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Abstract. This article deals with the approximate method used to solve the Poincaré
boundary value problem for nonlinear elliptic equations of second order in unbounded
multiply connected domains. This type of boundary value problems are known to have
applications in many fields such as mechanics and physics. We first present a formu-
lation of the boundary value problem and the corresponding modified well-posedness.
Then we obtain the representation theorem and a priori estimates of solutions for the
modified problem. Finally by the estimates of solutions and the continuity method,
we obtain the solvability results and error estimates of approximate solutions of the
modified problem for the nonlinear elliptic equations of second order.
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1. Formulation of the Poincaré boundary value problem

Let D be an (N + 1)-connected domain including the infinite point with the boundary I' =
Ué\’:OI‘j in C, where I' € Cﬁ (0 < p < 1). Without loss of generality, we assume that D is a
circular domain in |z| > 1, where the boundary consists of N 41 circles T'g = Ty 1 = {]z] = 1},
Ij={lz—z|=r;},7=1,..,N and z = co € D. In this article, the notations are the same as
in references [1-8]. We consider the second order equation in the complex form

Uzz :F(Zv U, Uz, Uzz)a F=Re [Quzz+A1uz} +AQU+A37
Q = Q(Z7 U, Uz, uzz)7 AJ = AJ(Z7 u, uz)v j = ]-7 27 37
satisfying the following Condition C.

(1.1)

Condition C (1) Q(z,u,w,U), A;(z,u,w)(j=1,2,3) are continuous in u€R, w € C for almost
every point z€ D, U € C,and Q =0, A4, =0(j =1,2,3) for z ¢ D.
(2) The functions Q(z,u,w,U), A;(z,u,w)(j =1,2,3) are measurable in z € D for all con-
tinuous functions u(z),w(z) in D, and A;(z,u,w)(j=1,2,3) satisfy
Lp72[A1(Z, u, w),ﬁ} S ko, LpﬁQ[AQ(Z’ u, w),ﬁ] S €k0, Lng[Ag(Z, u, w),ﬁ} S kl, (].2)
in which p, ¢, ko, k1 are non-negative constants.

(3) The function F' in equation (1.1) satisfies the uniform ellipticity condition, namely for
any number v € R and w, Uy, U, € C, the inequality

|F(z,u,w,Uy) — F(z,u,w,Us)| < qo|Ur — Us|, (1.3)

holds for almost every point z € D, where go(< 1) is a non-negative constant.
We formulate the Poincaré boundary value problem as follows.
1
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Problem P In the domain D, find a solution u(z) of equation (1.1), such that it is continuously
differentiable in D, and satisfies the boundary condition

1@—¢—cl(,z)u:@(z), i.e. Re[A(2)u.]4ci(2)u=ca(2), z€T, (1.4)

in which v is any unit vector at every point on I' = 9D, A(z) = cos(v, z) —icos(v,y), c1(z) and
c2(z) are known functions satisfying the conditions

Co[\T] < ko, Coler, T < ek, Colea, T < ko, (1.5)

where € (> 0), a(1/2 < a < 1), kg, ko are non-negative constants.

Since the directional derivative can be arbitrary, (1.4) indicates a very general boundary
condition. If cos(v,n) = 0 and ¢; = 0 on I', where n is the outward normal vector on I'; then
Problem P is the Dirichlet boundary value problem (Problem D). If cos(v,n) = 1 and ¢; = 0 on
T, then Problem P is the Neumann boundary value problem (Problem N). And if cos(v,n) > 0,
and ¢; > 0 on I') then Problem P is the regular oblique derivative problem, i.e. the third
boundary value problem (Problem IIT or O).

We call the integer

1
K = —Ararg\(z)
2m

the index of Problem P. Note that the Dirichlet boundary value problem, Neumann boundary
value problem and regular oblique derivative boundary value problem are the special cases of
Problem P, whose indexes are equal to K = N—1. In general, the index of Problem P can be any
negative or non-negative integer, hence the boundary condition of Problem P is very general.
And the index is directly related to the existence and uniqueness of the solution. When the
index K < 0, Problem P may not be solvable, and when K > 0, the solution of Problem P
is not necessarily unique. Hence we consider the well-posedness of Problem P with modified
boundary conditions as follows.

