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Abstract

Over the last century, life expectancy of US population is being
increased as past and actual census investigate. In this paper we at-
tempt to predict future life expectancy by race for Black, white and
all races in general in the USA. In doing this, we apply the cointe-
gration analysis appeared recently in the actuarial literature. It takes
into account dependence between between the six variables and shows
a better fit with better performance in predicting life expectancy at
birth by races. Also, it reveals that long-run relationship between life
expectancy of all races do exist. These results are helping and giving
some new insights to demographers on the performace of future life
expectancy for each group of race living in the USA.
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1 Introduction

Life expectancy as well as mortality rates are getting improved, across de-
velopped countries, as several studies such as Tulgapurkar et. al(2007) and
Oeppen(2002) have shown. The United States of America are not an excep-
tion since they have highlighted also signs of improvements of life expectancy
of the population in general and also the different races groups living in the
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country. To illustrate this, in 1970 life expectancy for male people was re-
spectively of 68 for white race and 60 years old for black. In 2010, there were
76.5 and 71.8. Same results are observed for females as in 1970 white female
life expectancy was 75.6 and black 68.3. Furthermore, in 2010 there were 81.3
and 78 for respectively white and black. The historical census of the USA
population take on mainly of 2 group races: white and black people. How-
ever in recent years, there are many other group’s races of people who have
immigrated into the country such as Latinos and Asian and the incidence
of their presence is becoming visible in the american society. Most litera-
ture existing on this topic have focused on predicting the pair black-white
death rates such as Rives 1977; NCHS (1975), Manton(1980, 1982), Manton
et. al(1979) Philipps and Burch(1960), Woodbury et. al(1981), Manton et.
al(1979). We will not focus our study only on two races groups mainly de-
scribed in time series database by black and white but we include also life
expectancy from all races in general. In this, our study will also take into
account of the common trends to predict life expectancy from each group
and also from all races in general.

In 1610, 100% of inhabitants in the USA were white according to offi-
cial statistics and 10 years later 0.9% of newcommers were black(see table
9 retrieved from U.S Bureau Census 1975). In 1780 while 79.9% of popu-
lation were white, 20.7% the rest was black(see Humes(2001,2010)). From
1850, hispanic population was added into the statistics in the USA census
as 0.5% of population. After 10 years, the official census investigates asian
newcomers as 0.1% of population and indians as 0.1%. In 1970 people of
hispanic origin were 4.4% of the american population. In 2010, there were
mainly 4 ethnicities in the USA including asian, hispanic, white as well as
blackasian. During 5 centuries the latter two racial group have been the two
main habitants of the USA as we can see statistics here from table 1. The old
pair is not anymore the major group as black people have been surpassed by
Latinos recently(see table 2). There is also a growing new population mainly
driven by people with asian origin(chinese, corean, indians..etc). Since, the
population in the USA is not anymore a mixture of 2 groups, it arises issues
on life expectancy of population by race with additional new comers. We
aim at analysing crossover of 6 different groups of people living in the USA
including white, black and all races in general with both females and males
sexes since there are influenced by the same socio-economic factors. The
main contribution of this paper is to use cointregration analysis that take
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into account the dependencies between different ethhnic group to forecast
life expectancy of all races in general turning down the fact that usually de-
mographers do the predictions of each category independently through the
model ARIMA. Further, we produce forecast of life expectancy for all races
in general from the pair black and white races population.

Life expectancy (figure 1) shows an increasing trend for all the races
during the period which spans from 1975 to 2010. We observe that Black
male life expectancy show the lowest level and white females the highest.
Three gender’s life expectancy including black females, white males as well
as males of other sexes show almost the same level particularly from 2000
onward. Furthermore, white females and females from other sexes present
almost the same level from 1975 to 2010. Overall, life expectancy from dif-
ferent races in the USA show an increasing trend and also some convergence
point between some of the component under study. The general consensus is
confirmed here as female’s life expectancy is greater than for males in each
type of race as it can be seen from figure 1.

