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Abstract. In this paper,we study the existence of multiple positive solutions of nonlinear sin-
gular two-point boundary value problems for second-order impulsive differential equations.The
proof is based on the theory of fixed point index in cones.
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1. Introduction

Impulsive differential equations play a very important role in modern applied mathematics
due to their deep physical background and broad application. In this paper,we consider the
existence of multiple positive solutions of two-point boundary value problems for nonlinear
second-order singular and impulsive differential equations:

—Lu = h(z)g(z,u), rzel,

_A(pul)‘a::xk = Ik(u(xk))v k=1,2,---,m,

A(pu)|g=z, = Ip(u(z)), k=1,2,---,m, (1.1)
Ry(u) = au(0) — B/ (0) = 0,

Ro(u) = yu(1) 4+ 0u/(1) = 0,

here Lu = (p(x)u') + ¢(x)u is sturm-liouville operator, I = [0,1], I' = T \ {z1,22, -, T}
and 0 < 71 < 3 < -+ < Ty, < 1 are given, RT™ = [0,+), g € C(I x R*,R"), I},I} €
C(R™, RY), D) famay = pland (o) — pleatl (77), Apu) omay = plan)ula ) — plar)ury)
u'(z),u(z) (o (23 ), u(zy)) denote the right limit ( left limit) of u/(z) and u(z) at z = x4,
respectively,h(z) € C(I, R") and may be singular at x =0 or z = 1.

Throughout this paper, we always suppose that
(S1)  p(z) € CH([0,1],R), p(x) >0, q(z) € C([0,1], R), q(z) <0, a, B,7,8 >0,
p=0By+ay+ad>0.

*Corresponding author. E-mail adress:heying65338406 @ 163.com;



It is well known that there are abundant results about the existence of positive solutions
of boundary value problems for second order impulsive differential equations. Some works can
be found in [1,3,6 — 9] and references therein. They,mainly investigated the case p(z) = 1 and
q(x) = 0. In this paper ,we will consider the case p(z) # 1,and ¢(z) # 0. Here we also mention
that second order dynamic inclusions on time scales with impulses has been studied in [2] .We
obtain the existence results of positive solutions,by means of the fixed point index theorem in
cones under some conditions on g(z,u) concerning the first eigenvalue corresponding to the
relevant linear operator.

To conclude the introduction,we introduce the following notation:

I . T
go = liminf min g(x,u)7 Ip(k) = lim inf k(u), Io(k) = liminf k()
u—0t z€la,b] U u—0t U u—0t u

goo = liminf min 22 1y ~ timing £ 7 (k) = tim i 202,

u—+00 z€[a,b] u u—+oo U u—+oo U

Moreover,for the simplicity in the following discussion,we introduce the following hypotheses.

(Hi) -

o f) (Io(k) 1 () + To(k)dy (1)) o f: (oo (k)1 (zk) 4 Too (k)9 (1))
go + = b > A, Goo+ =1 A > Mg
J, ¢1(x)h(z)dx J, ¢1(x)h(z)dx
m(a) n(b)

here 0 = min{ (D) W} (see section 2), and ¢1(x) is the eigenfunction related to the smallest

eigenvalue A; of the eigenvalue problem —L¢ = Aph, Ri(¢) = Ra(¢p) = 0.

(Hs) : There is a p > 0 such that 0 <u < p and 0 <z < 1 implies

g(z,u) < np, Iy(w) < ngp, Ii(u) < fpp

here 1, 1k, e 2 0,0+ X (0 + k) > 0, 0 Jy Gy, y)h(y)dy + 2 Glwg, ) (e + ) < 1 and

G(z,y) is the Green’s function of boundary value problem —Lu = 0, R;i(u) = Ra(u) = 0 (see
section 2).

(Hs): 0< [{ G(y,y)h(y)dy < +o0

2. Preliminary
In this paper, we shall consider the following space

PC(I,R) ={u e C(l, R);u|($k7xk+1) € C(xp, o), ulzy ) = u(xy), 3 u(ac:), k=1,2,---,m}

PC'(I,R) = {u € O(I, R);u/|(xk7xk+1) € C(zk, Tpt1), u’(x;) =/ (zg), 3 u'(x:), k=1,2,---,m}
with the norm ||u||pc = sup |u(z)], ||u|]|pcr = max{||ul|pc, ||¢| pc}, Then PC(I, R),PC'(I, R)

z€|0,1
are Banach spaces.