Problem Q Find a continuous solution [w(z),u(z)] of the complex equation

wz = F(z,u,w,w,), F(z,u,w,w,)=Re [Qw,+ A1w]+ Asu+ A3, (1.6)
satisfying the boundary condition
Re[A(2)w(2)] + c1(2)u = ca(2) + h(z), z € T, (1.7)
and the relation
u(z) = —2Re/z[w(z) - EN: M4 4 (1.8)
2 = 2(z — zj) ’

where ag =1, d;(j = 1, ..., N) are appropriate real constants such that the function determined
by the integral in (1.8) is single-valued in D, and the undetermined function h(z) is as stated
in

0,z¢T, K >N,
hj, Zefj,j:].,...,NfK,
0<K <N,
0,2l j=N—K+1,. ,N+1
h(z) =
hj, PSS Fj, j=1,...,N,
—K-1
K <0,
ho+Re Y (hf +ihy,)z™, z € Ty }
m=1
in which h; (j = 0,1,...,N), hif (m = 1,..,—K—1,K < 0) are unknown real constants to be

determined appropriately. In addition, for K > 0 the solution w(z) is assumed to satisfy the
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point conditions

Im[A(a;)w(a;)]=b;, j € J=

1,..2K—N+1, K> N,
(1.9)

N—K+1,...N+1, 0<K<N,
where a; € I (j =1,..,N),a; € Iy (j =N +1,..,2K — N+ 1,K > N) are distinct points,
and b;(j € JU{0}) are all real constants satisfying the conditions

‘b]‘ < k3, je J U {O}, (1.10)

for a non-negative constant k3. The condition 0 < K < N, a singular case which only occurs
in the case of multiply connected domains, can not be easily handled.

2. Estimates of solutions for the Poincaré boundary value problem
First of all, we give a prior estimates of solutions of Problem Q for (1.6).

Theorem 2.1 Suppose that Condition C holds and € = 0 in (1.2) and (1.5). Then any solution
[w(z),u(z)] of Problem Q for (1.6) satisfies the estimates

Cplw(z), D] + Cplu(z), D] < M1k, (

LP072Hw2| + |wz‘7D] < Z\/IQIC*, (
in which B = min(a, 1 — 2/po) with 2 < po < p, M; = M;(qo, po, ko, B, K, D), j = 1,2, k*
kl + kQ + kg.

Proof Note that the solution [w(z),u(z)] of Problem Q satisfies the equation and boundary
conditions

2
2

[N
NN

w; — Re[Quw, + Ajw] = Az in D, (2.3)
Re[A(z)w] = ca(z) + h(z) on T, (2.4)
Im[A(a;)w(a;)] = b;, j € J, u(l) = bo. (2.5)

According to the method in the proof of Theorem 3.1, Chapter V, [3] or Theorem 2.2.1, [5], we
can derive that the solution w(z) satisfies the estimates

Colu(z), D] < Myk*, (26)

Ly 2[lwz] + |w.], D] < Myk*, (2.7)

where M; = M;(qo,po, ko, 3, K, D), j = 3,4 and k* = ki + ko + k3. From (1.8), it follows that
Cplu(z), D] < M5Cslw(2), D] + k3, (2.8)

Lp, 2(luz| + [uz], D] < M5Cplw(z), D] + ks, (2.9)

in which M5 = Ms(po, D) is a non-negative constant. Combining (2.6)—(2.9), we see that the
estimates (2.1) and (2.2) are obtained.

Theorem 2.2 Let the equation (1.6) satisfy Condition C and € in (1.2),(1.5) be small enough.
Then any solution [w(z),u(z)] of Problem Q for (1.6) satisfies the estimates

Cslw(z), D] + Cslu(z), D] < Mgk™, (2.10)
Lpoallws| + wel, D] + Ly, afus, D] < Mk, (211)
where B,k* are as stated in Theorem 2.1, M; = M;(qo, po, ko, 8, K, D), j=6,7.
Proof It is easy to see that [w(z), u(z)] satisfies the equation and boundary conditions
w; —Re[Qu,| + Ajw]|=Asu+As, z € D, (2.12)
Re[A(2)w(2)] = —ciu + ca(2)+h(2), z €T, (2.13)
Im[A(aj)w(a;)] =bj, j € J, u(l) = by. (2.14)
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Similarly to the derivations of (2.6) and (2.7), we can obtain

{ Cslw(z),D] < Mﬁk* + ekoCplu, D]}, B (215)
Ly, ollwz| + Jw.|, D] < My{k* + €koCplu, D]}.
Then from (2.8), it follows that
{ Cplw(z), D] < Mik* + eko[M5Cplw(z), D] + ks]i (2.16)
Lpy 2[|wz| + |w2], D] < My{k* + eko[M5Cslw(z), D] + ksl}.

