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Abstract
One establishes the a priori energy inequality which guarantees the uniqueness of the solution and shows the conti-
nuous dependence of the solutions of the form of the boundary conditions.
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1 Statement of the problem

In a rectangle, Q = (0,1) x (0,7 , we study the set of mixed problems with integral conditions
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Ua(x,0) = pa(z), ua(0,t) =0,

Where 0 < a <[ and the mixed problem with local conditions

% - a% (b(az,t) 5;%) _ a% (m,n%) — f(a,1) (3)

u(z,0) = p(z), u(0,t) =0, wu(l,t)=h(t) (4)

It is assumed that the following conditions are satisfied

Condition 1.
For all (z,t) € Q, we suppose that
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(ai)o<i<a, (br)i<r<7 are positive constants.

Condltlon 2.
fE€La(Q), h e W3(0,T), pa, p € W2 (0,T), ¢a(0) = ¢(0) =0, ¢(1) = h(0),

—/soa )do = h(0).

2 Preliminary

In a rectangle Q = (0,1) x (0,7, consider equation :
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with the initial condition
u(,t)]e=0 = ¢(z), = € (0,1), (6)

local boundary conditions

du

ox

u(z,t)|z=0 = 0, (conditions homogeneous to the limits of Dirichlet)
(z,t)|z=0 = 0, (conditions homogeneous to the limits of Neumann)

and the homogeneous nonlocal condition
l
/u(a:,t)d;rzo, 0<a<ite(0,T) (8)

where the functions,a(z,t); b(z,t); f(x,t); ¢(x), require the following conditions :

Condition 1
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with the (ai)o<i<a; (bk)1<k<r and A positive real constants.
Condition 2 l

»(0) =0et / p(z)de =0
When the hofﬁogeneous condition at the limits of Dirichet is used .
©'(0)=0cet / p(z)dz =0

«
When Neumann’s homogeneous condition at the limits is used.

2.1 Basic lemma

The solution of the problem (5) to (8) can be considered as the solution of the operational equation :

Lyu=TF=(f,¢) 9)
Where the operator £ defined by :

Ly:ExCL*Q) — F
ur— Lau = (Lau, @)
e has as its domain :

D(Ly) = {u e LQ(Q)/E)U. *u u _ ou(z,t)

l
57 @7 0220t € LZ(Q)v u(x7t)|x20 T‘x=0 = / u(x,t)dx = O}

e[, is a space of Banach which is the completeness of D(L£) in relation to the norm :
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o[ is the Hilbert space with the norm.
l
1€l =/ If(x7t)|2dff:dt+/ [le@)* + ¢ ()*] d. (11)
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Definitionl
We call a strong generalized solution of the problem 1 to 4 with the conditions 1 and 2, a solution of equation :

Lu=F (12)
and 2 to 4 with the conditions 1 and 2 where £ is the closure of L.

lemma 1
Consider the operator M defined by : Mv = ov — Jv where

1,si 0<z< 0,si 0<z<L«
Va(@) = l—x’ si a<z<lI Jo = Lflv(y)cly, sia <z <l
l—« l—a’'®



and v a positive function.

We have :
Vz € (0,1),0 < f:—z < Palz) < 1. (13)
2Wv € D(L),Mv <tov et Mv <. (14)
3)Vu and v elements of D(E) and A(z,t) defined on (0,1) x (0,7"), we have a :
Ou Ov
/ 2 (A, 1) 28 Muda = / Yal) A, 1) 24 P . (15)
Proof

1) (13) comes from the definition of ¥q.
2) J et 1o are positive by definition, hence Mv < ¥,v,Vv € D(L).
And because 0 < ¥ (z) < 1, it comes :Mv < v.

3) Yu and v elements de D(L) we have

,/Ola%(A(x £ 2% Mudz / " o) Mud 7/:%@@,15)%)1\4@6@

Let’s first calculate /0 - ( (.05 ) Mudz.
/ aﬁ < (z, ) Mudz = /Oa a% (A(x,t)%) (Wo(2)v — Jo(z)) do
/Oa aﬁ (A(m, )g“) Mvdz = /Oa a% (A(x,t)%) vdz.

By integrating, in parts, we have :

>0 ou « au ov ou ¢
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Let us now calculate /& % (A(a: t) gu

/ala% <A(m t)g )M da = ﬁ{/ﬁla% (A(m t)gZ) (lfx)vd:cf/‘:{% (A(x,t)%) /zlv(y)dy}dx}.