Definition 2.1: A function u € PC'(I, R) N C?*(I', R) is a solution of (1.1), if it satisfies the
differential equation
Lu+ h(z)g(z,u) =0, zel

and the function u satisfies conditions A(pu')|y=z, = —Ix(u(zk)), Alpu)|p=z, = Ix(u(zk)) and
Rl(u) = Rg(u) =0.

Let Q=1IxTand Q1 ={(z,y) €Q0<z <y <1}, Qx={(z,y) €Q0<y <z <1} Let
G(z,y) is the Green’s function of the boundary value problem

—Lu =0, Ri(u) = Ra(u) =0.
Following from [4], G(z,y) can be written by

%) (‘T’y) € Ql)
D) - (2,y) € Q.

w

G(z,y) = { (2.1)

Lemma 2.1[4]: Suppose that (S7) holds, then the Green’s function G(z,y), defined by (2.1),

possesses the following properties:

(i): m(z) € C*(I, R) is increasing and m(z) > 0, z € (0, 1].

(ii): n(z) € C%(I, R) is decreasing and n(z) > 0, = € [0, 1).

(iii): (Lm)(z) =0, m(0) = B, m'(0) = a.

(iv): (Ln)(z) =0, n(1) =4, n'(1) = —.

(v): wis a positive constant. Moreover, p(x)(m/(x)n(x) — m(z)n'(x)) = w.

(vi): G(z,y) is continuous and symmetrical over Q).

(vii): G(z,y) has continuously partial derivative over Q1, Q2.

(viii): For each fixed y € I, G(z,y) satisfies LG(x,y) = 0 for x # y, = € I. Moreover,
Rl(G) = RQ(G) =0 for (TS (0, 1).

(viiii): G’ has discontinuous point of the first kind at = y and

1
GL(y+0,y) —GL(y—0,y) = “oy V€ (0,1).

Following from Lemma2.1, it is easy to see that:

G(z,y) < Gy, y) = W) 5y e [0,1]

w

m(a) n(b)
m) n(0) <1
(2.2)

G(z,y) > oG(y,y),z € [a,b],y € [0,1],wherea € (0,t1],b € [tm, 1), 0 < o = min{

Consider the linear Sturm-Liouvile problem
—(Lu)(z) = Mu(z)h(z), Ri(u) = Ra(u)=0.
By the Sturm-Liouvile theory of ordinary differential equations, we know that there exists an
eigenfunction ¢ (z) with respect to the first eigenvalue A\; > 0 such that ¢, (z) > 0 for z € (0,1).

Let E be a Banach space and K C FE be a closed convex cone in F. For r > 0, let
K, ={ue€ K :||lu|]| <r} and 0K, = {u € K : ||u|| = r}. The following two Lemmas are needed
in our argument.



Lemma 2.2: Let ¢ : K — K be a continuous and completely continuous mapping and ®u # u
for v € OK,. Thus the following conclusions hold:

(i) If ||ul| < ||Pul| for u € 0K, then i(P, K,, K) = 0;

(ii) If ||u|| > ||Pul|| for u € K, then i(®, K,, K) = 1.

Lemma 2.3: Let & : K — K be a continuous and completely continuous mapping. Suppose
that the following two conditions are satisfied:

(i) ueigﬁﬂ ||Pul| > 0; (ii) pPu # u for every u € 0K, and p > 1.
Then, i(®, K, K) = 0.
In applications below, we take £ = C(I, R) and define
K ={ueC(I,R):u(x) > olul,z € [a,b]}.
One may readily verify that K is a cone in E.
Define an operator ® : K — K by

= [ 6t udy+ > Gl m) Uaulen) + Teu(m), @ € 1

O<zp<z

It follows form (Hs3) that ¢ is well defined.

