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Abstract

This paper is dedicated to a study of a locally conformally symplectic A-
structures in the case where the set, A, is a Weil algebra. If M is a smooth mani-
fold andMA the associated Weil bundle, we shown that the C∞ (MA,A

)
-module

of first-order differential operators admits a Lie-Rinehart-Jacobi A-structure.
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1 Introduction

1.1 first-order differential operators

Consider a commutative algebra Λ with unit 1Λ over a commutative field K
with characteristic zero. let E be an Λ-module. The action

Λ× E −→ E, (a, x) 7−→ a · x

denotes a multiplication by x.
A differential operator of order ≤ k, (k ∈ N), from Λ into E, is a K-linear

map
ϕ : Λ −→ E

such that for any a ∈ Λ, the map

Λ −→ E, b 7−→ ϕ (a · b)− a · ϕ (b)

is a differential operator of order ≤ (k − 1) from Λ into E. Thus a K-linear map

ϕ : Λ −→ E
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is a first-order differential operator from Λ into E if and only if for any a, b ∈ Λ,

ϕ (a · b) = ϕ (a) · b+ a · ϕ (b)− a · b · ϕ (1Λ) . (1)

When ϕ (1Λ) = 0, we have the usual notion of derivation from Λ into E.
Moreover the following assertions are equivalent:

1. A K-linear map ϕ: Λ −→ E is a first-order differential operator;

2. A K-linear map ϕ−Rϕ(1Λ): Λ −→ E, a 7−→ ϕ (a)−a ·ϕ (1Λ) is a derivation.

1.2 A-manifolds

In this part, M denotes a paracompact and connected smooth manifold, a first-
order differential operator of the algebra of numerical functions of class C∞ on
M , will be said differential operator on M and the set, D (M), of this appli-
cations is a C∞ (M)-module and admits a real Lie algebra structure. The set,
A, designs a Weil algebra i.e. a real commutative algebra with unit, of finite
dimension, and with an unique maximal ideal M of codimension 1 over R. The
quotient A /M is a field. We deduce that

A = R
⊕

M. (2)

In this case, there exists an integer h, called the height of A such that
Mh+1 = (0) and Mh 6= (0). For example, the algebra of dual numbers D = R [T ]

/(
T 2
)

is a Weil algebra with height 1.
A near point of p ∈M of kind A is a morphism of algebras

ξ : C∞ (M) −→ A

such that
ξ (f) = f (p) [modM]

for any f ∈ C∞ (M).
We recall that MA is a manifold of infinitely near points on M of kind A or

simply the Weil bundle of kind A [4]. For any f ∈ C∞ (M), the map

fA : MA −→ RA∼= A, ξ 7−→ ξ (f)

is smooth. In [2], one showns that the set, C∞ (MA,A
)
, of smooth functions

on MA with values in A, is a commutative algebra over A with unit. Moreover
the map

C∞ (M) −→ C∞ (MA,A
)
, f 7−→ fA

is a monomorphism of algebras which satisfies for any f, g ∈ C∞ (M) and for
any λ ∈ R

(f + g)
A

= fA + gA;

(λf)
A

= λfA;

(f · g)
A

= fA · gA.
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If (U, β) is a local chart of M with local coordinates (x1, ..., x2n) the map

βA : UA −→ A2n, ξ 7−→ (ξ (x1) , ..., ξ (x2n))

is a bijection from UA into an open of A2n. Thus MA is an A-manifold of
dimension 2n.

2 Differential operators on MA

A differential operators on MA is a R-linear map C∞ (MA) −→ C∞ (MA)
fulfiling (1).

Proposition 1 There is an equivalence between the following statements:

1. A differential operator on MA is a differential operator of C∞ (MA);
2. A differential operator on MA is a linear map

∂ : C∞ (M) −→ C∞ (MA,A
)

such that

∂ (f · g) = ∂ (f) · gA + fA · ∂ (g)− fA · gA · ∂
(
1C∞(M)

)
(3)

for any f, g ∈ C∞ (M);

3. A differential operator on MA is a differential operator of C∞ (MA,A
)

which is A-linear.

Proof. We use the same technics that in [2].
We denote, DA

(
MA), the C∞ (MA,A

)
-module of A-linear differential oper-

ators. The skew-symmetric and A-linear map

[·, ·] : DA
(
MA)×DA

(
MA) −→ DA

(
MA) , (ϕ,ψ) 7−→ ϕ ◦ ψ − ψ ◦ ϕ

defines a A-Lie algebra structure on DA
(
MA) and we verify that[

ϕ, fA · ψ
]

=
(
ϕ
(
fA
)
− fA · ϕ

(
1C∞(MA,A)

))
· ψ + fA · [ϕ,ψ] (4)

for any fA ∈ C∞ (MA,A
)
.

3 Differential A-forms

Let k
sks

(
DA
(
MA) , C∞ (MA,A

))
= Ωk

(
MA,A

)
be the C∞ (MA,A

)
-module of

skew-symmetric multilinear forms of degree k (k ∈ N) on DA
(
MA).

We have
Ω0
(
MA,A

)
= C∞ (MA,A

)
.

One denotes

Ω
(
MA,A

)
=

2n⊕
k=0

Ωk
(
MA,A

)
.
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Remark 2 This algebra is canonically isomorph to A
⊗

Ω
(
MA).