If the positive constant € is small enough such that 1—ekoMsMs > 1/2, then the first inequality
in (2.16) implies that

< (1 + Eko)Mg
—1- €k0M3M5
Combining (2.8) and (2.17), we obtain

Cilw(z), D] k* < 2(1 4 eko) Msk™ = Mgk*. (2.17)

Cslw(z), D] + Cglu(z), D] < [1 + (1 + Ms)Mg)k* = Mgk™, (2.18)
which is the estimate (2.10). The estimates in (2.11) can be easily derived from (2.9) and the
second inequality in (2.16), i.e.

Lp, 2(lwz| + [w:|, D] + Ly, 2[uz, D]

< M4{k* + Eko[Mg,Cﬁ[’w(Z),ﬁ] + kg]} + Mng[w(z),ﬁ] + k3 (219)

< [1+ My(1 + eko) + Ms Mg (1 + eko My)]k* = Mrk*.

In the following, we prove the uniqueness theorem of solutions of Problem Q for equation
(1.1) as follows.
Theorem 2.3  Suppose that equation (1.6) satisfies Condition C. Alio suppose that for any
real functions u;(z), w;(2) (u;(2), w;(2) € C(D),j=1,2), V(z) € L, 2(D), the equality
F(Z, Uy, Wy, V) —F(Z, Ug, W2, V) :Re[QV—F/Il(wl —wg)]—i-/'ig(ul —Ug) (220)
holds, where |C~2| < go(< 1), Lp72[/~11,ﬁ] < ko, Lp72[/~12,ﬁ] < eko with the sufficiently small
positive constant €. Then Problem Q for equation (1.1) has at most one solution.

Proof Denote by [w;(2),u;(2)](j = 1,2) the two solutions of Problem Q for (1.6), and sub-
stitute them into (1.6)-(1.9), we see that [w(z), u(z)]=[w1(2)—w2(z), u1(2)]—u2(z)] is a solution
of the following homogeneous boundary value problem

wz = Re[@wz + fllw] + Asu, z € D,

Re[A(z)w(z) + c1(2)u(z)] = h(z), z € T,
Im[A(a;)w(z)] =0, j € J,
u(z)= [ lw(z)dz + Y0y $4-d2] in D,

the coefficients of which satisfy the same conditions of (1.2),(1.3),(1.5) and (1.10) with k; =
kg = k3 = 0. On the basis of Theorem 2.2, provided that ¢ is sufficiently small, we can derive
that w(z) = u(z) = 0in D, i.e. w1(z) = wa(z), u1(z) = ua(z) in D.

3. The approximate method of solving Poincaré boundary value problem

In this section, we shall prove the solvability of Poincaré boundary value problem by the con-
tinuity method.
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Theorem 3.1 Suppose that the nonlinear elliptic equation (1.1) satisfies Condition C and
(2.20) and ¢ in (1.2) and (1.5) is small enough. Then there exists a solution u(z) of Problem Q
for (1.6) and u(z) € B = C3(D)NWp ,(D), where 3 and po are positive constants as before.

Proof We introduce the nonlinear elliptic equation with the parameter ¢ € [0, 1]:
=tF(z,u, Uy, uzy) + A(2), (3.1)

where A(z) is any measurable function in D and A(z) € Ly, 2(D) for 2 < pg < p. Let E be
a subset of 0 < t < 1 such that Problem Q is solvable for (3.1) with any ¢t € E and any
A(2) € Ly, 2(D). We can prove that when ¢ = 0, Problem Q has the unique solution

u(2)=U(2)+¥(2), ¥(2) = HA= //D (1/0) ’1<z

‘C|4 C ddc, (32)

where U(z), U(z) are the solutions of
U.:=A(2), U:z=01in D (3-3)
satisfying the boundary conditions
Re[A(z)U.] + c1(2)U(z) = R(z) + h(z),
R(z) = c2(2) — c1¥(2) = Re[A(2) V2], z €T,

Re[)\(z)(Uz+\I/z)]|z:aj :bj7 je J7 U(l)—'_\ll(l) :bOa (35)
respectively(see Chapter VI in [3]). According to Theorem 2.3, we know that Problem Q for
the above equation has a unique solution. This shows that the point set F is not empty. If we
can prove that F is both open and closed in 0 <t <1, then F is 0 <t < 1. Hence Problem Q
for (3.1) with ¢t =1 and A(z) = (1 — t)F(%,0,0,0) is solvable. Thus this theorem is proved.

