;h1 (R @) +2m (B W) ) 1 el Y
k—1 2 1 n n—1 2
2 2 2 e, €y
+5 (2h1 (B W) + ;hl R @) +2m (RE)©)) ) +3 ’ Y
e n—1 n n—1 |2
<C’||”+e 4o e, ey
2 0,h1
tv | h k—1 h
1
+OAE /tni1 gy (0,) 2= o lzluttt i, t)hy + ugy (x, )2] dt

t" k—1
h1 hl
+0At3/ uft((),t)? + Z u?(xi, t)hy + uft(xk,t)Q] dt

L i=1

" k—1

h h
+0At3/ vft(o,t)?l + > 0A (i, O)hy + v} (@, t);l dt
tnfl L i—1

e n 1 n n—1 2

2
+ 2

t”L
+ 088 [ (ol + sl g, + o] 1)
tn—

0,h1

Multiplying 2At, summing together for n from 1 to IV, using the Gronwall inequality argument
and noting that ¢ = 0, we have

n n—1
e 13, < CAEY [
n=1 2 0,h1

2 tN

+ CAt4/0 (el r, + lweeelld s, + llveellg n, ) de.

We can get the similar conclusion of the error equation at [[, 1], namely,

N2 Y lfen +ent1? 4 " 2 2 2
el I8, < CALY 5 + CAt /0 (leeellg, 7, + Nweeelld 7, + Nveell,z,) dt.

n=1 0,ho
Combining them gives
n n—112 t
e, + e,

N
led 15, < Catd o+ CAt4/O (I

n=1 s

$.r) dt. (3.15)

Finally, using the Gronwall inequality argument and combining (3.12), (3.15), we have,
o,h ||67]JV 0.h < C(At? +h3 + h3).
Further, if |vy|3 00 exists, we combine (3.13) and (3.15) to get

lez o + lled o < C(AE + hi® + k3.

N
lew
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Table 1: Numerical results at T=1 with At = 10~

h €o order Coo order
0.1 1.181x 1076 - 2.404 x 1076 -
0.05 6.789x107% 4.12 14134 x10~7 4.01

0.025 4.076 x 1072 4.05 85362 x 1079 4.05

Theorem 3.5. Let u(x,t), v(x,t) € H3([0,T], H3(I)) be the solutions to the dual phase equations
(1.7)-(1.6), (2.1)-(2.5) and the relation v = uw + us. Let ul, vl be the solutions to the fully-discrete
numerical schemes (2.26)-(2.30). Then existing a hg > 0, such that

[z, ™) — uzNHo nt vz, tV) — viNHOﬁ < C(A#* + RS + h3), (3.16)
whenever max(hy, he) < hyg. Furti,zer, if |vet|3,00 €xists, we have

(|, V) — uvao,h + ||v(@s, tV) — leHOﬁ < O(A? + b3S + h35). (3.17)

4 Numerical example

In this section, the examples are provided to verify the accuracy and effectiveness of the above
schemes.

‘ V2 1
Example 1. Let the coefficients By =1, K1 = — <1, a1 =02, Bo =4, Ko = — <1, ap =0.2.
T ™

The accurate solution is as follows,

This implies that the interface point [ = 0.5. The initial-boundary values can be determined by
the accurate solution. Setting h = max(h, hs). For convenience, we select h; = hs in computation,
namely, h = hq; or hs. The maximal L? norm error and the L>® norm error at the final time
T = tN = NAt are respectively defined by

x m 1/2
O o<nii<r <h1 Z; i, ") = uf|” + ho z; u(@i, t") — U?|2> » oo = (O, (s, tN) — )|
i= i=

First, we investigate the convergence order with respect to the spatial variable x, when the time
step At is small enough. This implies that e(m, At) = O(h? + At?) =~ O(h?), where m is the number
of grid points and e denotes ey or e,,. In our computation, we set At = 107%, and choose the spacial
size to be h = 0.1, 0.05 and 0.025. The corresponding results are listed in Table 1. Table 1 shows
that the convergence order p with respect to the spatial variable x is around 4.0 , i.e., O(h*), where
e(2m, At)
e(m, At)

Conversely, we discuss the convergence order with respect to the time step, when the spacial
size h is very small. We set h = 1/5000, choose At = 0.01, 0.005, 0.0025 and compute order =

2A¢L
ee((Tn,At))' The results are listed in Table 2, which shows the order g is around 2.0, i.e., O(At?).
Subsequently, we consider the following cases, that is, At = h? and At = h. The results are listed
in Table 3, 4, respectively. For example, when At = h?, e(m, At) = O(h? + At?) = O(h? + h*?) ~
O(h?) if p < 2q. We find that these orders are around 4.0, 2.0, respectively, which are in accord
with O(At? + h?).

order = log,

log,
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Table 2: Numerical results at T=1 with A = 1/5000
At €o order €oo order
0.01  1.994 x 1077 - 8.004 x 1078 -

0.005 4.984 x107% 2.00 2.001 x10~® 2.00

0.0025 1.246 x 107®  2.00 5.003 x 1072  2.00

Table 3: Numerical results at T=1 with At = h?

h €o order €oo order
0.1 1377 x 1076 - 2.752 x 1076 -
0.05 8.009x107% 410 1.631x1077 4.08
0.025 4.837x 1072 4.05 9.894 x107°  4.04

The left one of Fig. 1 shows the true solution v and the numerical solution u; at nodes, when
h = 0.1, At = h?, T = 1. The right one of Fig. 1 shows the absolute error at h = 0.1, At = h?,
T = 1. We find that the absolute error at the interface point = = 0.5 is a bit bigger than the other
points. But it does not affect the error orders.

Example 2. The accurate solution is the same as Example 1. Let the coefficients By = 1.5,

8 4
Ki=—>1,00=01,By=4, Ko = — > 1, ag = 0.2. Setting At = h>.
T T

The left one of Fig. 2 illustrates the comparison of the numerical solution u with respect to x
when h = 0.1, T =1 or T = 10. We can see that the maximum norm errors of u are both O(1077).
The right one of Fig. 2 shows the convergence orders with respect to the maximal Ly norm error
and the maximum norm error when 7" = 1. They are both nearly 4.

5 Conclusions

We have developed a high-order compact finite volume element method for solving 1-D dual-phase
lag equation with the interface. Around the interface point, we make modification to keep the
high-order accuracy of the method. The examples are given to discuss the nano-heat conduction
where the Knudsen number K; or K5 is around 1.0 or is grater than 1.0. Further research will focus
on a convenient high-order finite volume element method to solve multi-dimensional dual-phase lag
equation with the interface, for example, ADI scheme, which can simplify the computation.

Table 4: Numerical results at T=1 with At = h
h €o order €so order
0.1 2142 x 1079 - 3.725 x 1075 -
0.05 5.077x107% 208 8.847x 1076 207
0.025 1.252x107% 2.02 2.185x1076 2.02
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__+ The absolute error

——The accurate solution
* The numerical solution

x10”

The absolute error

(a) (b)

Figure 2: (a)The numerical results of u with respect to x with h = 0.1, At = h? when T =1 or 10.
(b) The convergence orders of u.
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