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Abstract. In this paper we consider the existence of positive solutions for second-order periodic
boundary value problems with impulse actions. By constructing a cone K x Ko, which is the
Cartesian product of two cones in the space C[0, 2] and computing the fixed point index in the
K1 x Ko, we establish the existence of positive solutions for the system.
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1. Introduction

This paper is devoted to study the existence of positive solutions for the following periodic
boundary value problem with impulse effects:

—Au =gy, = Il,k(U(ffk)% Aulp—g, = I p(u(zy) k=1,2,---1, (1)
_AU/’$ T IQ}k(’U(Z’k )7 A’quxk - IQ k(v(xk)) k= 1727 7l7
u(0) = u(2m), «/(0) =u/(27),

v(0) =v(2m), V'(0) ='(27).

here I = (0,270 =29 < a1 < 2o < -+ < xy < w41 =20, M >0, I' =T\ {x1,29, -, 2} are
given, R+ = [0,+OO), g; € C(I X R+,R+>, Il k,le S C(R+,R+) with —%Ii,k(u) < 727k(u) <
LLsw)(i =1,2), 2 € R*m = VM, Au|p—y, = u'(z]) — u(mk) Au)yeg, = u(zf) —
u(@y) Ao, = ' (2) = (2y), Avlomg, = v(@) —v(zy), w'(z), uley),v'(z)) and v(z)),
(W (), ), u(zy ), v (xy), v(zy)) denote the right limit ( left hmlt) of v/ (x),u(z),v (x) and v(x) at
x = xp, respectively.
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It is well known that there are abundant results about the existence of positive solutions
of boundary value problems for second order ordinary differential equations. Some works can
be found in [1 — 3] and references therein.They mainly investigated the case without impulse
actions.Recently, Dirichlet boundary problems of second order impulsive differential equations
have been studied in [4 — 6].Motivated by the work above, this paper attempts to study the
existence of positive solutions for periodic boundary value problems. By constructing a cone
K x K, which is the Cartesian product of two cones in the space C[0,27],and computing the
fixed-point index in the K x K ,we establish the existence of positive solutions for the impulsive
differential system (1.1).

To conclude the introduction,we introduce the following notation:

. . gi(x,u,v) Lk (u)
i =1 f —— = Lok =1 f——=
gol) =il Bk o T = mpt T
. . (X, U, v o dip(u
o) =t g S L)~ it 25
. I.
9;7°(v) = limsup max M, I?°(k) = limsup ’7k(u)7
u—+oo z€[0,27] U u—too U
i I;
g?( ) = limsup max M, I,?(k) = lim sup i (1 ),
u—0+ €[0,27] u u—0+ u

where v € RT and i = 1, 2.

Moreover,for the simplicity in the following discussion,we introduce the following hypotheses.
(Hy) :

1 l
inf 2 Lo(k)]o >2rM X(2)2 I° (k) < 2moM.
[zler}%gm(z) 7T+Z 10(k)]o wM, sup g7°(2) 7T+Z (k) o

k=1 zERT
(H2)
l m
sup ¢9(2)2m + Z (k) < 2no M, [ inf g2.00(2)2m + Z I oo (k)]o > 2mM.
z€R* k=1 zeftt k=1

where o = min{ g(?r), e271'”r}7 G(0) = _ el G(r) = 5 270 /M.

2m(e2m"—1) 9 (e2m7'r 1) 9

2. Preliminary

In this paper, we shall consider the following space
PC(I,R) = {u € C(I, R);u|(zy or 1) € Ok, Thy1), u(zy) = u(wg), 3 u(:L*) kE=1,2---,1}
), u(xy) =

PC'(I,R) = {u € C(,R);ul(z; 201 W l@parsr) € C@hsTrar), u(zy) = ulzy
u'(zg), 3 ulxl), ' (z)), k= 1,2, J} with the norm ||ul|pc = sup |u(x)], ||’LL||PC/ =
z€[0,27]

max{||u||pc, ||v'|pc}, Then PC(I, R),PC’'(I, R) are Banach spaces.

Definition 2.1: A couple function (u,v) € PC'(I,R) N C?*(I',R) x PC'(I,R) N C*(I',R) is
called a solution of system (1.1) if it satisfies system (1.1)



Lemma 2.1: The vector (u,v) € PC'(I, R)NC?*(I',R) x PC'(I,R)N C?*(I', R)is a solution of
differential system (1.1)if and only if (u,v) € PC'(I, R) x PC'(I, R) is a solution of the following
integral system

u(e) = 37 G or (v ). o)y + Gl hn(u(n) + 3 24, Ty (ulow),

() = 7 Gl 0)gay0(0), )y + X Gl aavlon)) + & 24, Tan(olan).
(2.1)

where G(z,y) is the Green’s function to the priodic boundary value problem —u” 4+ Mu =
0, u(0) = u(27),u (0) = «/(27), and

