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Abstract

In this paper we have established generalized Hermite-Hadamard’s inequalities for
fractional integrals. Also some interesting integral inequalities related to n-convex func-
tions are investigated. The obtained results have as particular cases those previously

obtained for convex functions.
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1 Introduction and preliminaries

Let I be an interval in real line R. Consider n: A x A — B for appropriate A, B C R.

Definition 1.1 ([3]). A function f: I — R is called convex with respect to n (briefly n-convex), if

fltz+ (1 =t)y) < fy) +tn(f(2), f(y), (1.1)

for all z,y € I and t € [0,1]. In fact above definition geometrically says that if a function is n-convex
on I, then its graph between any z,y € I is on or under the path starting from (y, f(y)) and ending at
(z, f(y) + n(f(z), f(y)). If f(z) should be the end point of the path for every z,y € I, then we have

n(z,y) = = — y and the function reduces to a convex one.

The following are two simple examples of n-convex functions.
Example 1.2. a. Consider a function f: R — R defined by

fay={ =Y

x, z < 0.

and define a bifunction n as n(x,y) = —x —y, for all z,y € R~ = (—o0,0]. It is not hard to check that f is
a n-convex function.

b.Define the function f:RT = [0,4+00) — RT by



and define the bifunction n: RT x RT — R* by

r+y, T < y;
n(z,y) =
2z +vy), z>uv.

Then f is n-convez.

Definition 1.3. Consider f € L'[a,b]. The Riemann-Liouville integrals J& f and Jit f of order a > 0 with
a > 0 are defined by

I b0 =g [ e =07 @ o>

and

b
T f(a) = ﬁ/ (t— 2 f(@O)dt, @< b,

respectively. Here, I'(«) is Gamma function and J2, f(z) = Ji_ f(z) = f(x).
Lemma 1.4. [4] Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f € Lla,b], then the

following equality for fractional integrals holds:

f(a) ‘2F fo) _ ;((baja;i[ @ (b) + J2 (a)] = b ; a /0 [(1—)* —t°]f (ta + (1 — t)b)dt (1.2)

The following result is of importance [1, 2]:

Theorem 1.5. Suppose that f : I — R is an n-convex function and 7 is above bounded on f(I) x f(I).
Then f satisfies a Lipschitz condition on any closed interval [a,b] contained in the interior I° of I. Hence,

f is absolutely continuous on [a,b] and continuous on I°.

As a consequence of Theorem 1.5, an n-convex function f : [a,b] — R with respect to a bifunction n
bounded from above on f([a,b]) x f([a,b]), is integrable. For other results see [3].

The following theorem is a consequence of Theorem 1 of [5].

Theorem 1.6. If fi and fo are positive increasing functions on [0,1] . Then

/01 fil@)de /01 fa(w)de < /01 f1(x) fo(x)da.

Also if f; and f5 are positive decreasing functions on [0, 1] and K is an upper bound for f; and fs, then

K — f1 and K — f5 are positive increasing functions and we have

A(K—ﬁwwmé(K—ﬁ@WMSA(K—ﬁ@MK—h@WM

which gives again

/01 fi(@)de /01 fa(z)dz < /01 fi(@)fa(z)dz.



2 Main Results

In this section we give some integral inequalities related to n-convex functions specially Hermite-Hadamard

type inequalities.

Theorem 2.1. Suppose that f : [a,b] — R is a positive n-convex function and n is bounded from above on

f(I) x f(I). Then the following inequalities for fractional integrals holds.

1(457) -5 < e {0+ S} <
<

| n(f(a), Sv)) n(f(b), f(a))

min { (o) + TELED p(a) 4 TR

(JO£10) | ) o) + . 10Dy
2 4 -

f@)+ 1) | M,

T2 T

where My, is upper bound of 7.

