Global and Stochastic Stability of SIQR
epidemic model and the stability of the model
with age

Laid Chahrazed.
Department of Mathematics, Faclty of Exacte sciences,
University Freres Mentouri Constantine , Algeria.
chahrazed2009@yahoo.fr

October 7, 2015

Abstract

In this paper, addresses a time-delayed epidemiologic model by experi-
encing the disease; whenever the quarantine will return to the susceptible.
First, the equilibrium and global stabilities of the endemic equilibrium.
Second, Stochastic Stability. Finally, the equilibrium and stability of the
epidemic model with age.
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1 Introduction
This paper considers the following epidemic model with temporary immunity:

S () =p—(uy +d)S(t) - BSHQ(),

(t) ( ) (t) (M2 + d) I(t) e HQTS(t - T)Q(t - T) +v, (1)
Qt) =ne 7St —1)Q(t — 7) — (n3 +d +6) Q(1),

R(t) = 5Q(t) — (4, + ) R (1)

Consider a population of size N(t) at time ¢, this population is divided into
for subclasses, with N(t) = S(¢t) +1(t)+Q(t) + R (t); where S(¢), I(t), Q(t) and
R (t) denote the sizes of the population susceptible to disease, infectious mem-
bers, quarantine members with the possibility of infection through temporary
immunity, and who were removed from the possibility of infection respectively.
It is assumed that all new borns are susceptible.

The positive constants pq, o, 5 and g, represent the death rates of suscep-
tible, infectious, quarantine and removed. Biologically, it is natural to assume
that pq < min {ugy, s, g} . The positive constant d is natural mortality rate.
The positive constant v represent the removed rate of infection. The positive



constant 3 is the average numbers of contacts infective for S and I. p the posi-
tive constant is the parameter of represent the birth rate (from insidence) of the
population. v the positive constant is the parameter of emigration. The term
ve H2TS(t — 7)Q(t — 7) reflects the fact that an individual has recovered from
infection and still are alive after infectious period 7, where 7 is the length of
immunity period.

The initial condition of (1) is given as.

Sm)=21(n), I(n)=22(n), Q) =25(n),R(n)=2s(n), —TSH(S)Q
2

Where ® = (@, &y, &3, ®,)7 € C such that S (n) = @, (1) =P, (0) >0,1(n) =
Dy () = 3 (0) > 0, Q (n) = @3 (n) = Dy (0) > 0, R () = By (3) = @4 (0) > 0

Let C denote the Banach space C([—,0], R*) of continuous functions map-
ping the interval [—7,0] into R*. With a biological meaning, we further assume
that (I)i (7’]) = ‘Di (O) >0 for i = 1, 2, 3, 4.

Consider the system without the parameter of emigrations. Hence system
(1) can be rewritten as

S (1)
L(t)

(11 +d) 5(t) = BS(HQ(1),

OQ(t) = (g +d) I(t) —ye™275(t — 7)Q(t — 7),
Q1) =ve TSt = T)Q(t — 7) — (3 +d +0) Q(1),
R(t) = 8Q(t) — (n

4 +d) R(1)
With the same initial conditions in (2), where ®; (n) = ®; (0) > 0 for i = 1, 2,
3, 4.
Since N(t) < p — (u; +d) N(t), and S(¢) + I(t) + Q(¢) + R(t) < N(¢t).
The region € is positively invariant set of (3).

p—
BS
e (3)
0Q

= {(S,[,Q,R)eR* S+ T+Q+R<N< L (4)
py +d

This paper deals with the equilibrium and stability of system (3), pre-
cisely the global stability of endemic equilibrium by using Lyapunov functional
technique, under certain conditions on the parameter this means that the disease
persist in population.

Next, we introduce a Brownian motion to system (3) and we transform it
into an Ito6 stochastic differential equation by using the contact rate a white
noise. Finally study equilibrium of epidemic model with age.