G(e,y) ::1{ ene) emCroet), 0y < <2
L) eml=o) 4 em(2r— y‘HC) 0<zx<y< 2.
here I' = 2m(e?™™ — 1).
One can find that
e = G(r) £ Gl <60 = T (22)
For every positive solution of problem (1.1),one has
lullpc = sup |u(z)]
z€[0,27]
Without loss of generality, we assume 9161_% lu(z)| = ||lullpc,§ € [zk, Teta], k € {0,1...,1}, then

by(2.2)

2 ! 0Gwy
fullre < GO) [ g1y uly). v(w)dy + lim 3 3" Gla,w) () +z
i=1

‘y xlll,l(u(xl))}
- ) [ Z”guy,u(y),v(y))dy

1| &E ‘ . d -~ s
+ 7 {Z[em(éx’)+em(2”HIZ)]IM(U(&'Z-))—F S [em@O) 4 gmien wz+€>]11,i(u(xi))}
=1 i=k+1

k
+ % { [—me™E=7) 4 mem(%*&x")ﬁl?i(u(m))

1 i — m(2T—x; T
+ F{ Z [me™®=8) — pem® 1+5)]I1,i(U($i))}

- 6w [ 7 g1 (9, uly), v(v))dy

i=k+1

k
" %{Z [ (i <z>>—m11,i<u<xi>>>+em<2”f*x”(h,i(u(xi))+m11,i<u<xi>>>]}
=1
l
" 111{ C ><h,z<u<x@->>+mh,z-<u<xi>>>+em<2ﬁ—“+@(hﬂ-<u<xi>>—mh,i<u<xi>m}
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It follows from —%Il,i(u) < 717i(u) < %Il,i(u), thatILZ-(u) —mjl,i(u) > 0, Il,i (u) —l—mflﬂ-(u) > 0.
So

2w
fullrc < GO) [ g1y u(w). v(w)

(2.3)
For any x € [0, 27], without loss of generality, we assume that = € [xk, Tgt1),,then

27 8G
u(@) = G | iy uly),v(y) dy+zam I (u(zy)) +z ”

=1

’y a:ljl,z(u(xl))
= G [ (o), vw)dy

e (I i(ul@s)) — mT1(u(as)) + €™ ™20 (I (ul@s) + mI i (u(@;)))]

+
=l =
-

@
Il
~

[ (L i(ul) +mii(u(zs))) + €™ CT 5D (1 (u(aq) — mTy(u()]
k+1

'1\>~

+

It follows from —%Il,i(u) < Ti(u) < L1y ;(u), that I j(w) —mIyi(u) > 0,11 ;(u)+ml;(u) > 0.
So

w@) 2 G [ ) o)y + 3 qu =)
T 2 62m7r
> G o6 [ ot o)y + g qu
> min{ o). gl = alul e (2.4

Similarly, v(z) > ol|v|| pc-
In applications below, we take E = C(I, R) and define
K ={ueC(I,R) : u(x) > ol|ul|pc, z € [0, 27]}.

It is easy to see that K is a closed convex cone in E. For r > 0, let K, = {u € K : ||[u]| <}
and 0K, = {u € K : ||lu|]| = r}. For any (u,v) € K x K define mappings ®, : K — C(I,R"),
U,:K—C(,R")and T: K x K — C(I,RT) x C(I, R") as follows

®,(0)(2) = 37 Glap)or (v u(0), oWy + X Gl Dplulon)) + X 20, Traulan),

U, (v) (@) = [§7 Gl@,y)g2(y, v(y), uly))dy + Z G(z, xx) Lok (v(21)) +él X, To(v(wy)),
T(u,v)(x) = (y(u)(z), ¥yu(v)(2)), x € [0 27T]

(2.5)

Lemma 2.2: 7T : K x K — K x K is completely continuous.Moreover, T(K x K) C K x K.

Proof It is easy to see that T : K x K — K x K is completely continuous. Thus we only need
to show T(K x K) C K x K,



For any (u,v) € K x K, we prove T'(u,v) € K x K j.e. ®,(u) € K and ¥, (v) € K. By using
inequalities (2.3) and (2.4), we have that

T eQmTr l
1,01 < GO) [ gn(y ) o)y + 25 3 hslat)
=1

gigiagfm}uqmmum = 0||®,(w)||pc, = € [0,2n]

Similarly, ¥, (v)(z) > o||¥yu(v)|pc. Thus, ®,(u)(z) € K and ¥,(v)(x) € K. Consequently,
T(K x K) C K x K

D, (u)(x) > min{

Lemma 2.3: Let & : K — K be a completely continuous mapping with pu®u # u for every
u € 0K, and 0 < p < 1. Then i(®, K,, K) = 1.

