A Note on the Solutions of Pell Equation 
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Tang Fengjun 
In this paper, we will consider the integer solutions of the Pell equation 
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. We obtain the 
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 by a  matrix obtained by the Pell equation. We also think about  the relationship between the 
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-th solution  
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 of the Pell equation and the generalized Fibonacci and Lucas sequences.
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1. Introduction and Preliminaries

The equation  
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 with given integer 
[image: image9.wmf],

dk
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, is called as Pell equation. As we know, there are several methods to find the integer solutions of Pell equation, and in which the simple continued fractions are very useful if 
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is positive integer but not a perfect square.

The simple continued fraction expansion of 
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 has the form 
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with 
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. But in fact for 
[image: image16.wmf]2

da

l

=-

, 
[image: image17.wmf]0,,

aN

ll

<<Î

 if we let some 
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 may be negative , then we can also get the fundamental solution of the Pell equation , for example:
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, then the fundamental solution of 
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As we know  
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, obviously the amount calculation is greatly reduced, and the length of the period of continued fraction is also reduced. From the following two examples, we know: the period characteristic of even or odd has not been changed, and only the length is reduced. 
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Suppose 
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 is one of positive integer solution of 
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, then for any 
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 is also a integer solution of 
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, so we call the matrix 
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 is characteristic matrix if 
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 is the fundamental  solution of 
[image: image33.wmf]22

1

xdy

-=

.

Since generalized Fibonacci and Lucas sequences related solutions of the Pell equation will be taken into consideration, let us briefly recall them, and we only need consider the sequence  be defined as following:
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then we can get
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and 
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where 
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The following lemmas and theorems can be found in many elementary texbooks.

Lemma 1 If 
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is the fundamental solution of the equation 
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 is the fundamental solution of the equation 
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Lemma 2. Let 
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 be the period lenth of continued fraction expansion of 
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. If 
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 is even, then the fundamental solution of the equation 
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, and the equation 
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 has no integer solution, If 
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 is odd, then the fundamental solution of the equation 
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 is given by  
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, the fundamental solution of the equation 
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Where 
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2. Main Results

Theorem 1.  For the Pell equation 
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 is any one integer factor of 
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(i) The continued fraction expansion ( 
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And if
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(ii) If 
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, then the fundamental solution is 
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(iii) All positive integer solutions of (2) are given by 
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(iv) 
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that is to say  
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 that is to say  
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Proof. (i) 

If we can let 
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(ii) if we choose 
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, so the fundamental solution of Pell equation  can be get; If 
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We also can get the fundamental solution of Pell equation.
Theorem 2.  The Pell equation 
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Proof: The length of the period of continued fraction of 
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 is even, then the Pell equation 
[image: image86.wmf]222

()1

xay

l

-+=-

 has no positive integer solutions.

Theorem 3. The fundamental solution of the Pell equation 
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thus all positive integer solutions are given by 
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