By integrating, in parts, the two terms on the right, it comes
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) Muvdzx.
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lemma 2
If g € D(L) and verifies 2.4 then :
1
Jg.gdz = 0. (16)
0
Proof
1 1
Jg.gdx = Jg.gdx
0 e

= ﬁ al [g(m) /zlg(y)dy} dx

= (] swan) [ owa]as
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= —ﬁ leg(y)dy]zd’oﬁ

1
/Jg.gdx = 0.
0



2.2 Energetic inequality

Theorem 2.1. If the conditions 1 and 2 are satisfied then there exists a positive constant C' such that, for any function
u € D(L) solution of the problem 1 to 4, we have :

[ulle, < ClLaullr. (17)
Proof

Let uw € D(L) function and check (1) to ( 4) and the conditions 1 and 2.
By multiplying (1) by M%: and integrating with respect to z on (0,1) and then with respect to ¢ of 0 to 7, it comes :

du T o 5% Au
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Let us express each term of the rlght hand side of the equahty (E1)

T ou . Ou / T L ou _Ou
. — M —dxdt = wa —dmdt — / — J—duxzdt.
/0 o Ot Ot o Jo (@) o Jo Ot 0Ot

As uw € D(L) then % € L*(Q) and after (16), we have / @J@d

T lau
Therefore —M—d dt = wa \—\ |dzdt  (E2)
o Jo Ot

._/Ol%@(x,t)%) Mgda::/ Ya(2)b(z, ( )

By replacing (15) A(z),uw and v respectivily by b(z, t), 875 and E and by integrating with respect to ¢t from 0 to 7, we
obtain :

//a:c( 8:1:875) *ddt //% “|5 atldw‘dt (Es)

e Similarly, replacing in (15) A(z) and v respectivily by a(x,t) and %,

and by integrating with respect to ¢ from 0 to

T, it comes :
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0 du L[ 9 [ou)?
//F( 7) Ed zdt = 5/0 Olﬂa(x)a(x,t)& (@ dzxdt

0
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l
0
= 3 [ ve@ e 0igtenr
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_,/ Yalz (a: 0)[2da
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By using (Eg) (E3) and (E4) the equahty (E1) becomes :

/ EAuM—dxdt / / Yoz |—| dx dt+>\/ / Yo (2)b(z, t| | dzxdt+

/wam(mnam( NPar -3 [ ba(@ae 0l x0|d—f//z/»a

0
Accordlng to the inequality of Cauchy Bougnyakosky,

2
2/ Laut Pzt < 2 //(ﬁAu)dedt // M@ dxdt
0 at 0 0 0 0 at

the application of the inequality 2ab < a® + b* to the right-hand side of the above-mentioned one makes it possible to

obtain :
T 1 T l 2 T 1 T 1 2
[ [ i [ [ (w22) s [ [ e [ [ (322 e
0 0 0 0 t 0 0 0 0 ot

T l ou 1 T i 5 1 T 1 ou 2
We can deduce : LAuMdedt S = (Law)” dedt +3 Ma dxdt. (Eg)
/o 0
T l 2
6u ou
— < —M—— < o vy .
But / / ( ) dzdt < /0 ; 8t d dt / / Y (875) dzdt. (E7)

Applying (10) to 8—? we have : Ma— < % et a < wa Thus the inequality (Es) becomes :

//EAuM—da:dt< //zw )2 dwdt + = //wa <E> dzdt. (Es)

By replacing in the relation (Eg) the left term by its expression of the equality (Fs), one obtains :

//1/Joc |—|ddt+)\/ /1/),1 It|8 8t|ddt+ /1/1a )|gu(x 7')| .
/wa z,0)| (x()\d:vff//wa aa“|—|dd< //Lw )2 dadt+
//wa % dxdt.

It then comes :

1,0 o2 P 0
/ /wa { 1287 4 xo(a )|axgt|2} dacdt+§/0 o (2)ale, )|5;)(m|dm< / / \Caul2dadt +
/ / Yo(x) aa a(z,t), xﬁdmdt. (Eo)