Lemma 2.4: Let ® : K — K be a completely continuous mapping. Suppose that the following
two conditions are satisfied:

(1) igﬁ( ||Pul| > 0; (ii) pPu # u for every u € 0K, and p > 1.
ue T
Then, i(®, K,, K) = 0.

Lemma 2.5: Let E be a Banach space and K; C K (i = 1,2) be a closed set in E. For
ri > 0(i = 1,2), denote K, = {u € K; : ||[u|]| < r;} and 0K,, = {u € K; : ||u|| = r;}. Suppose
®, : K; — K; is completely continuous. If u; # ®;u; for any u; € 0K,,, then

WD, Ky, % Ky, K1 %K) = i(®1, Ky, K1) X i(®, Ky, Ko)
where ®(u,v) =: (P1u, Pov) for any (u,v) € Ky x Ks.
3. Main Results
Theorem 3.1: Assume that (H;) — (Hz) are satisfied. Then problem (1.1) has at least one

positive solution (u,v).

To prove Theorem3.1,we first give the following lemmas.

Lemma 3.1: If (H;) is satisfied, then i(®,, Kg, \ K, , K) = 1.
Proof Since (H7) holds, then there exists 0 < € < 1 such that

l
1—¢)[ inf 2 I o(k)]o > 27 M,
(1= infr0(e)27 + 3 Dalb]or > 27

l

2roM > Y (I7°(k) + ) + 2m( sg) 977 (2) +¢€). (3.1)
k=1 zERT

By the definitions of g1 o, 11,0, one can find ro > 0 such that for any x € [0,27], 0 < u <1y, v €
Rt
g1 (@) = gro(0)(1 = )u, Ty(u) = Tro(k)(1 - e)u.



Let 71 € (0,79), then for u € OK,,, we have

Thus
2 l l r
Dou(z) = ; G(z,y)91(y, uy), v(y))dy + Y G(w, ) I p(uze)) + > 6G(y,y)
k=1 k=1
- l
> 6 [ 0000 + 33 D)
0 k=

u(z) > oflu]| =ory > 0. Va € [0,27]

2

> Gm=e) | guov)u ()dy+ (1—-¢) Zho

> (1 - 8)0”1“1 (;gg; 9170(Z)G(7[')27F + f Z Il,O(k)>
k=1

ly=z, T1k(u(z))

from which we see that ig}f{ ||®yul|pc > 0, namely, hypothesis (i) of Lemma 2.4 holds. Next
ue 1

we show that pu®,u # v for any v € 0K, , v € K and p > 1.

If this is not true, then there exist uyp € 0K, and pp > 1 such that puo®,ug = ug. Note that

uo(z) satisfies

—ug(x) + Mug(z) = pog1(z, uo(z), v(z)), xel,
_Au6|:v:xk = lﬁ()Il,k(Uo(:Ck))7 k=1,2,---,1,
Augle=z, = pol1k(uo(zr)), k=1,2,---,1,

Uo(O) = UO(QTF),

up(0) = ug(27).

Integrate from 0 to2m, using integration by parts in the left side, notice that

e

So we obtain

l 2T
ug(x) + Mug(x)]dz = Z Aug(zg) + M/O uo(z)dz

2
= —,uOthuoa:k —‘rM/ U[) d
k=1

l 2

M/O%a:o(t)dt = po Y Tig(uo(ar)) + po iy o), v(y))dy

k=1

l
> (1—¢) [(I )+ inf z)2mlor
> kzz:l 1,0( zeR+91,0( )2m|or

l
2nMr (1—=e)> (I )+ inf z)2m|ory,
TMry > kz::l 1,0( zemgl’o( )27or

(3.2)



which contradicts with (3.1) . Hence,from Lemma 2.4 we have
i(®, K\, K) = 0. Yo e K (3.3)
On the other hand, from (Hj), there exists H > r; such that for any = € [0,27], v > H, v € R"
91(x,u,v) < (977 (v) + €)u, Lip(u) < (I7°(K) + €)u, (3-4)

Choose Ry > Ry := max{Z, r} and let u € Kp,,v € K. Since u(z) > ol|u||pc = oR1 > H
for = €[0,27], v € K. Now we show that u®,u # u for any u € 0Kp,, v € K and 0 < p < 1.
In fact, if there exist up € 0Kpg, and 0 < pp < 1 such that po®,up = ug, then ug(z) satisfies
equation (3.2). Integrating from 0 to 27,we obtain

2w
M/ uo(z dq:—,uOZIlkuoxk —I—/ g1(z,uo(x),v(x))dx]

l

27
< kZl(Ii"’(k) +euolen) + [ w(e)da( sup 6i%(2) +2)
l
< Z )+¢e) +2m( sup ¢7°(2) +¢)]
k=1 2€RT

ie.,
l

2ro MRy < Ri[Y _(IT°(k) +¢) + 2m(sup gi°(z) +¢)]
k=1 ze€Rt

which is a contradiction with (3.1) .

