
MATHEMATICAL MODEL AND ANALYTICAL ANALYSIS OF IMMUNE
SYSTEM RESPONSES DURING VIRAL EVOLUTION.

Abstract: Viral evolution is the change in the genetic makeup of virus in order to escape

from antibody responses. As the viruses mutate and multiply, over time can determine the

outcome of the viral infection.As more and more virus strains escape immune responses and

accumulate, a given specific immune response can only recognize smaller fractions of the viral

population.The unrecognized viruses continue to infect and impair the susceptible cells.This

leads to antigenic diversity which can contribute to viral infection progression. The purpose

of this study is to analytically elucidate the dynamics of viral evolution towards escape from

antibody responses by use and analysis of a mathematical model. To achieve this a discrete

mathematical model is developed that captures the following variables: susceptible cells,n virus

strain,cells infected by strain i = 1 to i = n virus strain, antibody responses specific to strains

i = 1 to i = n and CTL responses that are taken to be cross reactive and can respond to all

virus strains. Analysis of the model is done for two cases: initially weak & un sustained CTL

response and strong and sustained CTL response.Stability criteria and parameters combination

limiting these cases is established for each of the cases.
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1 INTRODUCTION

When a viral pathogen is not resolved by the host immune system, the virus may undergo

some genetic changes during its life time. These changes arise from the adaptations, aimed at

the survival of the virus within the host, in response to the immune system or the environment.

These changes leads to development of new viral variants that can escape detection by the

already activated antibody response.Consequently the number of infected cells with different

viral mutants will keep growing. This diversification of the virus will gradually stimulate the

initially weak CTL and immune responses will shift from non lytic to lytic response. This

relationship between the immune system and viral pathogens can result in viral persistence

and chronicity, (author?) [1].

The presence of ongoing CTL lytic activity that kill the infected cells result in many cells

dying, and the infected organ gradually get thinner and weaker in a way that is unhealthy

which can lead to its failure of its critical functions in the host,[2].
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2 Model Development

The model constructed will capture the aspect of viral mutants that escape the antibody

responses.

2.1 Model assumptions

: The specific biological assumptions taken into account when developing the model equations

are based on accepted knowledge of immune system function. The assumptions are;

1. T and B lymphocytes, which are the precursors of the immunocompnent are produced in

the bone marrow.

2. Cytotoxic T Lymphocyte (CTL) can kill infected cells or shut down virus replication in

the cell.

3. Anti bodies will fight (neutralize) free virus released by infected cells.

4. Pathogen-specific CTL and antibody-specific responses are initiated once the virus is

presen

5. Immune responses will decay after some number of encounters with virus or upon virus

eradication.

6. The CTL response and antibody response are independent

7. The immune system can recognize pathogens that have been encountered before and

those encountered for the first time.

8. i = 1, ...n virus are produced that are different from each other in their epitopes only but

otherwise identical in replication rate.

9. Vi and Yi(i = 1...n) are virus of strain i and cells infected by strain i respectively

10. The virus i of strain can prompt antibody response Ai that is specific for the strain.

11. The CTL responses are considered cross reactive to recognize and respond to all the

variants equally.

2.2 Model Flow Chart
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Figure 1: Schematic representation of viral evolution.

The following model is deduced:

.

S(t) = λ −ω S−βS
n

∑
i=1

Vi

.

Yi(t) = βSVi −δYi − µYiT
.

Vi(t) = κYi −αVi −ρViAi

.

Ai(t) = εA+φAiVi − τAi
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.

T (t) = νT +θT
n

∑
i=1

Yi −σT

3 Analytical Analysis

The following equilibrium describe the outcome of the infection with respect to the number of

mutants.

ε ≈ υ ≈ 0

Se0 =
λφ

φω +nβτ
, Ye0

i =
nβλτ

δ (φω +nβτ)
,Ve0

i =
τ

φ
, Ai

e0 =

βφκλ

δρ (φω +nβτ)
− α

ρ
, Te0 = 0

J =


−ω −β

σ

θ
0 −βSe0 0

βVe0 −δ βS 0

0 κ −α −ρAe0 −ρVe0

0 0 φAe0 φVe0 − τ


and det(J−ΛI) = 0

Λ−βδκλφφ(φ(βσ +θ(Λ+ω))−βθτ)− (βnτ −ωφ)(δ +Λ)(βσ +θ(Λ+ω))