Lemma 2.4: If (H3) is satisfied,then ® : K — K is continuous and completely continuous,
Moreover, ®(K) C K.

Proof By the property of continuous of g(z,u), I(x), I(z), it is easy to see that ® : K — K
is continuous and completely continuous. Thus we only need to show ®(K) C K. In fact, for
u € K, by using inequalities (2.2) and (H3), we have that

J#ull < [ Gl u@)dy+ S Glan ) nluten)) + (@) < +oo

O<zp<z

On the other hand ,for any = € [a, b],by (2.2) we obtain

@@ = [ Gl u@dy+ S Gz Uule) + i)

O<zp<z
> /aeu,y)h()( Ddy+ S Gl z) e(ula)) + Te(u(ze)
b O<zp<z
0 _
> 0’(/1 Gy, »)h(W)g(y, u)dy+ > Glag, zi)( ((ﬂfk))Jrfk(U(wk))))
O<zp<z

> of[®ull
Thus, ®(K) C K.

Lemma 2.5:If u is a fixed point of the operator ®, then u is a solution of problem (1.1).



3. Main Results
Lemma 3.1:If (Hy) is satisfied, then i(®, K, ,K) = 1.

Proof Let u € K with [Ju|| = p. It follows from (H3) that

[Pu < /01 Gy, »)h(y) gy, u(y))dy + > Glwg, xp) Ti(w(zk)) + Ti(u(zy)))
k=1

IN

bl [ Gy + 3 Glaw, e+ 7] < p = [l
0 k=1

Thus
|Pul| < |lul|, Y uedK,.

It is obvious that ®u # u for u € OK,. Therefore, i(®, K,, K) = 1, here we use Lemma2.2.

Theorem 3.1:Assume that (H;) — (Hs) are satisfied. Then problem (1.1) has at least two
positive solutions u; and ug with

0 < lusll < p <[luzll.
Proof According to Lemma 3.1, we have that
i(®, Ky, K) =1. (3.1)
Since (H;) holds, then there exists 0 < ¢ < 1 such that
7 3 (oK) () + To(k)6} (1))
I ¢1(x)h(w)dz

(1 —¢)lgo + | > A,

7 8 (Loe (K)o () + T () (1)

Jz 61(@)h(z)dz
By the definitions of gy, Ip, one can find 0 < o < p such that

(1 —-¢)[gso + ] > A (3.2)
g(z,u) > go(1 —e)u, Ix(u) > Io(k)(1 —e)u, Tg(u) > To(k)(1—¢e)uV¥ x € [a,b], 0 <u < 7o.
Let r € (0,79), then for u € OK,, we have

u(z) > ollu|| =or >0. z € [a,b]

Thus
1 L | 1 _
(%)(5) = /OG(Q,y)h(y)g(y,u(y))der > G(ia@c)“k(“(@c))+Ik(u($k)))
0<Z‘k<%
b q 1 _
> LG(§,y)h(y)g(y7U(y))dy+ > G(§a$k)(Ik(u(fEk))"‘Ik(u(xk)))
0<$k<%



> w9 [ GG (-2 T G mh®u)

0<$1€<*

+ (1-¢) > Gkalok)( %)

0<$k<*

> (1—¢)or (go /ab G( x)dy + Z —,xr)Lo(k) —i—Io(k))) >0

0<:Ek<*

from which we see that ig% [|®u|| > 0, namely, hypothesis (i) of Lemma 2.3 holds. Next we
ue T
show that pu®u # u for any v € 0K, and p > 1.

If this is not true, then there exist ug € 0K, and ug > 1 such that pg®ug = ug. Note that
uo(x) satisfies

Lug + poh(x)g(z,uo(x)) =0, zel,

_A(pu6)|x=:pk = inIk(uO(l'k)), k= 1,2,---,m,

A(puo)|o—e,, = polr(uo(zy)), k=1,2,---,m, (3.3)
aug(0) — Bug(0) =0,

yuo(1) + dug(1) = 0.