Proof. Since f is n-convex for z,y € [a,b] and t = % we have

f(“y) F) + Sn(r@), 1)

2 2

and

1(*5Y) = 1@+ 516w, @),

Put z :=ta+ (1 —t)b and y := (1 — t)a + tb,

f(a 5 b) < F(( = t)a+ 1) + gn(f(ta+ (1~ 0)b), F(1 ~ t)a -+ 1b))

and

f(a;b) < fta-+ (1= 1) + 5n(F(1~ t)a -+ 1b), flta+ (1~ 1)b))

Multiplying both sides of this inequalities by 2¢t*~! and then integrating the resulting inequality with respect

to t over [0, 1], we obtain

f<a+b)S

1
2/ taflf((lft)athb)dtJr/ I (f(ta + (1= 1)b), f((1 = t)a+ th))dt <
0 0

b _ a—1 d 1
u—a u a1 B
2/@ (b_a) f(u)b_a—i—/o 1M, dt =

So we have

f<a+b> < F(azl)bef(a)-F%,



and

2 (a+b
af( 9 )S

2/1 t* L f(ta+ (1 —t)b)dt + /1 t*In(f((1 = t)a+tb), f(ta+ (1 — t)b)dt =
0 0

b 1
b—uyo-l du o1 _
2/ (b_a) f(u)b_a+/0t M,,dt =

F(OZ) e M
2(() — a)a Ja+f(b) + 777’
i.e
a+b Ila+1) o M,
f( 2 ) S0 IO
Therefore
1(552) < i 0. )+

or

f(a ; b) = 2F((ba—+a;i {Jer®) + 5 fla)} + %

The first inequality is proved. For the second inequality we first note that if f is a n-convex function, then

for t € [0,1],
f(ta+ (1 —1)b) < f(b) +in(f(a), f(b))
and
F((L=t)a+1b) < f(b) + (1 = )n(f(a), F(b))-
By adding this inequalities we have
flta+ (1 =1)b) + f((1 = t)a+tb) < f(b) +tn(f(a), f(0)) + f(b) + (1 = )n(f(a), f (b))
=2f(b) +n(f(a), f(b)).

Then multiplying both sides by t*~! and integrating the resulting inequality with respect to ¢ over [0,1] ,

we obtain

/1 t* 1 f(ta+ (1 —t)b)dt+/1 (1= t)a + th)dt = /1ta_1[2f(b) +n(f(a), £(b))]dt
0 0 0
(o)
(b—a)

2/ () +n(f(a), £(b))

o

[Ja F(0) + Ty fa)] <



or

et D 10+ g f(o) < 1) + LI LD,

Similarly since f(ta+ (1 —¢)b) < f(a)+ (L —t)n(f(b), f(a)) and f((1 —t)a+tb) < f(a) +tn(f(b), f(a)) one

can show that:

I'a+1)

S e F(0) + T f(a)] < fla) +

Tla+1) n(f(9), £(a))
2(b—a) '

2

Therefore

Fla+1) (. .
30— oy L)+ (@)

min {3+ L@ S0

2 b
Jla)+ ) nf(B). f(a)) +n(f(@), F(B))
STy T j

fla)+ f(b) My
A

—
IN

This completes the proof. O

Theorem 2.2. If f : [a,b] = R is a differentiable mapping on [a,b] and |f’| is n-convez then the following

inequality for fractional integral holds:

fla)+f(b)  Tlat+1)

T a0 gy e O+ I S @) <
(1- E(i)i)g»— D in {1 ) + W@ OD, ) 90T LI @D
(=G0 (7@ O 207 @ISO+ 10 Ol @Dy
(a+1) 2 4 '

Proof. We use Lemma 1.4 and n-convexity of |f'| to obtain

‘f(a) +f(0) 2F((ba_+a;)x = ‘b 3 a /0 [(1—6)* —t°)f (ta+ (1 — t)b)dt’ <

) — ]| (ta+ (1 — t)b)|dt <

[Ja+ f(0) + T3~ f(a)]

‘“/ =07 =2l )]+ en(| S @1 @] ae =

—a ’ ’ ’ 1 ’ ’ ’
S =00 =@l @ s @IS O [ [ - =07 1 O+ el @117 @)]ae -

3
Since we have:

1

2 o jalfls ' 2 A= @O U @1 ODIA = (a+2)(3)*)

[ 1a=0 =0 @1+ @LIF G = S22 CEB S —
and

v ol e / ' A= @NFO | U@L GDI(e+1) = (a+2)(3)**)
[l = @ =0 I @+ @1 @) = S E et TG D) ~