The organization of this paper is as follows, in Section 1, Equilibrium
and stability

of the model. In Section 2, Global asymptotic stability of endemic
equilibrium. In

Section 3, stochastic stability. In Section 4, the model with age



2 Equilibrium and stability

An equilibrium point of system (3) satisfies

p—( +d) S — BSQ =0,
BSQ — (s +d) T —ye "7 S(t = T)Q(t — ) = 0, (5)
e S (- T)Qt —7) — (g +d +8)Q =0,

We calculate the points of equilibrium in the absence and presence of infection.
In the absence of infection I = 0, the system (5) has a disease-free equilib-

rium FEjy:
A~ oa\T P T
Ey = (Sa I, Q) = (/Jl +d 0, O>

The eigenvalues can be determined by solving the characteristic equation of the
linearization of (3) near Ejy is

—(py+d)— A 0 -2
B—~yeH2T
det 0 — (g +d)— A at FieE ) =0
e*MZ'r
0 0 pﬁLl+d _(M3+d+6)—A

So the eigenvalues are
Ar=—(py +d), Ao =—(py+d).
In order for A1, A2, to be negative, it is required that.

pye H2T
iy +d

Then we define the basic reproduction number of the infection Ry as follows.

< (g +d+9) (7)

prye_MQT
(®)

R:
O (g +d) (s +d +0)

In the presence of infection I # 0, substituting in the system, (2 also contains

a unique positive, endemic equilibrium EF = (S%, I*, Q%) where

* P 1
ST T omtd x Ro>
* Ro—-1 | p (u1+d)(,u,3+d+§) (9)
o Hotd | Ro B )
d
Q; = "7 (Ry — 1)

So EX = (Sr, I#, Q)" is the unique positive endemic equilibrium point
which exists if Ry > 1.

Theorem 1 The disease-free equilibrium Ey is locally asymptotically stable if
Ry < 1 and unstable if Ry > 1.

Theorem 2 With Ry > 1, system (3) has a unique non-trivial equilibrium EZis
locally asymptotically stable.



3 Global asymptotic stability of endemic equi-
librium
Consider system (3), with introducing the variables,
x(t)=S(t) =S5, yt)=I10)-I7, =2(t)=QF) —-Q7,  (10)
System (3) is centered at the endemic equilibrium E} = (S¥, IF, Qj)T , then
i(t) = [ (1 +d) — BQ7]z + [-BS;] 2,

g@t) = [(B = e ") Q7w + [— (ny + d)] y + [(B — ye™#27) S7]z,  (11)
i(t) = [Bye 2T Q7w + [ye 2T ST — (g +d + 6)] 2

Lemma 3 Let
S(s)=5(0)>0, I(s)=1I(0)>0 forallse][-7,0] and Q(0) > 0.
S(t), I(t) and Q(t) solutions of system (3) are positive for all t > 0.

Proof. For contraduction there exists the first time tg, such that S (o) Q (to) =
0.

o Assume that S (tp) = 0, then @ (¢) > 0 for all ¢ € [0,¢9].With Eq 1 in the
system (1) we have

S (to) =p>0.
For S (tg) = 0, Sy > 0, we must have S (ty) < 0 which is contradiction.

e Assume that I (t9) = 0, then with Eq 2 in the system (1) we have

1 (to) = —ye "27S(t = 7)Q(t — 7)

I (tp) is positive because S(t) and Q(t) solutions of system (1)

are positive for all £ > 0.
e For I (ty) =0, I >0, we must have I (ty) < 0 which is contradiction.

e Assume that @ (o) = 0, then S (¢) > 0 for all ¢ € [0,%p]. with Eq 3 in the
system (3) we have

Q(to) = e 7St —7)Q(t —7),
Qto) = = | e rto=95(s)Q(s)ds.

to—

to
S(s)>0,5(s) >0forallt € [0,ty). Wehavey [ e #2(bo=5)S(5)Q(s)ds >
to—T

0, and @ (tp) = 0, which is contradiction.



Lemma 4 Let

S(s)=80>0, Q(s) =Qo >0 for all s € [-7,0] and Qo > 0.
Then

p
S(t) < P Sy +1, - M
()maX{Mer o+ 0+Qo}

Proof. We have
N(t)=5() +1(t) + Q(t),

For Ry < 1 the solutions S(t), I(t) and Q(t) approach the disease free equi-
librium as ¢ — oo.