Life expectancy data have been provided by the National Vital Statistics
Reports available at www.cdc.gov. It is managed by the Government of the
United States of America. This database has been created in order to provide
information on mortality data, life expectancy, infant mortality and trends
by characteristics such as age, sex, race, cause of death in USA to anyone
interested in the dynamic evolution of demography. It supplies annual data
on life expectancy which span from 1940 to 2010 for white, black and other
races. In this, reference to all races group refer to white, black, hispanic and
asian into the same pool. We will work with data from other races as they
can give us an indication on future life expectancy from other races and for
both sexes. To begin with, we present the literature on ARIMA model before
looking at the cointegration approach model.

The latter methodology, which applies the cointegration, includes several
steps as follows:

- The determination of order of integration for each of the 6 life expectancy
using the Augmented Dickey Fuller, Philips-Perron as well as KPSS Test;

- The computation of the optimal value of lag of vector autoregressive model;
- the Johansen cointegration test which investigates the cointegration rank
and specify which variable will enter in the cointegrated equations and in the
Vector Error Correction model;



- furthermore the estimation of VECM and VAR and the forecasting of de-
rived models.

- finally, third part will be dedicated to the comparison between the ARIMA,
VAR model forecasting and the VECM in terms of goodness of fit. Steps of
cointegration analysis are described by Juselius(2006) and Harris and Sol-
1is(2003).

2 Models and methodologies

In order to perfom the analysis from the three models, we first visualize(see
figure 1) that life expectancy at birth for each race are non stationary. We
compute the unit root test from the life expectancy data of each race through
the ADF test, PP test along with KPSS test. As for unit root tests we com-
pute the results from ADF tests. Compared with the test statistics with
trend criterion, it shows that life expectancy is integrated of order 1. The
results under drift criterion also strenghtens that life expectancy from the
various groups are integrated of order 1. These results are confirmed also by
both results obtained by PP-tests as well as KPSS tests.

The life expectancy is modelled as stochastic processes. In Rusolillo(2005),
it is shown that ARIMA lead to better performance over the Lee Carter
model(1992) in predicting life expectancy. The ARIMA methodology con-
sists of three phases including identification, estimation and diagnostics. The
three steps are all described in Box and Jenkins(1976) or Hyndman(2013)
which explain the process to choose an appropriate ARIMA(p,d,q) for a
variable. The goal is to identify the correct model that fits well time series.
There are two options used by existing literature to select the best model to
use: selection of model by the user(Jenkins, 1976) or the automatic arima(see
Hyndman, 2013). In general ARIMA is described as in (4):

Li=Ao+ A L1 +e (1)

where Ag is the drift term , Ay, L;_; is the lagged time series, e, is the error
term.

The principal steps of the procedure are the following:

Identification model: It consists to plot data and identify the pattern of



the time series. As we can observe from figure 1, it emerges that life ex-
pectancy presents a positive trend with drift. The basics analysis consist also
of differencing data until they appear to be stationary. The unit root tests
Augmented Dickey Fuller(ADF), Philips-Perron(PP) as well as Kwiatkowski-
Phillips-Schmidt-Shin(KPSS) tests are useful to determine the level of sta-
tionarity. The order of integration derived from the 3 unit roots corresponds
to the value of parameter d. The successive path consists of choosing the
best model corresponding to the lowest Akaike information criterion(AIC).
Identification of the order of the model: After derivation of the order of sta-
tionarity, one should experiment various combinations of p, d and q with p
the number of autoregressive parameters d drift, q the moving average pa-
rameters (q) to produce the best model. A Box-Cox transformation could be
used to stabilize the variance if necessary.

As for the third step: the researcher, in a standard procedure, experiments
various combinations of p and q with the number of autoregressive param-
eter d(derived in the first phase) q the moving average parameter (q) to
produce the best model. It is recommended at this stage to examine the
autocorrelation(ACF) and the partial autocorrelation(PACF) as well as the
diagnostic of residuals graphs to help chosing of the appropriate model. Hyn-
dman(2013) uses an automated algorithm which consists of the inclusion of
a constant. Also, Jenkins advise to choose the best model relying on the AIC
and SIC(Schwarz criterion).