However, according to (2), u(x,0) = ¢(x) therefore g—g(x,O) = ¢/(x). In addition, using conditionl, especially

dedt. (Es)

ao < a(z,t) <aq; gt (z,t) < a2;1 <b(z,t) <bi, (E9) becomes :
T 1 2 2 2 T 1
1|0u d%u 1 2
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1oN2 az ! oul?
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As
1|oul> | 0% |? - :
Uo(z)et |=|—= are positive, by removing the first term from the left member of E(10) we get :
2|0t Ozot
i 2 T l
ao ou 1 9 a1 8u
Y \Ija a..9+ ’ < o 5 a.. )
2/, (z) axat(“’ T)| dz 2/ / |Caul” dedt + — 2 / (2)|¢ (z)Pdzx + / / dxdt
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ou
/ oz )‘8 at(x T)| do < —/ / |Laul® d:vdtJr—/ x)[*dz+
/ / @ dudt. (Fun)
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L 2 a; [ 1N a2 : ou : : .
= — |[Laul”dzdt + — [ Vo(z)|@ (z)|°dz, c = — and g(7) = U, (z) |=—(x,7)| dz, the inequality
ao Jo Jo ao Jo ao 0 Ox

(F11) can be written in the form :

o)< [ g+ hr
0
and using Gronwall’s inequality which states :Let g and h be two integrable functions such that g(¢) > 0, h(t) > 0 and
h increasing on (0,T). If g(7) < c/ g(t)dt + h(7) then : g(7) < exp(cT)h(T) where c € R7,
0



of the inequality (E11), we deduce :

l 2 o oyl !
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0

0
then the last inequality can be written as :

Z\I/ u 2d <ew T Lawul|? dedt dz s (E
aq —_—
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By replacing in (E12), 7 by y then integrating with respect to y from 0 to 7 we get :

// dxdy<e“0 {ao/ / /\[,)\u| dxdtdy—kf// |dxdy}.(E13)

T
Replacing y by t in the left-hand member and applying / < / to the member of (Uis) then multiplying on both
0 0
sides by % we find :

2 a T ol 1
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When (FE14) is used to bound above the right hand side of (E10), we get : :
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And, again using inequality / dt < / .dt, we have :
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Note that the right hand side does not depend on 7. In this way,
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From (1.9) the inequality gives :
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From this we deduce that

. 1 2 1
o (e U Lo 3] Jea s g, { [ 3
1, a2, 227 T 2 : 10oN2
max(1l;a1) |z + =—Te% |[Coul” daxdt +ay | Wal(z)|e (z)|"de ¢,
2 2a0 0 0 0

2

*u
oxOt

+3)

hence

max(1;a1)

in (L a0 [2 2a0
I—a’2(l—a)

We know that for every function g € C]0,!] the following equality is true

llulley < CllEA|IF, avec O =

Therefore, the problem (3), (4) is the limit when o — [ of all problems (1), (2).
In the present work we establish the a priori estimate for the difference u, — u and using this estimate, we will prove
that if « — [ and o —> ¢, then uo — u.

3 The a priori estimate

Theorem 3.1.

The conditions 1 and 2 are satisfied. Then there exists the constant C' independent of uq, u and o, such that there exists
the a priori estimate
/Z/T(lix) dua  Oul? dua  Oul?
o Jo ot ot

J——— <
ot ot| S

otor  Otdx

‘ e &%u

2 1
}dmdtJr sup /(lfm)
0

0<t<T

2

l 1 l T| 4 l 2
<o| [t - @ e+ | 2o [ucoa-no| + [ 2 [uende-no) a
0 -« «a 0 -« a
l 2 T l 2
+ sup L/ (&, 1)dE — h(t) +/ L/ 0w be | arl . (18)
o<t<T |l —a J, o |[l—aj, Ot
Proof.

Consider the problem (1), (2) and make the change of the unknown function :

Ue (T, t) = va(z,t) + 7 Q_xah(t) (19)

Where vq(z,t) are solutions to problems

OVa 0 R 0 Ova \ 2 0b, 2 Oa 2r .,
Bt s (b(x’t)a 81&) ~or (““v”%) = f@ )+ g O+ g h ) — g @)
2x 1

1
0a(2,0) = Pa(2) = 2R (0), m/ Vo (5, ) = 0, v (0, ) = 0.