Now, we verify that E is open in 0 < ¢ < 1. Suppose that ty € E and 0 < tg < 1, namely
Problem Q for (3.1) with ¢ = to for any A(z) € Ly, 2(D) is solvable. We shall prove that there
exists a neighborhood E = {|t —to| < 6,0 <t < 1,6 > 0}, so that for every t € E and any
function A(z) € Ly, 2(D), Problem Q for (3.1) has a unique solution. The equation (3.1) can
be rewritten in the form

Uz — toF (2, u,uzyuy,) = (B —t0)F(2,u,uzy uyy) + A(2). (3.6)

(3.4)

Choosing any function ug(z) € B = C’é(ﬁ) N W2 (D), in particular ug(z) = 0 in D and
substituting ug(z) into the position of up(z) in the right hand side of (3.6), we see that

(t — to)F(Z, Ug, U0z, quz) + A(Z) e LpO’Q(E).

Consequently the equation (3.6) has a unique solution w;(z) € B. By using the successive
iteration, we can find out a sequence of functions: w,(z) € B,n = 1,2,..., which are the
solutions of the boundary value problems

Un+1zz _tOF(Z7 Un+1,Un+1z, un-‘rlzz) = (t—to)F(Z, Unp, Unz, unzz) +A(Z)7 (37)
Re[A(2)unt1z] + c1(2)unt1(2) = ca(z) + h(z), z €T, (3.8)
Im[)\(z)uwrlz”z:aj = bj, j € J, Un+1(1) = by. (39)

From (3.7)-(3.9), it follows that
(un+1 - un)zi - to[F(Z, Un+1,Un+1z, Un-i—lzz) - F(Z; Unp, Unz, unzz)]

:(t_tO)[F(Zaun7unzaunzz)_F(z7unflaunflzvunflzz)}y n=1,2,...

Re[A(2)(un+1(2) —un(2)):] + c1(2) (unt1—un) = h(2), z € T, (3.11)

Im[A(2) (Unt12 = Unz)]|z=a; =0, § € J, Uupg1(1) — un(1) = 0. (3.12)
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By Condition C, we have
F(Za Un+1,Un+1z, un-i—lzz) - F(Z, Un, Unz, unzz)
- Re[@(unJrl - un)zz + Al(un+1 - un)z] + A2(un+1 - Un)a

where \Q| < qo < 17Lp0)2[14j,ﬁ] < kg,7 =1,2,n =0,1,2,.... In addition, we can obtain the
estimate

S(unt1 _un) :Cplf [“n-i-l —un,D} +Lpo,2[‘(un+1 —Up) 2z ‘H(un-&-l _un)zZLE]

S M‘t - t0|Lpo,2[F(Zvunvunzvunzz) - F(Z7un717unflzvunflzz)vb] (3 13)

< M|t - t0|{‘I0Lp072[|(un = Un—1)zz| + [(Un — Un—1)2z], D]
+koCHun, — un—1, D] < Myt — to|(qo + ko)S(up — tn_1),

in which My = My(qo, po, ko, o, K, D) is a positive constant. Choosing § to be small enough so
that n = 6 Mo(go + ko) < 1, we can derive

S(Unt1 —un) <N"S(up —ug) < nn[Cé(u,b} + Lpo,2[|u1z2| + ‘U1ZZ‘77] (3.14)
for every t € E/, and

S(un _ um) S (7771,—1 + 7771,—2 4+t 77771,)5(ul)

1— nnfm nN+1 (315)
< N+1 75 < S
<n T (ul)*l—n (u1)
for n > m > N, where N is a positive integer. Thus S(w, — w,;,) — 0 as n,m — oo. Since
B = C4(D)NW2 4(D) is a Banach space, there exists a solution of Problem Q for (3.6), i.e.
(3.1) with ¢ € E. This shows that F is an open set in 0 < ¢ < 1.