Fourth phase is devoted to check the diagnostics of residuals from the choosen
models by plotting the autocorrelation residuals and experimenting a Port-
manteau test of the residuals. Next, the residuals are checked to see if they
are white noise. The procedure is completed by computing the forecasts
through the choice of the best fitting model. Table 11 displays the best nu-
merical results of the procedure described above. The Portmanteau test(see
table 10) indicates significant residual autocorrelation with 4, 10, 15, 20 lags
for each of the provinces. These results suggest that ARIMA appears to well
behave with white noise disturbances to forecast future life expectancy.

2.1 Cointegration methodology and forecasting future
life expectancy

A valid representation of a multivariate model can be done with Vector Au-
toregressive as Lutkepohl(2005) describes in general in the equation (4) as a



set of dynamically dependent stationary time series described by:

Lt =v—+ nlLt—l + 772Lt_2 + T]th_p + dt + e (2)

where Ly = (L14, Log, ..... LK’t)' is a K-dimentional time series, 7; are ma-
trices with the coefficient parameters (K * K) matrix, v = (11, vy, .....vg)  is
the intercept term, e; is the residuals part with white noise of K-dimensional
white noise process with time invariant positive definite covariance matrix
E(uau) =5, t=0,1,...T and p the last lag order.

For estimating the VAR with the objective of making prediction, we need
to select the optimal lag p which corresponds to the best predictive model
with least error. This particular lag length of variables in the VAR model
(and the VECM see later) is derived by choosing the order p which mini-
mizes the value of the information criteria model such as Akaike(AIC), the
HQ(Hannan-Quinn), the Schwarz Criterion(SC)- which is widely used in ac-
tuarial literature as Bayes Information criterion - as well as Final Prediction
Error criteria(FPE)(see major details on Lutkepohl(2005) ) as stated here
below in the equations (5), (6), (7) and (8):

AIC(p) = In det(Y () + 2pK Q
HQ() = tn der(Y () + D, e (@)
BIC(p) =In det Y (p) + lnTTpKZ (5)
FPE(p) = (72 )det 3 (0 (0

where T is the sample size, K is the dimension of the time series, Y (p) is
estimated by 771" ete;, p* is the total number of parameters in each
equation of the model with p*=Kp-+1, p is the lag order of the VAR fitted
with the data, > (p) is the estimated variance covariance marix, .

The different information criteria may identify different choices for the lag
order p. However, Lutkepohl(2005) suggests that, in the case where criteria
choose different lags, the SC is the most parsimonious in choosing the best
forecasting model because it produces the lowest forecast of error variance.



p* is the local number of parameters in each equation and p assigns the lag
order VAR(p) which is said to be stationary if and only if : det(l — A1z —
e — Ap2P) # 0 with —1 < 2z < 1. If 2 = 1, at least one of these the variables
inserted into VAR(p) are integrated of order 1 and therefore cointegration
does exist between the variables. Suppose each variable of a VAR(p) process
is I(d), then each component is differenced individually it may distort the
relationship between original variables. Therefore the VAR model may be
not adequate. That is the reason we introduce the cointegrated models.

This conclusion introduces the Vector Error Correction Model(VECM).
Let suppose the variables are collected in the vector y; = (Y14, ....yre) and
their long-run equilibrium is the following:

Bryit + ceeeeen Bryre =0 (7)

This relation may not hold at any time and we may sometimes have

Zt = 5m,nkt (8)

where Z; is a stochastic variable representing the deviations from the equi-
librium.
In an extended form we have:

Zi1 = Bikig—1 + Bakoy—1 + B3kn i1 9)

and in an extended form we have:

bl,l b1,2 e bl,n
b2,1 b2,2 T b2,n
bm,l bm,2 e bm,n

where k1 = (kygkos -+ - kny)

3 Estimation procedure of the two models

This equilibrium between variables means that there are moving together
and Z; is stable. However this does not exclude that variables wander as a
group and may be driven by common stochastic trend or better there may



be cointegrated. The variables of interest in the vector y; are called cointe-
grated of order (d, b) y; = CI(d,b) of all components of y; are I(d) and there
exists a linear combination Z; = fry, with § = (5....0x)" # 0 such that Z; is
integrated of order d —b. So the vector f3 is called cointegrating vector. Mul-
tiplying the vector 8 by a non zero constant we obtain other vectors. This
indicate that vector may not be unique. In addition, there may be various
independent cointegrating vectors involving all the variables or a subset of
the variables in the vector. The matrix product af: are of dimension K % r
amd of rank r. The matrix J is called a cointagrating matirx and « is a load-
ing matrix. The decision for the cointegration rank is based on the trace test
and the maximum eigenvalue test of Johansen(1988 and 1991). For further
details on Johansen methodology, see Juselius(2006).

