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Abstract

In this paper, we discuss inverse eigenvalue problems for singular
Hermitian matrices. In particular, we investigate how to construct n x
n singular Hermitian matrices of rank 2 and 3 from a given prescribed
spectral data. It is found that given the spectrum and the multipliers
k; where 1 = 1,2,---n — r, the inverse eigenvalue problem for n x n
singular Hermitian matrices of rank r is solvable. Numerical examples
are presented in each case.

1 Introduction

An Inverse Eigenvalue Problem (IEP) is to reconstruct a matrix which
possesses both a prescribed eigenvalue and desired structure. Inverse eigen-
value problems arise in broad application areas such as control design, system
identification, principle component analysis, structure analysis etc. There are
many different types of inverse eigenvalue problems and despite of a great
deal of research effort being put into this topic many of them are still open
and are hard to be solved.

In [1] Gyamfi studied the solution to the Inverse Eigenvalue Problems
(IEP) for a class of singular symmetric and singular Hermitian matrices. On
the case of singular Hermitian matrices he presented results up to rank 1.
In this paper, we extend earlier results found by Gyamfi [1] on the solution
to the IEP for a class of singular Hermitian matrices of rank 1 to ranks 2
and 3. The paper is organised as follows: In section 2 we review basics on
how to reconstruct singular Hermitian matrices of rank 1 from prescribed
spectrum. Our main work on the solution to inverse eigenvalue problem for
singular Hermitian matrices of ranks 2 and 3 is presented in section 3. We



give conclusion and recommendations in the fourth section. Readers are re-
ferred to Gyamfi [1] for the details on inverse eigenvalue problem for singular
symmetric matrices.

2 Background

In this section we review previous results obtained by Gyamfi [1] in respect
of the inverse eigenvalue problems for singular Hermitian matrices of rank 1.
We begin with 2 x 2 singular symmetric matrix of rank 1 and extend it to
n X n singular Hermitian matrices of rank 1.

Lemma 1: Let A be a non-traceless, symmetric matrix of rank » with
non-vanishing elements. Then there exits an isomorphism between the ele-
ments of A and its distinct non-zero eigenvalues if and only if r = 1.

Corollary 2: The inverse eigenvalue problem has a unique solution for
singular symmetric matrices of rank 1 with prescribed linear dependence re-
lation.

Specific case 1:

Given n = 2,7 = 1, we begin by consider A, 1y. By definition, A ;) has

the form:
A . aiq kan o 1 k
@D =\ kay Kan )T M\ kR

Let Ay = {A1, A2}. Since A9y is singular of rank 1, it means that Ay = 0.
A

14 k2

We have: tr(A@1)) = A = a1 + k*aq; = a11(1+ k?). Therefore ajq =

Hence
A 1 k
den =1 ( koK )

Thus A(2,1) has been reconstructed for a given A and prescribed scalar .

We see from this formula that for any given A and parameter k, we can
generate any 2 x 2 singular matrix of rank 1. For example if £k = 3, A = 10

we have
1 3
A(Q,l) = ( 3 9 )



2.1 Extension to Hermitian matrices

We now extend the above to Hermitian matrices of dimension 2 x 2. A is
Hermitian implies that as; = @5. Linear dependence of rows is given by
a1 = kayy and ax = kaia, so that ay = @1p = kay. Then ag = k(kayy) =
|k|?ay;. We now write the matrix as

_ a1 kan - 1k
A(2,1) = ( kay, |k’|2a11 ) = a11 ( k |]{?|2 )

A
Hence tr(A@g1)) = A = ann + [k? a1 = an (1 + [k|*) = an = TW From

this, we see that any 2 x 2 Hermitian matrix which has a parameter with the
same value as the modulus k satisfies the above formula.

_ 1
Example: Let k=14 2¢,A =3 and k =1 — 2i. We have ay; = 5 and

1/ 1 1-2i
A<2’1>§(1+2¢ 5 )

We use numerical example to illustrate small singular Hermitian matrices
of size 3 <n <4 of rank 1.

