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DEVELOPING COMPONENTS OF 24 POWER SET WITH EXTRACTION OF ONLY TWO SUBSETS FROM THE UNIVERSAL SET USING EDWARD’S VENN DIAGRAM 
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ABSTRACT

In this work, a universal set comprising four subsets was the study interest. Sets of only two subsets were extracted from 24 power set, from which their respective cardinalities were obtained. The established models were backed-up with proofs and some algebraic properties of set operations. Solutions to a practical problem have shown their reality.
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1.
INTRODUCTION:
In mathematics, a well-defined collection of definite objects is called a set. The theory of set is special among mathematical theories in two ways. It plays a central role in putting mathematics on a reliable axiomatic foundation, and it provides the basic language and apparatus in which mathematics is expressed. Bhat (1980) defined set from sample point and event. That set is a collection of sample points or events from a given statistical experiment. Speigel (1992) related probability to point set theory. He used Euler diagram to explain the relation with intersection of two subsets in the universal body. John Venn (1880) was keen to find symmetrical figures, which are elegant in themselves representing higher number of sets and he devised a four-set diagram using ellipse. Edwards (2004) gave a construction to higher numbers of sets that features some symmetry. His construction is achieved by projecting the Venn diagram onto a sphere. He constructed a diagram for three sets that can be easily represented by three hemispheres as shown in figure 1.
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Figure 1

From figure 1,

ABICI is a set of elements in only A
ABCI is a set of elements in only A and B

ABIC is a set of elements in only A and C

ABIC is a set of elements in only B

AIBC is a set of elements in only B and C

AIBIC is a set of elements in only C

ABC is a set of elements in A, B, and C
AIBICI is a set of empty elements in the universal set.

He represented the fourth set by taking a curve similar to the seam on a tennis ball which winds up and down around the equator. The resulting sets can then be projected back to the plane to give log wheel diagrams with increasing numbers of teeth. These diagrams were devised while designing a stained-glass window in memorial to Venn.

Henderson (1963) showed that the existence of an n-Venn diagram with n-fold rotational symmetry implied that n is prime. Edward did not derive models for detail explanation of the components of the four sub-sets in a universal set. 
The interest in this work is to adopt Edward’s Venn diagram in the study of four sets, so that cardinalities of the components of only two sets from the universal sets are established, which could then be used to solve set problems involving four components in a universal set.
2.
EDWARD’S VENN DIAGRAM OF FOUR SETS.

FIGURE 2
From the above diagram, 

ABCD is a set of elements in A, B, C and D
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From the above diagram,
(AB) = (ABCIDI) + (ABCID) + (ABCDI) + (ABCD)

=> (ABCIDI) = (AB) – (ABCID) – (ABCDI) – (ABCD)
=> (ABCIDI) = (AB) – (ABD - ABCD) – (ABC- ABCD) – (ABCD)

                = (AB) – (ABD) + (ABCD) – (ABC) + (ABCD) – (ABCD)

                = (AB) – (ABD) – (ABC) + (ABCD) 

=> n(ABCIDI) = n(AB) – n(ABD) – n(ABC) + n(ABCD) … eqn 1
Equation “1” is the cardinality in set A and B but not C and D (only A and B)
Proof:

It is required to prove that:

(AB) = (ABCIDI) + (ABCID) + (ABCDI) + (ABCD)
From R.H.S.

(ABCIDI) + (ABCID) + (ABCDI) + (ABCD)

= (ABCIDI)U(ABCID)U(ABCDI)U(ABCD)

= (A∩B∩CI∩DI)U(A∩B∩CI∩D)U(A∩B∩C∩DI)U(A∩B∩C∩D)… *1
Taking the first two expressions in *1

(A∩B∩CI∩DI)U(A∩B∩CI∩D) = (AUA)∩(BUB)∩(CIUCI)∩(DIUD)
According to Idempotent law,
(AUA) = A, (BUB) = B, (CIUCI) = CI
From complement law, (DIUD) = S
Therefore, (A∩B∩CI∩DI)U(A∩B∩CI∩D) = (A∩B∩CI)∩S
According to Identity law, (A∩B∩CI)∩S = (A∩B∩CI) …*2
Taking the second two expression in *1,

(A∩B∩C∩DI)U(A∩B∩C∩D), (AUA) = A, (BUB) = B, (CUC) = C,
(DIUD) = S
Therefore, (A∩B∩C∩DI)U(A∩B∩C∩D) = (A∩B∩C)∩S

According to Identity law, (A∩B∩C)∩S = (A∩B∩C) …*3
Combining * 2 and * 3, we have
(A∩B∩CI)U(A∩B∩C) = (AUA)∩(BUB)∩(CIUC)
= (A∩B)∩S =  (A∩B) = AB, since (AB) = AB
Hence, n(ABCIDI) = n(AB) – n(ABC) – n(ABD) + n(ABCD),
which completes the proof.