The VAR model helps to estimate the parameters on the equation (9).
According to Pfaff(2008) and Engle(1987), the VAR (p) in the equation (4)
can be converted into VECM. The latter form of VECM, which will be used
in our case studies is defined, in (9) as follows:

Akt = FlAkt,1 + FQAkt,Q + ...+ prlAktprrl -+ Hkt,p +V+é& (11)
where I'; = —(I—m+....—m;), fori =1, ..p—land I = —(L =1 —......—1,).

The methodologies used to estimate and test cointegrated systems are:
Engle and Granger methodology which perform OLS regression of one vari-
able on another and Johansen methodology which will be used here because
it is suitable for multiple time series. The forecasts of mortality indices are
yielded through the Johansen Maximum Likelihood methodology. It seeks
the linear combination that is most stationary whereas Engle and Granger
looks for stationary relationship that has minimum variance. The decisions
on whether there are cointegrated equations between variables are taken ac-
cording to the following hypotheses.

If r = K, the number of cointegrated variables, r, which is stationary equals
the rank(K) of IT and then the model will be estimated by using the standard
statistical model.

If r = 0, this means that there are no cointegrated relationships between the
variables. The variables are stationary if we take the differences of variables
above.

If 0 < r < K there exists 2 matrices, o and (3, such that II = af’, there will



be r cointegrating relationships or n — r common trends.« represent loading
matrix measures the impact of cointegrating relations have on the variables
in the cointegrated system while each column of 3 represents one long run
relationship. The test of cointegration is reduced to the two following hy-
potheses:

The rank test, which is specified by the hypotheses in (10) as follows:

Hy : rank(Il) = r, Hy : rank(1l) > r (12)

and the likelihood ratio value of such tests are measured in (11):

LR(r) = =(T —p) 22(1 = \) (13)

where T is the length size of the sample and r equals the number of cointe-
grated relationships, A\; > Ay > .... > \; is ith the eigenvalue associated to
the linear relationship.

In order to start model’s estimations from different life expectancy, we
performed the Augmented Dickey Fuller(see Dickey and Fuller(1979)), the
Philips Perron (see Philipps and Perron(1988)) as well as the KPSS(Kwiatkowski
et.al(1992)) tests for the variables under study. These tests allow us to deter-
minate whether variables are stationary or not. Further, the first difference
tests under the three tests are also perfomed. The PP and KPSS tests con-
firm the same results as the ADF. The critical statistics indicate that life
expectancy data from each variable in this study are integrated of order 1 for
the three tests performed above since the first difference from each historic
data is stationary. Consequently life expectancy from each group is non sta-
tionary.

The first step path followed to derive the cointegration approach consists
of computing the optimal lag that drives the dynamics of life expectancy.

We compute the optimal lag length of the VAR model. The Informa-
tion criteria(see table 5) shows the following results: AIC choose 3 optimal
lags, HQ and FPE the value of 2 while SC only 1. Since they differ each
from others, Lutkepohl(2005) shows that the preference will be given to SC.
Consequently, the lag lenth is 1.