Finally, we verify that F is closed in 0 < ¢ < 1. Choosing an arbitrary sequence t,, € F(n =
1,2,...) and ¢, — to as n — oo, it is sufficient to prove Problem Q for (3.1) with ¢t = {¢ is
solvable. In fact, substituting the above solutions u,(z), un,(2) into the equations (3.1) with
t =t,,t =t,, respectively, we obtain the following difference between the two equations:

(un - um)zé_tn[F(za Uny Unz, unzz)_F(Za Um, Umz, umzz)}

= Anm(z)a Anm(z) = (tn - tm)f(zaumvum.zvumzz)v

where
F (2 Ums Uz s Uinzz) = F (2, Um, Unzs Umezz) — F(2,0,0,0),
and
F(Z, una“nm“nzz) - F(Z; Um, umzaumzz)
= F(Zaun7unz7unzz) - F<ZaunaunZ7umzz>
(3.16)
+F(Zaun7unz7umzz) - F(Zaumaummumzz)
= RE[Q(UR - Um)zz + 1211 (un - um)] + AZ(un - um);
with ) )
Q] < qo <1, Lp,2[A;, D] < ko, j = 1,2,
and . - o
Lp0,2[Anm; D] S ‘tn - thqOLpOQ(umzz; D) + k‘ocl (Um, D)]
< |tn - tm'(QO + kO)S(um) < |tn - tm'(QO + k0>k7
in which

S(um) = Cé[unmb] + Lpo,Q[Umzi‘ + |’Ufmzz|77]
< Ml(kl + k2 + k3) = k7 Ml = Ml(QOaPOak07aaK7 D))
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for

k‘l = meg[F(Z,0,0,0),E}, kQ = Ca[CQ(Z)7E]7 k‘3 = maXx ‘bJ| (317)
1<5<No

Moreover, taking into account that w,(z) — u,,(z) satisfies the boundary conditions
Re[A(2)(un(2) — um(2)) 2] + c1(2)(un, — um) = h(2), z € T, (3.18)

Im[A(2)(Unz — Umz)]|z=a; =0, j € J, up(1) —um(1) =0, (3.19)

we have - -

S(Unfum):Cé[unfumaD}+Lpo.,2ﬂ(unfum)zf|+‘(un*um)wLD}

S MleO,Q[Anmvb] S |tn - tm|M1(q0 + kO)k

Since |t, — t;m| — 0 as n,m — oo, it is easy to see that S(u, — w,;,) — 0 as n,m — co. And

then there exists a function ug(z) € B, such that S(u, —ug) — 0 as n — co. From this we can

derive that ug(z) is a solution of Problem Q for (3.1) with ¢ = ¢¢. Hence E is a closed point set
in0<t<L 1.

From the above theorem, the next result can be derived.

(3.20)

Theorem 3.2 Under the same conditions as in Theorem 3.1, the following statements hold.

(1) When the index K > N, Problem P for (1.1) has N solvability conditions, and the solution
of Problem P depends on 2K — N + 2 arbitrary real constants.

(2) When 0 < K < N, Problem P for (1.1) is solvable, if 2N — K solvability conditions are
satisfied, and the solution of Problem P depends on K + 2 arbitrary real constants.

(3) When K < 0, Problem P for (1.1) is solvable under 2N — 2K — 1 conditions, and the
solution of Problem P depends on one arbitrary real constant.

Moreover the solvability conditions of Problem P can be explicitly stated.

Proof Let the solution [w(z),u(z)] of Problem Q for (1.6) be substituted into the boundary
condition (1.7) and the relation (1.8). If the function h(z) =0, z €T, i.e.
hj=0,j=1,.,N—K, if 0<K<N,
hj=0,j=0,1,..,N,ht =0,m=1,..,—K—1, if K <0,
andd; =0, j =1,..., N, then we have w(z) = u, in D and the function w(z) is just a solution of
Problem P for (1.1). Hence the total number of above equalities is just the number of solvability
conditions as stated in this theorem. Also note that the real constants by in (1.8) and b;(j € J)

in (1.9) are arbitrarily chosen. This shows that the general solution of Problem P for (1.1)
depends on the number of arbitrary real constants as stated in the theorem.

4. Error estimates of approximate solutions for Poincaré problem

We provide the following error estimate of the approximate solutions of the boundary value
problem.