Example: For n = 3,r =1, A(3) is of the form:
1 k1 k1ks
A(3,1) = ai ky |k‘1|2 |k51|2k‘2
kiks  [kilks [k [ [kol?
A
L+ |k |? o+ [k P[]
as the modulus of k; and ks generates the 3 x 3 Hermitian matrix. Suppose

_ - 3
A=3,k =2i,ki = —20,ko =1+1,ky=1—1, we havean:l—gand

Any parameter which has the same value

where a1, =

3 1 =21 —2-2
—2+21 4+4i 3

Example: For n = 4,r = 1. Given ki, ky and k3 we obtain the following
singular Hermitian matrix:
1 k1 kiky kikoks
ki k1|2 K1)k AR
Y U 1Y 1Y R VY Y
Feikoky |ki[*koky (Kl kol Ry |Ra|* ool K3

A(4,1) = a11
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. o )\ o _ . .
In this case a1y = TR P P a When A = 2,k; = 20,ky =

2+, k3 =i, we have a;; = 4% and hence

1 —2 —2—di —4+2i
P2 2i 4 8—4i —4—8i
WO =45 | —24+4i 8+4i 40 —20i

—4—2% —4+8 20 20

Proposition 3: If the row dependence relations for a Hermitian or
anti-Hermitian matrix of rank 1 are specified as follows R; = k;_1R;_1,1 =
2,3,...,n — 1 where R; is the ith row and each k; is a non-zero scalar. The
matrix can be generated from its non-zero eigenvalue A:

1 El E1E3 R El_ . kn:l
/ﬁ e R PRy
A=ap kiks R k1 |?[Ko|?
kl"'kn—l |k1’2k2"'kn—l |k1|2|k2|2k3...]{;n_1 |k1|2"'|kn—1|2

(1)
where
_ A
1+ |k1|? + |k1|?|ka)? + - -+ |Rr]? X -0 X k|2

ail

3 Main work

We now consider the IEP for n x n singular Hermitian matrices of rank 2.
A(3,2) is of the form:

a1 kan a3

2 —
A(3,2) = kayy |k7_| ap  kas
a13 ka3 ass

Here, tr(A(:;’g)) = )\1 —+ )\2 = a1 + ’k"QQH “+ a3z = an(l -+ ‘kP) + ass. But

A1 A2
A = 1+ |k|? =—F——Th
1A2 = ani (1 + |k[*)ass = azs an (L1 kD) us
A1 Ao
A+ A= 1+ k?) + ———r
1+ A =an(l+] H+a11(1+!k!2)’

which implies

a3 (14 1k1*)? —an (14 [k[*) (A + X2) + A =0
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which yields ay; = and Ay = a33. Therefore ai3 becomes a free

A1
1+ |k|?
variable. When A\; = 1,\y = 2,k = 3¢ and a3 = 2 + i, for example, we
obtain the following singular Hermitian matrix:

1 —3i .
10 10 2—1
31 9 .
Asy=| % 19 3+0

241 3—06¢ 2

We illustrate the results for 4 x 4 singular Hermitian matrices of rank 2.
Aa,2) is of the form:

a1 kiaq ]flk’zan Q14
Az = kiay ‘k'12|2<111 ’k12|2k'2§11 klaiz}
’ kikaaq Vﬁ_’ kyaqy Vﬁ_’ ‘_162‘ ajy  kikaay
14 kiais k1koara Q44

Then tr(Auz) = A+ X2 = an (1 + |k1]? + |k1]?|k2)?) + a4q. This implies
Ap

— A
1+ (K2 + ket 227 72

ai = ay4 and a4 becomes a free variable.

Numerical example, for Ay = 3, Ao = 5, k1 = 2i, ky = 1+2i and a4 = 1+,
we obtain a singular Hermitian matrix below:

3 —6i —12-6i .
25 25 25 L —i
6i 12 12—24i :

25 25 25 2i+2

A =

' —1246i 12424 60 . .
25 25 25 2+61

1+7 2—-20 —2—-6¢ 5

In general, the solution of the IEP for A, ,) leads to the solution of an
rth degree polynomial equation in aq; of the form:



r

0 =afy (1+ [ka? + -+ [kt )" — (Z M) (L [k 4 - [k [P)aly

=1
r  k+1
+> (T + ka4 4 ke P)aly?
k=1 i=k
r k42 r
=D IO kP - ke = () - === = (1),
k=1 i=k i=1

We generalise the method above in the following two theorems, first an
nxn singular Hermitian matrix of rank 2 and then of rank r, where 2 < r < n.

Theorem 4: Given the spectrum and the row multipliers k;,i = 1,--- ,n—
2, the inverse eigenvalue problem for an n x n singular Hermitian matrix of
rank 2 is solvable.