[table 5]
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Denoting by A= all races males, B=All races Females, C= White Males,
D=White Females, E= Black Males, F=Black Females, The VAR model ap-
plied to the life expectancy by race in the USA is described empirically as
follows:

Diagram of fit and residuals for a

ACF Residuals PACF Residuals

Diagnostics of residuals with reference to All sexes

Loy = —0.34Lg,—1 — 1.04Ly4_y + 1.26Ly—1 — 0.03Lgy_; — 0.041L,,_; +
0.54L 741 + 0.06\ + 51.42

Lb,t == —0.33[/0"15_1 — 0.53Lb,t—1 + 0-33.[/0715_1 + 0-17Ld,t—1 — 0.17Le,t—1 +
0.70L sy + 0.07A + 65.38

Ley=—027Las 1 —084Ly, 1 +1.03Les—1 + 0.14d,t — 1 — 0.079L 1 +
0.34L 7,1 + 0.085\ + 50.42

Lgs = —0.43Las—1 — 0.39Ly,_1 + 0.32Lcy—1 + 0.31Lgs_1 — 0.14L. ;1 +
0.49Lf,t — 1+ 0.084) + 63.65

Leytfl = _0-60La,t71 — 3-11Lb,t71 + 1~18Lc,t71 + O.67Ld’t,1 + 059€,t -1+
1.28f,t — 1+ 0.06\ 4 80.067

L1 = 0.18Lgy 1 — 13204, 1 — 0.51L¢s 1 + 0.46Lg,_1 — 0.064L.,_1 +
1.36Ls, 1 + 0.12)\ + 67.35
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The diagnostic test on residuals(table 6) show evidence of normality (with
p-value=0.77) as well as non autocorrelation of residuals (with p-value=0.91).
Since normality as well as non autocorrelation of residuals are held, we con-
clude that this model, which shows white noise on residuals, well behaves to
forecast future life expectancy from different groups in the USA.

[table 6]

3.1 Vector Error Correction model

After obtaining VAR, we can derive easily Vector Error Correction Model. It
is fitted on the 6 life expectancy which span from the period 1975 to 2010. We
performed the trace test and the Eigenvalue maximum for the cointegrated
equations. We test the Johansen cointegration on the life expectancy from
different groups in the USA that are all integrated of order 1. In this way,
long run relationships are estimated between the 6 variables under study.
They are estimated using the maximum likelihood estimators and the results
are presented here below for the trace test values:

The Johansen cointegration tests results are shown here in table 7. The
trace test statistic indicates that there is one cointegrating relationship at
the 5% significance level. Therefore we conclude that there is one long-run
relationship among the 6 various groups in both cases of trace and eigenvalue(
the results from eigenvalue test are available upon request) tests driven by 5
common trends.

[table 7]

The estimated cointegrated relation is:
Zip1 = Ay 1+0.72Bgy 1—1.02C5,_1—0.31D4y_1—0.0655F5, 1 —0.24Fg;_1

Here Z,, represents the stationary variable which quantify the deviation
from the equilibrium of the various life expectancies analysed.
This equation shows the changing environment on the historical life ex-
pectancy between races in the USA. To illustrate, according to the equa-
tion, an increment in the variation of life expectancy of white females will
produce a decrease in either white males and black females and black males
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but an increase in all races life expectancy both for males and females. The
cointegrating equations shows the dependence of each race life expectancy
group with others and improve the understanding of multi-population life
expectancy in the long run. In these equations, we see that there is an inter-
dependence between various races in the United States of America regarding
life expectancy. The life expectancy improvement in one group race is not
only influenced by the lagged life expectancy of the same race but also influ-
enced by improvement from another group as it is described by the following
equations.

Ad]l  [032 —101 —0.007 069 —0.026 0177 [ AA(-1)
Ab 048 —0.83 095 007 —022 067 | |ABC(-1)
Ac| 0062 —099 —0.003 053 —0.03 —0.42| |[ANB(-1)
Ad| = |-042 —0.70 058 027 —021 063 | |ANS(-1)
Ae 1.82 —135 —111 —034 —035 150 | |AON(-1)
Af] [ 072 —044 —038 —044 —045 094 | | AQ(-1)
162 —023 1.94 —088 —0.07 0527 [ A(-1) 7 [3131]
043 —0.54 —0.16 —0.06 —0.15 0.29 | | BC(~1) 17.48
—0.14 006 0364 —0.58 —0.12 021 | | NB(-1) 17.65
0.04 045 022 —101 —013 017 | | NS(-1)| T |20.82
—0.87 —0.27 159 —1.27 —0.39 0.76 | | ON(—1) 39.08
|—0.31 —0.08 041 —0.06 005 —0.03] | Q(-1) | [468]

Analysis on diagnostic of residual test(see table 8) shows also that the
residuals are normal ( with p-value equals to 0.50) and are non autocorre-
lated( p= 0.98). We observe that for the normality test, we have a test
based on the skewness( with p-value =0.42), another based on kurtosis(p
value=0.50) and finally both based on kurtosis and skewness(p-value=0.50).
Since these two tests show that residuals are non autocorellated and nor-
mal, we can concluded that VECM is appropriate to forecast future life
expectancy.