Let BC be a set comprising elements in both sets B and C
BC = AIBCDI + AIBCD + ABCDI + ABCD

From R.H.S., 
AIBCDI = BC - AIBCD - ABCDI – ABCD
AIBCDI = BC – (BCD – ABCD) – (ABC- ABCD) - ABCD

AIBCDI = BC – BCD + ABCD – ABC+ ABCD - ABCD

AIBCDI = BC – BCD – ABC+ ABCD

n(AIBCDI) = n(BC) – (BCD) – (ABC)+ (ABCD) … eqn 2
Equation ‘2’ is the cardinality of set B and C but not A and D (only B and C).
Proof:

It is required to prove that:
BC = AIBCDI + AIBCD + ABCDI + ABCD

From R.H.S,

(AIBCDI)U(AIBCD)U(ABCDI)U(ABCD)

= (AI∩B∩C∩DI)U(AI∩B∩C∩D)U(A∩B∩C∩DI)U(A∩B∩C∩D) … *4
Taking the first two expressions in *4

(AI∩B∩C∩DI)U(AI∩B∩C∩D) = (AIUAI)∩(BUB)∩(CUC)∩(DIUD)
According to Idempotent law,

(AIUAI) = AI, (BUB) = B, (CUC) = C
From complement law, (DIUD) = S

Therefore, (AI∩B∩C∩DI)U(AI∩B∩C∩D) = (AI∩B∩C)∩S

According to Identity law, (AI∩B∩C)∩S = (AI∩B∩C) …*5
Taking the second two expressions in *4,

(A∩B∩C∩DI)U(A∩B∩C∩D), (AUA) = A, (BUB) = B, (CUC) = C,

(DIUD) = S
Therefore, (A∩B∩C∩DI)U(A∩B∩C∩D) = (A∩B∩C)∩S

According to Identity law, (A∩B∩C)∩S = (A∩B∩C) …*6
Combining * 5 and * 6, we have

(AI∩B∩C)U(A∩B∩C) = (AIUA)∩(BUB)∩(CUC)

= S∩(BUB)∩(CUC), since (AIUA) = S (complement law)
and (BUB) = B, (CUC) = C (Idempotent law),
S∩(BUB)∩(CUC) = S∩(B∩C) = (B∩C) –( Identity law)

This implies that (BC) = (AIBCDI) + (AIBCD) + (ABCDI) + (ABCD)
n(BC) = n(AIBCDI) + n(AIBCD) + n(ABCDI) + n(ABCD)

Hence, n(AIBCDI) = n(BC) – n(BCD) – n(ABC) + n(ABCD),

which completes the proof.

C: Let CD be a set comprising elements in both sets C and D.
CD = AIBICD + AIBCD + ABICD + ABCD
AIBICD = CD - AIBCD - ABICD – ABCD
AIBICD = CD – (BCD – ABCD) – (ACD – ABCD) – ABCD

AIBICD = CD – BCD + ABCD – ACD + ABCD – ABCD

AIBICD = CD – BCD  – ACD + ABCD 

n(AIBICD) = n(CD) – n(BCD)  – n(ACD) + n(ABCD) …eqn 3 
Equation ‘3’ is the cardinality of set C and D but not A and B (only C and D)
Proof:
It is required to prove that
CD = AIBICD + AIBCD + ABICD + ABCD

From R.H.S.

(AIBICD)U(AIBCD)U(ABICD)U(ABCD)

= (AI∩BI∩C∩D)U(AI∩B∩C∩D)U(A∩BI∩C∩D)U(A∩B∩C∩D) … *7
Taking the first two expressions in *7
(AI∩BI∩C∩D)U(AI∩B∩C∩D) = (AIUAI)∩(BIUB)∩(CUC)∩(DUD)
According to Idempotent law,

(AIUAI) = AI, (CUC) = C, (DUD) = D
From complement law, (BIUB) = S

Therefore, (AI∩BI∩C∩D)U(AI∩B∩C∩D) = (AI∩C∩D)∩S

According to Identity law, (AI∩C∩D)∩S = (AI∩C∩D) …*8
Taking the second two expressions in *7,