In the problem (3) , (4) make the change of the unknown function

1
u:v—l—%/{l u(&,t)d¢ (20)

where v(z,t) is the solution of the problem
ov 0 0*v 0 Ov 2 L ou(e
E‘%(b( t)a at)_%( @) 5 ) f,t)+ l2+a28x ot Dac+

2  Oa 8u
ot e nac— 2 [ 20y

o(2,0) = ple) ~ sy / u(E, 0)d
v(0,t) =0, ﬁ /lv(a:,t)da: =0

Then the function w, = v — v, is solution of the problem

Owe 0 8wy, 0 Owa \
e - o (05 - o (w0 % ) = 5(a) (21)
l

wa(ﬂ,’, 0) = ¢04(3:)7 wa(07 t) = 07 ﬁ wa(a;,t)d:r =0 (22)




where

Fulat) = gzlfa Lfa/al au(;t’t)df—h’(t)} 400 2 L%/;u(g,t)dg—h(t) -

Oxl+a !
7 ixa [z _1 o /ﬂl augi, 9 dé — h’(t)] ; (23)
60(0) = o) — o — o (2 [ e 01— h©)) (24)

In preliminary for the problem (21), (22), it has been demonstrated that the following a priori estimate

A(Z—x)['ag”: zdxgcl{/ol

where the constant C does not depend on wa, @Po, Fa.
From Equality
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wmo =+ 2 [ et no)|

2 2
dwy,

ozt

doe |?

Owe

ox

1
}dmdt—ﬁ— sup /(l—x)
0

0<t<T

"

dac+/ |Fa(w,t)|2d:rdt}, (25)
Q

4+
it results in inequalities
ou  Oug o OWe 2 712 T Bu
/Q(l )57 |ddt /Q(lfm)| \ddtJr?/O l—a/ df\ dt (26)
Pu Pual’ wa |? T, 1 8u
l— — dedt <2 [ (I— dxdt + 2 h(t)— —— dt 2
/ﬂ( ) | om0t ~ ozt /Q( *) | Gzar | it /0 O -7 5‘ (27)
1 2 1 2
ou  Oug Owq 1
3 l— — = dr <2 l— der+4 s h(t) — 7/ N 28
N o g ] Lo W A R S R

of both ties (23),and (24),it results in inequalities

! T
/|F (z,t)? dz < faQ/ l_la/au(g,t)dg—h(t)’dtﬂg(b;+é)/0

l
oo, o

2

dqﬁa

8] 1 !
/ / |<,D :1(15)‘2 dx + 7 m/ u(ﬁ,O)d& — h(O) (30)
On the basis of the inequalities (26) - (30), the inequality (25) implies the inequality (18) in which
C' = max <§l2 +2+46C (4?2 + él> 8%74, %Cl) ‘

The theorem 2.1 is thus proved.

4 Continuous dependence of solutions of mixed problems of the form
of boundary conditions

Using the estimation (18) for the difference un —u of the solutions uq of the problems (1), (2) with integral conditions
and the solution u of the mixed problem (3), (4) with the local condition, we obtain the following result.

Theorem 4.1.
Let the conditions 1 and 2.
If
l
tim, [ |¢a(e) ' (@) dz = 0 (31)
« 0
then
Lot OUq ou|? e d*u 2 ! OUq ou|?
li l— - — - dxdt | — — — | dxpy=0. 32
aﬂlo{/o/o( "”){ ot ot ‘8:17815 ozor| | +02?£T/0( Now "] @70 (32)
Proof.
As h(t) = u(l,t), then
1/ 2 1/ 2
hml sup 1_7/ u(&,t)dé — h(t)| = lim sup —a /u(f,t)dé“fu(l,t) =0 (33)
a—lot<T - a—logt<T @ o
2 T 1 2
. au o 1 ou(&,t)  ou(l,t) -




From the equality (18) and the equations (31), (33), (34), comes the equality (32).
This proves the theorem (3.1). To complete our search, let us show that for every ¢ € W (0, T) function satisfying the
conditions ¢(0) = 0 and ¢(I) = h(0),there exists po € W3 (0,T) the functions such that

a0 =0, —— [ palw)dz = h(0) (35)

l—a/,

and the equality (31) is checked.

Let

oole) = o) - 2 (2 [ ety - o).

T l+ta «@

then o € W2 (0,T), 0a(0) =0,

I I 2 [l2xdz ([ 1 [
—a acpa(x)dx—m agp(az)d:c—lia/a l+a<lfa/a('0(m)dx_h(0)>_
1 1

1 o@)de — (ﬁ /al o(@)da — h(O)) — h(0).

T l-a o

And

2

= J1e(t) ~ h(O) =o0.

!
| = aeterda =)

l
. / / _ . 4l
ahml/o oo — ¢ (:r)’dz:fahml T a?

In other words, we have just demonstrated the continuous dependence of the solutions of the mixed problems for the
pseudo-parabolic equations of the form of the boundary conditions.
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