[table §]
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3.2 Forecasting procedure and Backtesting of the var-
ious models

In the phase of backtesting, we compute the MAPE each model from 6 dif-
ferent sample period 2000-2010, 2001-2010, 2003-2010, 2004-2010, 2005-2010
as well as 2006-2010, 2007-2010, 2008-2010. We oberve first that the VAR
and VECM are reliable in fitting well data. The error are close to 0.50% for
each sample in table 9. Second, ARIMA model present definetly results with
higher error performance mean which is around 7%. The added components
on the firsts two models have improved the performance of life expectancy
prediction for each model. The VECM realized better performance than
VAR.

[table 9]

These findings are strengthened by results showed in table 10 which show
the confidence interval. In the 6 races as you can see in figures 5 to 9, the con-
fidence interval produced by VECM presents better performance over VAR.
However, the VECM model present similar confidence interval for some races
with ARIMA even though for Black race it is better in explaining uncertainty.
It allows to account for more risk than other models. The error term is re-
ally higher for ARIMA. Consequently the VECM presents better results in
terms of backtesting out-of-sample and of confidence interval. Accordingly,
life expectancy by races must be explained by taking into consideration the
long run relationships between races.

[table 10]

We observe that the future life expectancy improvements will be taking
into account more risk as table 11 shows the largest confidence interval cor-
responding to the VECM of each group race. Given that, it is the model
with the lowest value error predictions we can compute their life expectancy
reachable by each group as in table 11. We remark that life expectancy for
white males will be increasing by 8 years and females by 4 years while Black
males and females respectively by 11 years and 8 years within 50 years of pre-
dictions. All races life expectancy in general will gain 9 years for males and 5
years for females. Overall we observe that life expectancy will be increasing
in the future for all groups of races in the USA.

[table 11]
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4 Conclusion

Since the last century, life expectancy trend is increasing in developed coun-
tries. In this article We have explored new developements on forecasting life
expectancy by race in the USA. We used the cointegration analysis through
Vector Error Correction model to estimate long run relationship between dif-
ferents groups in the USA subdivided by race. The cointegration analysis are
applied on life expectancy by races through the period from 1975 to 2010.
Vector Autoregressive and Vector Error Correction Models have shown bet-
ter performance than ARIMA model in predicting the 6 variables. We have
seen that the life expectancy from differents groups are dependent from each
other in the long run. Furthermore, the results show also that life expectancy
will be improving for all the group races in the future as well as their future
trends. These results are helping and giving some insights to demographers
on the performace of future life expectancy for each group of race(Black and
white and females) also the life expectancy from all races in the USA.
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Figure 1: Life expectancy by races from all groups in the USA

Races 1610 1710 1800 1850 1900
White 100% 86.5% 81.1% 84.3% 87.9%
Black 0% 13.5% 18.9% 15.7% 11.6%
American/Indian - - - 0.5%  0.3%
Asian - - - - 0.2%
Hispanic - - - 0.50% 0.7%

Table 1: Statisitcs census of American population
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Races 1910 1950 1970 2000 2010

White 88.9% 89.5% 87.7% T75.1% 72.4%
Black 10.7%  10% 11.1% 12.3% 12.6%
American/Indian -0.3% 0.2% 0.8% 3.8% 4.9%
Asian 02% 02% 08% 3.8% 4.9%
Hispanic 0.9% 08% 01% 12.5% 16.3%