Let R; = max{ry, g}, then for any u € 0Kpg,,v € K and 0 < p < 1, we have u®,u # u.
Thus
i(®, Kp, ,K) =1. (3.5)

In view of (3.3) and (3.5), we obtain

i(®,Kp, \ Ky, K) = 1.

Lemma 3.2: If (Hs) is satisfied, then i(V,, Kgr, \ K, , K) = —
Proof Since (H3) holds, there exists 0 < € < 1 such that

!
2roM > Y " (I9(k) +€) + 2m(sup g9(z) + &),
k=1 z€ERT

l
(1— g)[ 1nf 92,00(2)2m + Y Iy (k)]0 > 2w M. (3.6)
k=1

One can find r9 > 0 such that for any z € [0,27], 0 <v <rp, u € R

g2(z,v,u) < (g3(w) +e)v, Ipp(v) < (I3(k) +€)v, (3.7)



Let r € (0,79). Now we prove that uW¥,v # v for any v € 0K,,, u € K and 0 < pu < 1. If this
is not true, then there exist vg € 9K, and 0 < pp < 1 such that poW¥,vg = vo. Note that vo(x)
satisfies

—’U(/J/(.T})—i-M’U()(x) :,u,()gg(l',’l)()(.f),u((ﬂ)), U I/a

—Avp|o=a, = polak(vo(z)), K

Avolz=z, = polar(vo(zr)), k=

vo(0) = vo(27),

vo(0) = vp(2m).

Integrating from 0 to 27,we obtain

1,2,-,1, (3.8)

2 l 2
M/ x)dx = Z pola k(vo(xy) —i—,uo/o g2(x,vo(z), u(z))dz

< S0 + o)+ [ roledel sup o)+

k=1 zERT
!
< T'QZ ) +¢e) +2m(sup g9(2) +¢)].
k=1 zERT
SO l
QWUMTQSTQZ ) +¢e) +2n(sup g3(z) +¢)].
k=1 ZERT

which is a contradiction with (3.6). By Lemma 2.3, we have
iUy, K,,, K) = 1. (3.9)
On the other hand, from (Hs), there exists H > ry such that for any = € [0,27], v > H, u € RT
g2(z,v,u) > 92,00 (1) (1 — €)v, I3 (v) > Iz 0 (k)(1 —€)v, (3.10)
Choose Rz > Ry := max{g,rg} and let v € 0Kpg,,u € K. Since v(x) > ol||v||pc = oRs > H
for z €[0,27], ue€ K, from (3.10) we see that
g2(x, v(2), u(2)) = g2,00(u())(1 = £)0(2) = 7g2,00(u())(1 — &) Ra,
Ik (v(zg) > 0l2,00(k)(1 — €)Ra,
Essentially the same reasoning as above yields ueial}gRQ ||U,v||pc > 0. Next we show that if R

is large enough, then pW¥,v # v for any v € 0Kg,, v € K and g > 1. In fact, if there exist
vo € 0KpR, and pp > 1 such that po¥,vp = v, then vo(z) satisfies equation (3.8) . Integrate
from 0 to 27, using integration by parts in the left side to obtain

l

M/O% vo(z)de = Z pola g (vo(xk)) + po /27r g2(z,vo(z), u(x))dx

k=1

l
> (1 — E)[Z Ig7oo(k) + zier}%f'*‘ 92700(2)271']0]%2.



So we obtain

l
2nM Ry > (1 — 6)[[; Iy oo (k) + zlerlllzf+ 92,00(2)27]0 R

which contradicts with (3.6),too0.

Hence hypothesis (ii) of Lemma 2.4 is satisfied and
i(Vy, KR, ,K)=0. (3.11)

In view of (3.9) and (3.11), we obtain

(U, Ky \ Ky, K) = —1

Proof of Theorem 3.1. Since (H;) — (H>) are satisfied ,from Lemma2.2 we get @, : K — K,

U,: K= KandT: K x K — K x K are completely continuous. From Lemmad3.1,3.2 and 2.5
we have

i(T, Kp, \ Kpy X Ky \ Ky, K x K) = i(®, Kp, \ K, K) X i(Uy, Kpy \ Kpy, K) = —1

Thus, system (1.1)has at least one positive solution (u,v).

Corollary 3.1:The conclusion of Theorem 3.1 is valid if (H;) and (Hz) are replaced by
l
(Hy) inf g10(2) =00 or Z I o(k) = o0
ZERT el

sup ¢7°(2) =0 and I7°(k) =0, k=1,2,..1.
zERT

(H3) sup g3(z) =0and I3(k) =0, k=1,2,..1;

ze€Rt

l
inf = Iy 00 (k) = o0
inf 92,00(2) = 00 or kZ::l 2,00(k) = 00
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