Multiply equation (3.3) by ¢1(x) and integrate from a to b, note that

[ o )+ a(@uo@)ds = [ 61(@)(p(a)up(a)) + g@uo@)de
Ly /x’““mw)[(p(x) b)) + a(auol@)ldo + / 61(0) (Pl (@) + )z
k=1 "%k
= leplenubla 0~ [ palip@d @+ [ gt
m—1 Th+1
+ D [d(ze)p l’k+1)U6($k+1—0)—¢1($k)17($k)u6(33k+0)—/ p(x)ug(z)dy (x)dz
k=1 Tk
Thtl b
v [T da] = 1(2)plam )b +0) = [ pla)up(a)d) (a)do

+ /: q(z)uo ()1 (z)dx
A(p(xr)ug(x x x)uy )dx + x)u €T
] P(Zk)ug Tk ))P1( Tk ; 1 olx o(x

Also note that

/b (@)6h <>dx:/; )t @)dua) + 3 [ )6t ()t

+ / duo



k

b
Afpleruo(e)dh () = [ uo(a) (pla)dh (o) da

I
WE

I
—

I
NE

k

b b
Ap((euo(ee)éi (@) + [ wo@a(@)ér@de + M [ (@) @)uo(@)da

Il
—

m

b
/ 1 (@)[(p()up(2)) + q(z)uo(@)lde = =Y~ Alp(xy)up(zx)) o1 (xk)
k=1
+ ZA (zg)uo(zk)) P (z8) — M1 /ab h(z)p1(z)uo(x)dx
= Z puo (I (uo ()1 (k) + Ik (uo(ar)) @ (2x)) — M /ab uo(z)h(z)¢1 () dx

k=1

So we obtain

M / buo(x)h(m)gbl(x)dx = iuo (I (uo ()1 (xx) + I (uo(2r)) by (1))

+M0/¢1 g(x, uo(z))dz

> (1-¢) Zuo () (To(k) 1 (xx) + To(k) ¢} (k)
k=1
s (- [ a@u@h)ds

Since ug(z) > ollugl| = or, we have f‘f o1(x)up(x)h(z)dr > 0 andgn: uo(xg)(Lo(k)d1(xk) +
k=1

To(k)¢)(zr)) > 0. So from the above inequality we see that A\; > (1 — &)go.

Thus

(A1 = (1= ¢)go] /abuO(w)h(év)cbl(:E)dw > (1-¢) i k)1 (k) + To(k) ¢ (zr))uo(zk)

> (1= o S ok)on o)+ Tok)o (1)

Sincef; uo(x)h(z)p1(z)dr < rff ¢1(x)h(z)dz, we have
b m -
M= (=)ol [ h@)r(@)da = (1= ) Y (To(k)én (i) + To(k)6h (1),
@ k=1
which contradicts (3.2) again. Hence ® satisfies the hypotheses of Lemma 2.3 in K. Thus
(P, K,, K) = 0. (3.4)
On the other hand, from (H;), there exists H > p such that

g(z,u) > goo(1—6)u, I(u) > Io(k)(1—2)u, Ir(u) > Io(k)(1—&)u, V€ [a,b], u> H. (3.5)
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Let

€ = s, max [0~ goo(1 = 2)ul + 35 max ) ~ Le(W)(1 = )ul + 35 e [Tu(u) -
Too(k)(1 —&)ul. Tt is clear that

g(z,u) > goo(1—e)u—C, Ii(u) > Io(k)(1—e)u—C, Tg(u) > Ioo(k)(1—e)u—C, Vz € [a,b], u > 0.

(3.6)
Choose R > Ry := max{g,p} and let u € OKg. Since u(x) > ol|lu|| =cR > H for z € [a,b],
from (3.5) we see that

9(@,u(z)) = goo(1 — e)u(x) = 0goo(l —€)R, V z € [a,b].
In(u(zg) > 0loo(k)(1 — )R, Tp(u(zg) > 0ls(k)(1 —€)R.
Essentially the same reasoning as above yields ig}f( [|®u|| > 0. Next we show that if R is large
ue R

enough, then pu®u # u for any u € 0Kpr and p > 1. In fact, if there exist ug € 0Kg and pp > 1
such that po®up = up, then ug(x) satisfies equation (3.3) .