2



We can write

a a L— ()b —a)lf (b b—a)n(|f (@), |f (&)1 — (1)~
‘f( )+ f(b) ;((b—i_a;i 7% £ () + I f(a)]| < (1—( )((1(+ - IO &= a)n(f (22|a|£ i))l)}( (2)%)
’f(a)+f(b) _ Dla+1) o F(0) + g f(a)]‘ < (1*(%)C‘)(b*a){wf(b)hL (S (@)l 1/ (b)l)}
2 2(b—a)> 7" b= = (a+1) 2
With the same argument we can show that
fla+f) Tletl), o o 1-@0b-a)y (S ), 1f (a)])
| et e+ g5 )] < SRR o+ AULOLTD
So
IO JO D e )+ g5 )] <
(1-(3)*)(®—a) / (1S @L IS O (£ )11 (@)
eTD n{If )] + 5 £ ()] ; } <
(1—(%)“)(1?—@){\ ()| + 1f' () n(lf'(a)hlf'(b)l)+n(|f’(b)|,|f'(a)\)}
(a+1) 2 4 '
O

Theorem 2.3. Suppose that f : [a,b] — R is an increasing positive n-convex function , n is bounded from

above on f(I) x f(I) and o > 1. Then the following inequalities for fractional integrals holds:

Mat1) . Ly
50— a)e J2 f(b) /fa+b x <
: n(f(a), f(b)) f(0) f

mln{f(b)+2, }
fla) + () | n(f(), f(a)) +n(f(a)

2 + 4
fla)+ f(b) = M,

2 T

where M, is upper bound of 7.

Proof. For the second inequality we first note that if f is a n-convex function then for ¢ € [0, 1]
flta+ (L =1)b) < f(b) + tn(f(a), f(]))
and
f((A=t)a+1b) < f(b) + (1 = t)n(f(a), f(b)).

By adding this inequalities we have



flta+ (1 =1)b) + f(1 = t)a+1tb) < f(b) +tn(f(a), f(b)) + f(b) + (1 = )n(f(a), f(D))
= 2f(0) +n(f(a), f(b)).

Then multiplying both sides by t*~! and integrating the resulting inequality with respect to ¢ over [0, 1]
along with the fact that the functions t*~! for & > 1 and f((1 — t)a + tb) are increasing (with respect to t)

imply that
1 1 1
a=lg 1— b)d a—l — b)dt.
/Ot t/o £ t>a+t>ts/0 1LF((1— t)a + th)dt
Therefore
1 1 1
/t“‘lf(ta+(1—t)b)dt+/ t“‘1f<(1—t>a+tb)dt§/ t*H2f(b) 4+ n(f(a), f(b)))dt,
0 0 0

/0 o 1f(ta+(1—t)b)dt+/ o 1dt/ f(( 1—t)a+tb)dt</0 t*H2F(b) + n(f(a), £(b))]dt,
2/(b) +n(f(a), £(b))

) )+ g [ b e < g ,

MNa+1) 1 b n(F@), )
Q(b— a)a J,ﬁ—f(b) + m/{l f(a+b — (L’)dx < f(b) + #

Also since we have:

flta+ (1 =1)b) + f((1 = t)a+tb) < 2f(a) +n(f(b), f(a))

we can conclude that

F(a+ 1) 1 b SO (@)
2(b— )oz a+f() b_a)\/af(a‘f'b_m)dng(a)_&_f

Hence

b
F(oz—i—li T () + bl—a)/ fla+b—x)de <

W@, 10) 4, 10, 1)
> fla) + 2} <

fla) + f(b)  n(f(b), f(a)) +n(f(a), f(b)) _
2 4 -

Corollary 2.4. If the conditions of theorem 2.8 hold and n(x,y) = x —y for all x,y, then

T(a+1) fla) + f(b) )+f()
2(b — a)° Jov f(b) b— /fa+b z)dr <




Proof. Since

D(a+1) 1 b
m{]‘fr'f( ) b—a)/a f(a+b—$)d$ S

fla) + f(b) | n(f(b), f(a)) +n(f(a), [(b))

and

then the inequality holds.

The proof of the next theorem and corollary is similar to the previous one.

Theorem 2.5. Suppose that f : [a,b] — R is an increasing positive n-convex function , n is bounded from

above on f(I) x f(I) and 0 < a < 1. Then the following inequalities for fractional integrals holds.

b
St g fo)+ g [ S

2(b—a)>
| 0/ (@), 1) W), £(a))
min{ 1) + WHGTO), gy 4 WO <
F@)+ £8) | n(I0).F@) + (), FB) _
2 * 4 -
fla)+ f0) | M,
ot

where M, is upper bound of 1.