Theorem 3 If η is a differential form of degree k on M , then there exists an
unique differential A-form on MA of degree k such that

ηA
(
fA1 · θA1 , ..., fAk · θAk

)
= (f1, ..., fk)

A · [η (θ1, ..., θk)]
A

(5)

for any differential operators θ1, ..., θk ∈ D (M) and for any f1, ..., fk ∈ C∞ (M).
Moreover, for any η1, η2 elements of Ω (M), we have

(η1 + η2)
A

= ηA1 + ηA2 ;

(η1 ∧ η2)
A

= ηA1 ∧ ηA2 .

Proof. It is obvious.
The map Ω (M) −→ Ω

(
MA,A

)
, η 7−→ ηA is a morphism of real graded

algebras.

4 Locally conformally symplectic structures on
Weil bundle

Recall that a locally conformally symplectic manifold is a triplet (M,α, ω) such
that

• M is a smooth C∞-manifold of dimension 2n;

• α : X (M) −→ C∞ (M) , X 7−→ α (X) satisfying dα = 0. Such as α called
the Lee 1-form;

• ω : X (M) × X (M) −→ C∞ (M) , (X,Y ) 7−→ ω (X,Y ) satisfying dω =
−α ∧ ω. For more details see [1].

We verify that for any X a vector field on M , then the map

ρα (X) : C∞ (M) −→ C∞ (M) , f 7−→ X (f) + f · α (X)

is a differential operator. Moreover the map

ρα : X (M) −→ D (M) , X 7−→ X + α (X)

is a representation and X (M) admits a symplectic Lie-Rinehart-Jacobi struc-
ture. We denote dα instead dρα the cohomology operator associated with the
representation ρα.

For X ∈ X
(
MA), considered as derivation of C∞ (M) into C∞ (MA,A

)
in

sense of [2], the application

ραA : X
(
MA) −→ DA

(
MA) , X 7−→ ραA (X)

is C∞ (MA,A
)
-linear and is a morphism of A-Lie algebras.
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Proposition 4 The application

dAαA : Ω
(
MA,A

)
−→ Ω

(
MA,A

)
is A-linear and satisfies dAαA

(
ηA
)

= (dαη)
A

.

Proof. We verify that dAαA is A-linear. If η ∈ Ωk (M), for any θ1, ..., θk+1 ∈
D (M), we get[

dAαA

(
ηA
)] (

θA1 , ..., θ
A
k+1

)
= [(dαη) (θ1, ..., θk+1)]

A

= (dαη)
A (
θA1 , ..., θ

A
k+1

)
.

We deduce the assertion.

Theorem 5 When the triplet (M,α, ω) is a locally conformally symplectic man-
ifold, then

(
MA, αA, ωA) is also a locally conformally symplectic A-manifold.

Proof. The theorem follows from the above proposition and see [2], [3].

5 Symplectic Lie-Rinehart-Jacobi A-algebra on
Weil bundle

Proposition 6 If ϕ is an element of DA
(
MA) and if f̃ is an element of

C∞ (MA,A
)
, we have[

ϕ, f̃
]

= ϕ
(
f̃
)
− f̃ · ϕ

(
1C∞(MA,A)

)
(6)

and the restriction of this bracket to C∞ (MA,A
)

is zero.

Proof. It is obvious.

5.1 Lie-Rinehart A-algebra structure on DA
(
MA
)

We denote δ the cohomology operator associated with the representation

idA : DA
(
MA) −→ DA

(
MA) .

Proposition 7 If

α̃A : DA
(
MA) −→ C∞ (MA,A

)
is a linear A-form, then the C∞ (MA,A

)
-linear map

∂
α̃A : DA

(
MA) −→ DA

(
MA) , ϕ 7−→ ϕ+ α̃A (ϕ)

is a representation of A-Lie algebra if and only if

δα̃A =
(
δ1C∞(MA,A)

)
∧ α̃A.
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Proof. It is clear that[
∂
α̃A (ϕ) , ∂

α̃A (ψ)
]

= ∂
α̃A ([ϕ,ψ]) +

(
δα̃A −

(
δ1C∞(MA,A)

)
∧ α̃A

)
(ϕ,ψ) .

Hence the result following.

Theorem 8 When MA is a smooth A-manifold, then

1. A Lie-Rinehart A-algebra structure on DA
(
MA) is always of the form(

DA
(
MA) , ∂

α̃A

)
;

2. The equation δα̃A =
(
δ1C∞(MA,A)

)
∧ α̃A is equivalent to α̃A

(
1C∞(MA,A)

)
is

a constante and α̃A
/
X
(
MA) is dA-closed.

5.2 Lie-Rinehart-Jacobi A-algebra structure on DA
(
MA
)

We consider the results of the above theorem and we denote δ
α̃A the cohomology

operator associated with the representation ∂
α̃A . For any η ∈ksks

(
DA
(
MA) , C∞ (MA,A

))
,

we verify that

δ
α̃Aη = δη + α̃A ∧ η. (7)

Theorem 9 The C∞ (MA,A
)
-module DA

(
MA) admits a symplectic Lie-Rinehart-

Jacobi A-algebra is equivalent to the existence of a C∞ (MA,A
)
-linear form α̃A

and a nondegenerate skew-symmetric C∞ (MA,A
)
-bilinear form ω̃A such that

1.

δα̃A =
(
δ1C∞(MA,A)

)
∧ α̃A;

2.

δω̃A = −α̃A ∧ ω̃A.
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