With Eq 2 in the system (3) we have I < — (uuy + d) I, hence if py +d < 0,

lim I(t) =0,

t—oo

With Eq 3 in the system (3) we have.

lim Q(¢) =0,

t—oo

With Eq 1 in the system (3) we obtain S = p — (u, +d) S.

. o 14
tli>Ir:>10 S(t> B W+ d’

Hence. P
lim N(t) = .
Jm N = 2

From lemmal, S(¢), I(t) and Q(t) solutions of system (1) are positive.

S(t)

p i for allt < 0.

Suppose that

p p
N(0) < —P— then N(#) <
()_lh"‘d o ()_lh"‘d

On the contrary
If N(0) > /'Lli_d then N(t) < N(0), and S(¢t) < N(0) for all¢ > 0. m

Theorem 5 Let S(s) = Sop > 0, Q(s) = Qo > 0 for all s € [-7,0] and
Qo > 0.EZ is globally asymptotically stable for all T

ll wM+3wQX

Y 2W(ﬂ1+d)*

In wM+3wQ’
2w(po+d)+ (g +d)—BM?

1 T —3wM

;

T > max

1
>y

N S +d+0)—BM



Where

p
M = maxs ——, S0+ Ip+ ,
{N1+d o QO}

pQx
py + pig +2d

Proof. We consider system (3) .
Let us introduce the functional

1 1
Vi(wy2)=qwl@+y)’ +5 (" +2%),

The derivative V (z,7, z) is

Viz,y,2) = w@+y)(@+9) +yy+ 22

= W) [(~ (u+d) — Q)T — BSTz 4 (B — e 7Y @u — iy + d)y + (B — e t2T) 822]
+y [(B—e™T) Qfa — (up +d) y + (B — e #27) Siz] +
+2 [Bre 2T Qrx + (ve H2TSE — (ug +d+6)) 2]

= —w(y+d)a® = [(W+1) (g +d)]y* = (ve 278y = (g +d +9)) 22
18— w (i + ) — w (g + d)] oy + B2z — [wQre 7] za(t - 7)
—(w+ 1) Qive ™ yx(t — 7) + Qive M2 Tza(t — 7) — wSive M2 Txz(t — T)
—(w+1)Sive ™ #2Tyz(t — 1) + Siye H2Tzz(t — 7).

By lemma 2 we have S(t) < M for all ¢ > 0 and w is an arbitrary real
constant choosing as follows

e P9
oy g+ 2d

V(z,y,2) < —w(p+d)a® —[(w+1) (o +d)]y* — (ug+d+9) 2>
+AMyz — [wQiye " ] wa(t — 1) — (w + 1) Qrye " Tya(t — 1)
+Qive M2 za(t — 7) —wMrye 2 xz(t — T)

— (w4 1) Mye "2Tyz(t — 1) + Mye #27zz(t — 7).



Applying Cauchy-Chwartz inequality; we obtain:
Vig,y,2) < —w(m+d)a®—[(w+1)(g+d)]y* — (s +d+06)2°
1 1
Qe [a 4 2t — )] — 1 (w4 1) Qe [y +2%(t — 7)]
1 1
+§ine_”27 (22 +22(t—1)] — §OJM’)/€_H2T (2% + 2%t — 7)]
1 1
-3 (w+ 1) Mye "7 [y* + 22t —7)] + §M'ye_“27 (22 + 2% (t — 7)]
1
+5BM [y* +27],
1
< [—w (4 ) = e (M +.Q5) 2
1 1 — [T * 2
SBM — (4 1) (1 +d) — 3 (0 + 1)7e T (M + QD) y
1 1 — T * 2
n iﬁM (g +d+8) + e (M +Q3)| =
1
— [wQtye #2T] 2?(t — 1) — [2 Bw+1) 'yMe_”f} 22(t—7)

Choose the Lyapunov functional

t
Vi(ze,y,2) =V (2,y, 2)—wQiye ™27 [ z2(0) d977(3w+1)7Me H2T f )do
t—T1

t—7



Then

V(zey,z) = Vi(ey,2) —wQive 27a’(t) + wQiye *2Ta?(t — 1)
1 1
—3 (3w + 1) yMe™H2T 2% (t) + 3 (3w + 1) yMe 27 22(t — 1)