Table 2: Statistics census of American population

Models All Sex Ma All Sex Fe White Ma White Fe Black Ma Black Fe
ARIMA(p,d,q) (0,1,0) (1,1,0) (0,1,0) (0,1,0) (0,1,0) (0,1,0)
arl -0.32 - -
(se) (0.15) - (0.10) - -
mal - -
(se) - - - -
ma2 - - - - -
(se) - - - - - -
drift 0.21 0.12 0.20 0.20 0.22 0.19
(se) (0.02) (0.02) (0.025) (0.02) (0.077) (0.04)

Table 3: The best ARIMA models resulted from the analysis of life ex-
pectancy

lags  All Sex Ma All Sex Fe  White Ma White Fe Black Ma Black Fe

4 ags 0.63 0.77 0.09 0.53 0.63 0.57
10 lags 0.66 0.87 0.24 0.91 0.66 0.94
15 lags 0.10 0.66 0.08 0.45 0.10 0.93
20 lags 0.11 0.59 0.13 0.11 0.11 0.75

Table 4: P-values of Portmanteau test resulted from ARIMA models over
the period 1921-2009
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Information criteria Life expectancy by race

AIC 3
HQ p
SC 1
FPE p

Table 5: Optimal lag length for both females and males

Type of test Autocorrelation p-values
Autocorrelation Portmanteau(4 lags)  0.91
Normality Both 0.77
Kurtosis 0.55
Skewness 0.42

Table 6: The diagnostics tests of residuals of VAR

Cointegrating relationship critical values 5pct  1pct

3 0.64 8.18 11.65
4 8.02 14.90 19.19
3 13.19 21.07 25.75
2 19.65 27.14 3214
1 23.58 33.32 38.78
0 57.79 39.43 46.82

Table 7: The cointegration relations under Trace test

Type of test Autocorrelation p-values
Autocorrelation Portmanteau(4 lags) 0.98
Normality Both 0.5076
Kurtosis 0.5078
Skewness 0.42

Table 8: The diagnostics tests of residuals of VECM
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Out-Of-Sample VECM VAR ARIMA

h=2000-2010 0.5% 231%  5.1%
h=2001-2010  0.55%  2.3% 5.8%
h=2002-2010  0.41% 0.62%  6.2%
h= 2003-2010  1.02% 0.77%  6.41%
h=2004-2010 1.1%  0.60%  6.69%
h=2005-2010 1.39% 0.48%  7.37%
h=2006-2010  0.280% 0.62%  7.34%
h=2007-2010  0.29% 0.32%  7.9%
h=2008-2010  0.19% 0.42%  8.39%

Table 9: The average MAPE for models, ARIMA VAR and VECM for the

6 provinces

Races VECM VAR ARIMA
All sexes Males  (0.23-2.13) (0.24-0.46) (0.31-2.24)
All sexes Females (0.23-1.82) (0.26-0.72) ( 0.35-1.89)
White females  (0.21-9.21) (0.23-0.31)  (0.28-2.04)
White Males  (0.35-5.21) (0.23-0.62) (0.31-3.12)
Black Females  (0.35-7.66) (0.80-2.17)  (0.9-6.35)
Black Males (1.08-6.33) (0.40-1.68) ( 0.47-4.72)

Table 10: The Confidence interval of models VAR, VECM and ARIMA for
the 6 provinces derived from predictions 50 years ahead

Year All males All races females White Males White females Black Males Black Fem

10 78.43 82.25 78.42 82.32 75.27 80.46
20 80.59 83.46 80.34 83.35 78.18 82.99
30 82.73 84.65 82.27 84.39 80.39 84.67
40 84.87 85.85 84.20 85.43 83.77 86.73
50 87.01 87.05 86.112 86.47 86.56 88.79

Table 11: Future forecast of life expectancy with model VECM for the 6
provinces
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Figure 2: Projections males life expectancy from all other races in the USA
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Figure 3: Projections females life expectancy from all other races in the USA
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Figure 4: Projections life expectancy from white males in the USA
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ARIMA VECM VAR model
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Figure 5: Projections life expectancy by races from white females in the USA
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ARIMA VECM VAR
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Figure 6: Projections life expectancy from black males in the USA
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Figure 7: Projections life expectancy from black females the USA
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