(A∩BI∩C∩D)U(A∩B∩C∩D), (AUA) = A, (CUC) = C, (DUD) = D,

(BIUB) = S
Therefore, (A∩BI∩C∩D)U(A∩B∩C∩D) = (A∩C∩D)∩S

According to Identity law, (A∩C∩D)∩S = (A∩C∩D) …*9
Combining * 8 and * 9, we have

(AI∩C∩D)U(A∩C∩D) = (AIUA)∩(CUC)∩(DUD)

= S∩(CUC)∩(DUD), since (AIUA) = S (complement law)

and (CUC) = C, (DUD) = D (Idempotent law),

S∩(CUC)∩(DUD) = S∩(C∩D) = (C∩D) –( Identity law)

This implies that (CD) = (AIBICD) + (AIBCD) + (ABICD) + (ABCD)

n(CD) = n(AIBICD) + n(AIBCD) + n(ABICD) + n(ABCD)

Hence, n(AIBICD) = n(CD) – n(BCD) – n(ACD) + n(ABCD),

which completes the proof.
From the above derivations and proofs, it follows that
n(ABICDI) = n(AC) – n(ABC) – n(ACD) + n(ABCD) …eqn 4
This is the cardinality of set A and C but not B and D (only A and C)
n(ABICID) = n(AD) – n(ABD) – n(ACD) + n(ABCD) …eqn 5
This is the cardinality of set A and D but not B and C (only A and D)
n(AIBCID) = n(BD) – n(ABD) – n(BCD) + n(ABCD) …eqn 6
This is the cardinality of set B and D but not A and C (only B and D).
3.
Problem:
In an attempt to outstrip other banks in the competitive market of commercial banks in Nigerian economy, a certain commercial bank injected four new products lettered, A, B, C and D. The statistics gathered within six months study period from customers who patronized at least two of the four products has it that, 50 customers patronized products A and B, 48 customers patronized products A and C, 44 customers patronized products A and D, 46 customers patronized products B and C, 39 customers patronized products B and D, 30 customers patronized products C and D. In addition, 20 customers patronized products A, B and C, 16 customers patronized products A, C and D, 19 customers patronized products A, B and D, 18  customers patronized products B, C and D, while 13 customers patronized the four products . Use the above information to obtain the number of customers who patronized (i) only A and B (ii) only A and C (iii) only A and D (iv) only B and C (v) only B and D (vi) only C and D.
SOLUTION

From the problem,

n(AB) = 50, n(AC) = 48, n(AD) = 44, n(BC)= 46

n(BD) = 39, n(CD) = 30, n(ABC) = 20, n(ACD) = 16,
n(ABD) = 19, n(BCD) = 18, n(ABCD) = 13
(i) From equation ‘1’
n(ABCIDI) = n(AB) – n(ABC) – n(ABD) + n(ABCD)
                   = 50 – 20- 19 +13 = 24
n(ABCIDI) = 24 is the cardinality for only AB. 
(ii) From equation ‘4’
n(ABICDI) = n(AC) – n(ABC) – n(ACD) + n(ABCD)
                   = 48 – 20- 16 +13 = 25
n(ABICDI) = 25 is the cardinality for only AC. 

(iii) From equation ‘5’
n(ABICID) = n(AD) – n(ABD) – n(ACD) + n(ABCD)
                   = 44 – 19- 16 +13 = 22

n(ABCIDI) = 22 is the cardinality for only AD. 
(iv) From equation ‘2’
n(AIBCDI) = n(BC) – n(ABC) – n(BCD) + n(ABCD)
                   = 46 – 20- 18 +13 = 21
n(AIBCDI) = 21 is the cardinality for only BC. 
 (v) From equation ‘6’
n(AIBCID) = n(BD) – n(ABD) – n(BCD) + n(ABCD)
                   = 39 – 19- 18 +13 = 15

n(AIBCID) = 15 is the cardinality for only BD. 
(vi) From equation ‘3’

n(AIBICD) = n(CD) – n(ACD) – n(BCD) + n(ABCD)
                   = 30 – 16 - 16 +13 = 9
n(AIBICD) = 9 is the cardinality for only CD. 
CONCLUSION:

The study of four sets in this work has brought to focus the fact that the number of subsets that constitute the universal set is 2n = 16 (where n = 4). This work was limited to sets of only two subsets in the universal sets. These included cardinalities for only AB, AC, AD, BC, BD and CD. The cardinality as used in the paper is the number of elements making up the said set. The models have been established with algebraic properties of set operations. The problem set in the paper has been solved using the established models to show their reality.
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