IN

e+ ) = e (M +Q3)]
# 38N = @ 1)+ ) = o+ Ve (4.0 o2

1 1
4 2BM — (4 d 4 8) + Sae (01 4 Q:)} 2

— [wQiye ] 2 + wQiye Tt — 7)

1 1
3 (Bw+1) vMe_”QT} 22+ 3 (3w + 1) yMe #2722 (t — 7)

1
i+ d) = e (M +Q3)]

IN

M — 4 1) (i ) = 5 o+ e T (M +.Q5)] o2
{;ﬂ4—0a+d+5%+;wf”TM4+Qﬂ}f
— [wQEye #2T] 2* — E (Bw + l)WMe_“ﬂ} 22

Therefore

. 1
Vi(wg,ys,2e) < — |w(pg +d)+ §W7€_M2T (M + 3Q:)] z’

@ 0+ @ - Joar s ok v a4 )] 2

1 1
Nt d) - 20— Ly @r )+ vaeW]

While the above inequality is always negative provided that

1 M+3Q%
2(py +d)’
(w+1)(M+Q7)
BM—=2(w+1) (15 +d)?
23wM

1ln
¥ (M+QE)+BM—2(us+d)

T > max %ln

With application of the Lyapunove-LaSalle type theorem in [10]

lim x(t) =0, tlim y(t) =0, lim z(t) =0.

t—o0 t—o0



4 Stochastic Stability

We limit ourselves here to perturbing only the contact rate so we replace 8 by
ﬂ + UW(t)7

whereWV (t) is white noise (Brownian motion). The system (3) is transformed
to the following It6 stochastic differential equations, with vy, = ye™#27

dS = [p—(u +d) S — BSQ] — 0SQAW,
dl = [BSQ — (g + d) I —7xSQ] + o SQAW, (12)
dQ = [7o5Q — (u3 + d) QJ,

In this section, we will proof, under some conditions, that Ey is globally
exponentially mean square and almost surely stable, and for this purpose, we
need the following Theorem

Theorem 6 The set Q) is almost surely invariant by the stochastic system (12).
Thus Zf (So,I(),Qo) e N , then P [(S7I7Q) S Q] =1.

Proof. The system (12) implies that dN < [p — (py + d) N]dt, then we have

p p
< 4+ No— ——— ), forallt>0.
T td ( ’ H1+d>

Since (So, I, Qo) € €, then

N (t)

N(t) <

o d for all ¢t > 0. (13)

There exist g > 0, such that Sy > ¢¢g > 0, Iy > &9 > 0 and Qp > g¢ > 0.
Considering
Ve inf{t>0, S(t)<ecorlI(t)<ecorQ(t)<e}, fore<egy, (14)
v o= }ir%vgzinf{tzo, St)<0orI(t)<0or@(()<0,}

Let

P
(11 +d) S (1)

p p
(1 +d) I (¢) (1 +d)Q ()

Then, using It6 formula we have, for all t > 0 and T € [0,t A v],

V(t) =log

+ log + log

v (T) = [—g + (py +d) + 6Q + ;12} dT + oQdW
+ {(vo -B) ? + (g +d) + ;SQ} dT + a?dw

+ =705 + (p3 + d)] dT,

1, 1
av (T) < [u1+u2+u3+3d+6c2+212+252} dT—i—U% (I—S)dw (15)



With (13), we have S, I and Q € [o, ﬁ]
Let

L = py+py+pg+3d+p—L +< P )2, (16)

py +d py +d
rm =9
We remplace (16) into (15) , we obtain
dV (T) < LdT + o (I (T) — S (T)) £ (I (T)) dW, (17)

Then

V(T) < LT+off (I () (I (u) — S (w)) dW (u), (18)

T
With proposition 7.6 in [6], o [ f (I (u)) (I (u) — S (u)) dW (u) is mean zero
0
process then,

E(V(T) < LT (19)
forallt >0and T € [0,t Av,],

S(tAve), I(tAv.), and Q (tAv.) € {o, p }

(1 +d)
Then
E(V(tAv.)) < L(tAve) < Lt,
V(tAve) >0,
E(WV (tAv)) > E(V () X sy <y > P (v, < t)log —F—— (20
(V(EA0) 2 BV (0) % e 2 Ploc < 0log L (20
Where 5¢,,_<y is the indicator function of a subset [v. <],
Combining (19), and (20) , we obtain
Lt
P(v. <t) < ————, forall t > 0; (21)