δφ
2(α +Λ)−µτ

2 +βλτκτφ(nβτ +ωφ)+

τ
2(βnτ −ωφ)(δ +Λ)(βσ +θ(Λ+ω))(δ µτ −βλτκφ(nβτ +ωφ)) = 0 (3.1)

Using Routh-Harwitz stability criteria as in, [3].

a0 = 1 (3.2)

a1 = α +
βσ

θ
+δ − µτ2

φ 2 +
βλτκτ(nβτ +ωφ)

δφ
+ω (3.3)

a2 =− βκλφ

ωφ −βnτ
+

βλτκτωφ(βσ +δθ +θτ +θω)

δθφ
+

αβσδφ 2 +αδ 2θφ 2 +αδθωφ 2 +βσδ 2φ 2 −βσδ µτ2 −δ 2θ µτ2 +δ 2θωφ 2 −δθ µτ3−
δθφ 2

δθ µτ2ω +βλτβσκnβττφ +βλτδθκnβττφ +βλτθκnβττ2φ +βλτθκnβττωφ

δθφ 2 (3.4)
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a3 =
β 2θκλφτ −ββσκλφφ −βθκλφωφ

θφ(ωφ −βnτ)
+

βλτκτωφ(βσδ +βστ +δθτ +δθω +θτω)

δθφ
+

αβσδ 2φ 2 +αδ 2θωφ 2 −βσδ 2µτ2 −βσδ µτ3 −δ 2θ µτ3 −δ 2θ µτ2ω −δθ µτ3ω+

δθφ 2

βλτβσδκnβττφ +βλτβσκnβττ2φ +βλτδθκnβττ2φ +βλτδθκnβττωφ

δθφ 2

+βλτθκnβττ2ωφ

δθφ 2 (3.5)

a4 =−τ2(βσ +θω)(δ µτ −βλτκφ(nβτ +ωφ))

θφ 2 (3.6)

This equilibrium is stable if

δ µτ
3(βσ +θω)> βλτκτ

2
φ(nβτ +ωφ)(βσ +θω) (3.7)

When the CTL responses are weak the increase in antigenic mutants escalates the antigenic

drive promoting the expansion of the initially weak CTL

[4]. Below expressions describe this equilibrium .

Se6 =
λφ

φω +nβτ
, Ye6

i =
σ

nθ
,Ve6

i =
τ

φ
,Ae6

i =
κφσ −nµτθ

nθρτ
,Te6 =

nβτ(λθ +δσ)−δθσω

µσ (ωφ −nβτ)
(3.8)

J =


−ω −nβ

τ

φ
0 −βSe6 0 0

βVe6 −δ −µTe6 βSe6 0 −µTe6

0 κ −α −ρAe6 −ρVe6 0

0 0 φAe6 φVe6 − τ 0

0 θnTe6 0 0 0

 (3.9)

then det(J−ΛI) = 0 is

Λµσ(nβτ −ωφ)(ρτ(nβτ +φω)(−(nµτθ −κφσ))(φ(Λ+ω)+nβτ)(−µσωφ(δ ))+

+Λ+δθσωµ +nβτ(µσ(δ +Λ)−δσ µ −λθ µ)−Λβκλφ µσnθρτ(nβτ)−

−ωφ(βτ +φ(Λ+ω)+nβτ)− (nβτ +φω)(φ(Λ+ω)+nβτ)nθρτ(α +Λ)+

(ρ(κφσ −nµτθ))(−µσωφ(δ ))
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+Λ+δθσωµ +nβτ(µσ(δ +Λ)−δσ µ −λθ µ)+θ µ(nβτ +φω)(δθσω)

−nβτ((δσ +λθ))2(φ(Λ+ω)+nβτ)(Λnθρτ(α+

Λ)−ρ(Λ+ τ)(nµτθ −κφσ)) = 0 (3.10)

a0 =−1 (3.11)

a1 =−µσnβτ
2nθρτ +nβτ(nθρτ(−µσ(αφ +δφ −ωφ +ωφ)+δσ µφ+

µσnθρτφ(nβτ −ωφ)

λθ µφ)+µσρφ(nµτθ −κφσ))+φ(nθρτ(µσωφ(α +δ +ω)−
µσnθρτφ(nβτ −ωφ)

δθσωµ)+µσρωφ(κφσ −nµτθ))

µσnθρτφ(nβτ −ωφ)
(3.12)

The coefficient of the polynomial are negative.