Theorem 4.1 Under the same conditions in Theorem 3.1, let u(z) be a solution of Problem
Q for (3.1) and ul, = un(2,t) be its approzimation as stated in the proof of Theorem 3.1 with
A(z) = (1 = t)F(2,0,0,0). Then u(z) —ul (z) processes the estimate
S(u—up,) = Cy(u—up, D] + Lpg o[ (u — uf)zz] + [(u — uj,) 22|, D]
1— A"t — to|™ , (4.1)
—_— (1 -t t—to])"(1 -t
e =0+ Gl = ol (1= o)

where’y = M10((J0+/€o), k = ]V[l()(kl-l-kg-i-kg), ]\/[10 = M6+M7, Mﬁ, M7, q0 and kj(j = 0, ]., 2, 3)
are non-negative constants as stated in Sections 1 and 2.

< k|
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Proof From (3.1) and (3.7) with A(z) = (1 —¢)F(2,0,0,0), we obtain
(U - uiH-l)zE = f(Z, Uy Un s uzz) - tOf(Zv uiz—i—l? u%—&-lza uﬁz—ﬁ-lzz)
_(t - tO)f(Z7un7unzaunzz) = tO[f(Za u, uzvuzz)_
—f(Z, u%«kl’uﬁwrlz’uiwrlzz)] + (t - tO)[f(Z,U,UZ,UZZ)
f(Z, u%’uﬁw’u;zz)] + (1 - t)f(z,u, u27uZZ)7

in which f(z,u,uz, u,,) =F(z,u, Uy, us,) —F(2,0,0,0). Similarly to (3.16), we have

f(zu,uz,uz2) — f(z2, u unz’u%zz) =
= Re[Q(u — ul,).z + Ay (u — ub).] + Ao (u—ul,), Q] < qo,
f(z7u7uzauzz) = Re[Quzz + Aluz] + AQU; Lpo,2[Aj7D] < kOaj =1,2,

nd
) LP072[(t_t0)(f(Zvuau27u22)_f(z7ufz’u;z?u;zz))_‘_(l_t)f(z Uu, u27uzz) b]

< lt—tol a0 Ly 2 (u—tut)-2 D)+ hoC (u—t, D)+ (1—)[go Ly 2 (u-=, D)
+koC* (u, D)] < (g0 + ko) [t — to|S(u — up,) + (1 = £)S(u)].
Noting that the function u(z) — ul, | () satisfies the homogeneous boundary conditions

Re[A(2)(u = uj41):] + ex(2)(u —upy) = h(2), z €T, (4.3)

m(A(2) (uz =ty 412)]2=a, =0, €, u(l) —unt1(1) =0, (4.4)
and using Theorem 2.2, we have

S(u = i) < Mo(go + ko) [t — o] S(u —u) + (1= £)S(u)]

<A = to|" TS (u — ub) +y(1 = )S(u)(1 + ]t — tol+
+2 0t —to2 4+ -+ A"t —to]™) < ATHE — to|" TS (u — ud)
(L= 1)S(u)(L = "t —to[" ) /(1 = [t — to]),

where v = Mio(qo + ko) and u = u(z,1p) is the solution of Problem Q for (3.6) with ¢ = ¢,
and A(z) = (1 —t9)F(z,0,0,0). Since u(z) is a solution of Problem Q for (3.1), and v —uf is a
solution of the following boundary value problem

(u - u6)25 - to[f(zau7u27 uzz)_

(4.6)
_f(zvuga u6z7 uézz)] = (1 - tO)f(Z7u7uZ7u22)7
Re[A(2)(u — up,)] + e1(2) (u — uh) = h(2), z €T, (4.7)
ImA(2) (uz —1d.)]|:=a,= 0,4 € J, u(1)—ug(1)=0, (4.8)
it can be seen that
S(u) < Mo(ky + ko + k3) =k, (4.9)
S(u—ub) < Mg(1 —to)Lpy2[f(2,u,tz, sz, D) (4.10)

< My(qo + ko) (1 —t0)S(u) < v(1 —to)k.
Thus from (4.5), it follows that
YA—t)k(L—y" "t —to[" )
1 — |t — tof

(1—=1)+ (vt = o)™ (1~ to)],

S(u—ufy1) <"ty (1—to)k+
1— ’}/n+1‘t _ t0|n+1
1 — [t —to

= vk
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Hence (4.1) is true. If the positive constant J is small enough, then when |t —to| < §, |t —to| <
1, n is sufficiently large and ¢ is close to 1, the right hand side in (4.1) becomes very small.

Note: The opinions expressed herein are those of the authors and do not necessarily represent
those of the Uniformed Services University of the Health Sciences and the Department of
Defense.
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