B log (nyt+d)e

for all ¢ > 0, and ¢ — 0, we obtain P (v <t) = 0;
From where
P(v<)=0

10



5 The Model with Age

The age distributions of the numbers in the classes are denoted by S(a,t),
I(a,t), and Q(a,t), denote the sizes of the population susceptible to disease,
and infectious members, quarantine members with the possibility of infection
through temporary immunity, respectively of age a, at time ¢, d(a) is the age-
specific death rate,

The system of partial equations for the age distributions is

& + 5; — (1 +d(a)) S(a,t) + B, (t)S(a, 1),
gt+%£——/31() (a,t) — (pg +d(a)) I(a,t) +7,(t — 7)S(a,t —7), (22)
ot + Ba _Wl(t )S(a,t ) (/”LS +d( )) Q(aa t)v

With

B1(t) —B/Q(a,t)da (23)
nt=7) = —yfe "7 Qa,t —7)da

5.1 Equilibrium and stability

Assume that sub population does not depend on the time when the system (22)
is written as follows

gs = (81 — uy — d(a)) S(a),
fb:( 1 — B1) S(a) = (pp + d(a)) I(a), (24)
T =—715(a) — (u3 + d(a)) Q(a),

The initial condition of (24) is given as
S(0) =81, I(0)=1, Q0)=0: (25)

Differential equations of the system (24) are solved with different methods of
resolutions and with (25), so

D.Q..

S(a) = Sle_(ﬁh—ﬁl)@ (I;(a)7 (26)
I(a) = I1<I>(a)e_“2“ — (’Yl _ 51) SI(I)(G) (e—(ﬂl—ﬁl)a — e_N2a> , (27)
— Bl —
= THs 7 Slq)(a) —p—=F1)a —Hza
=@ m G
Where
®(a) = exp (~f d(a)da) (29)

The system (24) has the unique positive equilibrium point P,

P = (Sh I, Ql)T = (0, 0, 0)"

We calculate the Jacobian matrix according to the system (24) with Py

11



B1 =y —d(a) 0 0
J(Pr) = A= = (1 + d(a)) 0
Yo 0 = (s + d(a))

The epidemic is locally asymptotically stable if and only if all eigenvalues
of the Jacobian matrix J (P;) have negative real part. The eigenvalues can be
determined by solving the characteristic equation of the linearization of (25)
near P; is

Br—p —d(a) — A 0 0
det A= —(py+d(a))— A 0 =0
—%o 0 —(p3 +d(a)) — A

(31)
So the eigenvalues are

Ar =By =y —d(a), Az =—(py+d(a)), As=—(uz+d(a))
In order to Ay, Ag,and A3 will be negative, it is required that
By < py +d(a)

The basic reproduction number Ry is defined as the total number of in-
fected population in the resulting sub-infected population where almost all of
the uninfected. The basic reproduction number of the infection Ry is defined as
follows:

By
Ry = 32
* = ot d) )
The time during which people remain infective is defined as
B 1
1y +d(a)

The doubling time t4 of the epidemic can be obtained as

(In2)T
Ry—1

ta = (33)

Theorem 1 The disease-free equilibrium P; is locally asymptotically stable
if Ry < 1 and unstable if Ry > 1.

Let (26), so if Ry < 1 then puy — 1 > 0, so S(a) converges to zero.
Let (27), so

(71 _ﬁl)slcb(a’) e—mia

f(a) < | hela) - iy — By — o

;o my =min{puy — By, po}  (34)

12



the

If Ry <1, i(a) converges to zero.
Let (28), so

71519 (a)
py — By — g

—maa
e 2

Qla) = |@Q1%(a) - ;my=min{p, — B3} (35)
If Ry < 1, Q(a) converges to zero.

This paper addresses a SIQ model with temporary immunity, whenever
quarantine individuals will return to the susceptible. The endemic equilib-

rium is globally asymptotically stable, then under some conditions, study the
stochastic stability. Finally, the equilibrium and stability of the epidemic model
with age.
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