The characteristic equation fails to meet the necessary condition of stability by Routh and it is

therefore an unstable equilibrium.

4 Limiting Parameter combination for CTL induced pathology

Limiting Parameter combination for CTL induced pathology As the virus population continues

evolves away from the antibodies, virus load grow and diversification of the antigenic drive

increases. The number of cell initially remain the same until a limiting threshold number is

attained. This will correspond to absence of pathology. The dynamics will however when the

limiting threshold is reached which will indicate the setting in of pathology .This threshold is

calculated as given below

Using F and H as defined and equilibrium points Se5 , Te5 ,Ve5 , Ae5 and Te5 it is found

H =


−δ

βλφ

nβτ+φω
0 0

κ −α 0 0

0 0 τ 0

0 0 0 σ

 (4.1)

F =


0 0 0 nβλτµ

δ (βτ+φω)

0 ρ

(
βφκλ

δρ(nβτ+φω) −
α

ρ

)
ρτ

φ
0

0 φ

(
βφκλ

δρ(nβτ+φω) −
α

ρ

)
τ 0

0 0 0 nβλτθ

δ (βτ+φω)

 (4.2)
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F.H−1 =



0 0 0 nβλτµ

nβτσ+δσϕω

κ(nβταδρ−βϕκλρ+δαρϕω)
δρ(nβταδ−βκλϕ+αδϕω)

δ (nβταδρ−βϕκλρ+δαρϕω)
δρ(nβταδ−βκλϕ+αδϕω)

ρ

ϕ
0

κϕ(nβταδρ−βϕκλρ+δαρϕω)
δρ2(nβταδ−βκλϕ+αδϕω)

δϕ(nβταδρ−βϕκλρ+δαρϕω)
δρ2(nβταδ−βκλϕ+αδϕω)

1 0

0 0 0 nβλτθ

nβτδσ+δσϕω


(4.3)

The Eigen values of the system are

E3 =



0

0

nβλτθ

nβτδσ+δσϕω

2nβταδ 2ρ−βδρκλϕ−βϕκλδρ+2αδ 2ρϕω

nβταδ−βκλϕ+αδϕω)


(4.4)

nβλτθ

nβτδσ +δσϕω
> 1 (4.5)

from which it follows

n >
δφσω

βτ(λθ −δσ)
= ψ (4.6)

With weak CTL and strong antibody responses the virus replicates at a higher rate that CTL

responsiveness. This means that CTL induced pathology can set in when the number of viral

variants reaches a certain threshold. As more variants continue to escape from the antibodies

there will be a shift from antibody response dominance to the expanded CTL responses. The

antibodies prevent pathology while CTL promotes it the level of pathology will continue to

grow with diversification of mutants. When CTL attains maximum dominance relative to

antibodies Liver pathology is expected to be at peak also . At this level viral evolution is

expected to slow down because most of the target cells will have been infected and any more

new variants will have too few cells to infect.

This maximum is calculated using the equilibrium points Se6 ,Ye6 ,Ve6 , Ae6 and Te6 as

illustrated below.

F =


σ

(
αλθβκσ

nθα(αθω+βκσ)−
δσ

nθ

)
nθ

0 0 µσ

nθ

0 0 κρσ

nθα
0

0 0 κσφ

nθα
0

θσ

(
αλθβκσ

nθα(αθω+βκσ)−
δσ

nθ

)
nθ µ

0 0 θσ

nθ

 (4.7)

7



H =


−δ

αλθβ

αθω+βκσ
0 0

κ −α 0 0

0 0 τ 0

0 0 0 σ

 (4.8)

F−1H =


σ2

nθ
2

αλθβσ2

nθ
2
α(αθω+βκσ)

0 µ

nθ

0 0 κρσ

nθατ
0

0 0 κσφ

nθατ
0

θσ2

nθ
2
µ

αλθβθσ2

ααθωµnθ
2+αβκσ µnθ

2 0 θ

nθ

 (4.9)

Whose Eigen values are

E4 =


0

0
θnθ+σ2

nθ
2

κσφ

αnθτ

 (4.10)

and found to be

n >
φκσ

αθτ
= ζ (4.11)

At this point, CTL-induced pathology is expected to be at its maximum. Furthermore, as this

threshold is attained, virus evolution is expected to stop, because target cell limitation does not

allow invasion of additional virus variants in the face of significant organ cells destruction,[5].
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