Corollary 2.6. If the conditions of Theorem 2.5 hold and n(x,y) = x —y for all z,y then

T(a+1) + f@) + fa)
2(b—a)O‘Jb b—a) /f
Theorem 2.7. Let f: I — (0,+00) be a n-convex function a,b € I with a <b. Then
3
Tt ) ) < (2.1

(a+ D)@+ 2 fO) () +n(f(a), f(0) + ——5—(n(f(a), F(8)))* + (n(f(a), F(B)))*.

Proof. Since we have:

fPta+ (1 —1)b) + f2((1 —t)a +tb)
2 b

flta+ (1 =)b)f(1 —t)a+tb) <
we can write

/1 t* L f(ta+ (1 —t)b) f((1 — t)a + th)dt <
0

/1 7 f2ta+ (1= )b) + 27 f2A((A —fa+tb)
! -

1 ' a=1¢20, _ ! a—1 r2 ~Ha
2{/01% [ (ta+(1 t)b)+/0t FA((1 = t)a + tb)dt}.



Now let w:=ta+ (1 —t)b then (1 —t)a+th=a+b—u and dt = —bd_—“a. Therefore

/ab(l;__Z)a—l () f(a+b — u)du < ;{/1t°“1f2(ta+(1—t)b)+/1t°“1f2((1—t)a+tb)dt}.

0 0

On the other hand, since f is n-convex

PAta+ (1= 1)b) < {f(b) + tn(f(@), FB)}" = F2(b) + 2t (B)n(F(a), F(B)) + E2(n(f(a), F(b)))?
P =ta+ 1) < {£(B) + (1= n(f(a), FB)}* = F2(b) + 2(1 = ) FO)n(f (@), F(B)) + (1 = H2(n( (), F(B)))2.

So we get

b b ani
/ G_ﬂ) fw)fla+b—u)du <
s 2o [Faonu. soea [ o, e as
/0 2(1 = ) (b)n(f(a), F(B))E" dt + / (L =2 (@), FO)) "t | =

{2720+ 2 FOn(F(@), 7)) +

((f @) FODF + e a1

) 1
(n(f(a), £(b)))" + N CESNCED))

(n(f(a), F®))*} =
(1(£(a), F(B))*

a+2
1
2(a+2)

1
o

P0) +  fOn(f ), 10) +

Also

/ab (=" f(w)ra+ b — u)du = (br_(i))a b F(a)f(b).

It follows that

g e S 0) < L0+ O a), S0+ 5

or

I'a+3)
(b—a)*

T F@F() < (1) (042) 2B+ (a+1) (@42 F O F(a), £5))+ LD

or

I'a+3)
(b—a)>

ala+1)

o F@)f(0) < (ot D)(a+2) £() (F(B)+n(f (@), FB)) ) +

Corollary 2.8. In Theorem 2.7, if n(x,y) = x — y for all x,y then

I'(a+3)

b —a)e e (@F0) < (a+ D@+ 2)fB)f(a) +




References

[1] M. Eshaghi Gordji, S. S. Dragomir and M. Rostamian Delavar, An inequality related to n-convex func-
tions (II), Int. J. Nonlinear Anal. Appl. 6(2) (2015) 26-32.

[2] M. Eshaghi Gordji, M. Rostamian Delavar and M. De La Sen, On ¢-convez functions, J. Math. Inequal.
10(1) (2016) 173-183.

[3] M. Eshaghi Gordji, M. Rostamian Delavar and S. S. Dragomir, Some inequalities re-
lated to 7n-convex functions, Preprint, RGMIA Res. Rep. Coll. 18(2015), Art. 08. [Online
http://rgmia.org/papers/v18/v18a08.pdf] .

[4] M. Z. Sarikaya, E. Set, H. Yaldiz, N. Basak, Hermite-Hadamard’s inequalities for fractional integrals
and related fractional inequalities, Mathematical and Computer Modelling57 (2013)2403-2407.

[5] R. Ahlswede, D, E, Daykin Integrals inequalities for increasing functions , Mathematical Proceedings

of the Cambridge Philosophical Society, Cambridge University Press, 86(3)( 1979)391-394.

10