Multiply equation (3.3) by ¢;(x) and integrate from a to b, using integration by parts in the
left side to obtain

5 [ ot i (I(uo ()61 () + Tiluo @) (2))

m b
> (1-9) Y U000 (1) + ToalR)6 ()to(n) + (1= ) [ w0(2)61(x)h(a) o

- C(Z(¢1(l‘k)+¢1 y;) +/ ¢1(z)h(z) 95)
k=1

If goo < A1, then we have

m

b
A — (1 - 5)900]/a uo(z)h(z)1(z)dx + C (Z(sbl ) + ¢ (1)) / b1 (x >

k=1
> (1—e) Y (Io(k)p1(x1) + Too (k)¢ () uo(ws).
k=1
thus

b
[Juoll[A1 — (1—6)900]/ h(z)¢1(z)dz + C <2(¢1(3«“k)+¢1 r)) +/ o1 (x)h () 90)

k=1
> (1—¢) JHUOHZ k)1 (wx) + Too(K)7 (1))

and

c ( S () + h(we) + f qbl(z)h(w)dx) ]
uol| < k=1 =: R.

(1- 8)0k2 (Ioo (k)1 (k) + Too (k) (1)) — [\1 = (1 = €)goc] [ é1(w)h(a)dx

(3.74)



If goo > A1, we can choose € > 0 such that (1 — £)goo > A1, then we have

(Z(¢1(wk)+¢1 (7)) +/ ¢1(z)h(x) l’)
=

v

b
(1= 2)g = M) [ dn(w)uo(@)h(@)da

b
> (1 - &)gse — Mool / é1(2)h(z)dz.
Thus

k=1
(1= €)goe — Mo [P d1(x)h(x)dz

Let R > max{p, R}, then for any u € OKg and u > 1, we have u®u # u. Hence hypothesis (ii)
of Lemma 2.3 is satisfied and

C < % (1 (k) + & (1)) + J2 ¢1(m)h(:1:)dx> )
=R

[Juol| < (3.7v)

i(®,Kp ,K) = 0. (3.8)
In view of (3.1), (3.4) and (3.8), we obtain

i(®,Kp\ Ky, K) = -1, i(?,K,\ K,,, K) = 1.

Then @ has fixed points u; and ug in K, \ K, and Kp \ K, respectively, which means
u1(x) and ug(x) are positive solution of the problem (1.1) and 0 < |luy|| < p < ||uz]|.

Corollary 3.1:The conclusion of Theorem 3.1 is valid if (H;) is replaced by

(HY) go =00 or Zfo )Jp1(rg) =00 or ZIO )1 (1) = 00;
k=1
and
m
Joo =00 OF ZI k)p1(xy) = Z k)¢ (z) = oo.
k=1 k=1
Example:

Lu+ %(u% +ud)=0, vzl
—A(pu))|p=a), = cxu(zr), cx >0,
A(pu)|z=a, = dru(zr), di =0, (3.9)
Ry (u) = au(0) — pu/(0) =
Ry(u) = yu(1) 4+ 0u/(1) = 0,
here Lu = (p(z)u’)’ + q(x)u. Assume that (S7) is satisfied. Then problem (3.9) has at least two
positive solutions uq and ug with

0 <jua]| <1 < [Jug]

provided

1< % (1 - i Gy, vx)(cr + dk:)) , d= /01 G(y,y)dy. (3.10)

k=1



Proof To see this we will apply Theorem 3.1 (or Corollary 3.1)
By (3.10), n > 0 is chosen such that

1 m
l<n< g(l — Z G(mk,xk)(ck + dk))
k=1
Set
g(x,u) = f(u% + u3)
Note

so (Hy) (or (HY)) holds.
Let n = ck, Mk = di, then n, g, 7 satisfy

1 m
77/0 Gy, y)dy + > Glwg, z) (m + ) < 1.
k=1

Let p = 1, then for 0 < u < p, we have

1 1 1
g(w7U)=5(u§+u3)§*+§<77p=n,

and
Ii(u) = cpu = npu < mep, T(u) = dpu = Tru < Tpp
thus (Hz) holds. The result now follows from Theorem 3.1(or Corollary3.1)
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