Proof:

Given the spectrum A, = {A;, A2, -+, \,}, since the rank of Ay = 2,
it follows from our notation above that A\; # 0 # Ay and \; = 0, for ¢ =
3,4,--- n. Let kj;1=1,2,--- , k,_o be row multiples. Letting

a11 Elall E1E2a11 ce E1Ez' : 'Eﬁ—2a11 a1y
kian |k‘1]2a11 |/€1|2]€2CL11 te |/€1|2/€2 tet k?n:zan ki@,
A(mg) = k1koar ‘k1\2/€2a11 VﬁP’kzPan T |]€1|2‘k2’2/€3 o kpoan kiksan,
A1n Eﬂlln EIEQCLI’M T E1E2 e 'En—Qaln Qpn

(2)
Then

tI‘(A(n’g)) = )\1—|—)\2 = a11(1+]/~c1]2+]k1|2|k2|2+- . '—|—‘k1|2 XX |kn,2]2)+ann.

Hence

A1
L R A R PlR A TR X R

ai

Ay = a,, and ay, becomes a free variable. The result follows by induction on
n.



We consider the Inverse Eigenvalue Problem (IEP) for n x n singular
Hermitian matrices of rank 3. A 3) is of the form

a;n  kann @3 G
kaq |/€_|2a11 ka3 kayy
a3 Eals ags Q34
A14 kaiy 34 44

Augz) = (3)

Here, tr(Azs) = M+Aa+ A3 = a11(1+|k|?) +ass+ass. Using equation(1),
A(s3) leads to the following cubic equation in a;; where A, Ay and A3 are
nonzero members of the spectrum.

a?jl(1+|k|2)3—af1(1—|—|k|2)2()\1+)\2—|—)\3)+a11(1+]/€|2)()\1)\2+)\1)\3+)\2/\3)—)\1>\2)\3 =0.

Solving the above cubic equation we obtain the following roots, A\ =

an(l + |l€|2> = a1 = 2 — A33 and )\3 = Ay4, where a3, a4 and asq

1
— A
1+ |k|?
are free variables. For instance, when A\ =2, Ao = =1, \3 =5,k = —i,a13 =
24+ 1,a14 = 2¢ and azys = 1 — 3¢ we have

1 i 2—i =2
| 1 —1-2i =2

@WH = 244 —142 -1 1+3i
2i ) 1—3i 5

Finally, we present 5 x 5 singular Hermitian matrix of rank 3. Using the
same method, we obtain the following equation in a;; where A, Ay and A3
are nonzero members of the spectrum.

0 =a3; (14 [k + [k *[F2]?)? = afy (1 + [Ba* 4 [k [P[R2]*)? (M0 + Ao + Xs)
—+ a11(1 + |k’1|2 —+ |k’1|2|k’2|2)(/\1)\2 + )\1)\3 + )\2/\3) — /\1)\2)\3.

Factoring the above equation gives the following results:

a1 =
N e R TR
and Qys.-

Ao = ayy and A3 = ass. The free variables are a4, a5

Example, let \y = 13,0 = =3, A3 =5, k1 = 2i, ks =1+ 1,014 = 4,a15 = ©
and asy = 3 — 1 we get the following 5 x 5 singular Hermitian matrix of rank
3:



1 —2  —2(141) 4 —i

2 4 4(1 — i) 8i 2

Assy = | —20—14) 4(149) 8 —8(1—1) 2(1+41)
4 ~8  —8(1+1i) -3 341
i 2 2(1—14)  3—i 5

We state the following theorem for the general case where A, has rank r:

Theorem 5: The inverse eigenvalue problem for an n x n singular Her-
mitian matrix of rank r is solvable provided that n — r arbitrary parameters
are described.

4 Conclusion and Recommendation

We found in this study that when the eigenvalues and some parameters are
given the inverse eigenvalue problem for n x n singular Hermitian matrices
of rank 2 and 3 are solvable. To illustrate the results, numerical examples
were provided.

Finally, we recommend that Singular Hermitian matrices of rank > 4
could be studied for future research work.

References

1. Gyamfi, K. B. (2012). Solution of inverse eigenvalue problem of certain
singular Hermitian matrices. PhD thesis, Kwame Nkrumah University
of Science and Technology.

2. Oduro, F. T. (2014). Solution of the inverse eigenvalue problem for cer-
tain (anti-) Hermitian matrices using Newton’s method. Retrieved from
www.ccsenet.org/journal /index.php /jmr/article/viewFile /27848 /20358



