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[bookmark: _GoBack]In this article, we generalize the Gompertz distribution using the quadratic rank transmutation map studied by Shaw et al. [20] to develop a transmuted Gompertz distribution. Some structural properties of the new distribution are derived such as mean, variance, moment generating function, hazard functions, and order statistic.  The parameters of the proposed model are estimated using the maximum likelihood estimation and obtain the observed information matrix. The usefulness of the transmuted Gompertz distribution for modeling reliability data is illustrated using real data.

Key Words: Gompertz distribution, Moment generating function, Reliability Function, maximum likelihood estimation.

1. INTRODUCTION
The Gompertz distribution is a ﬂexible distribution that can be skewed to the right and to the left. This distribution is a generalization of the exponential distribution and is commonly used in many applied problems, particularly in lifetime data analysis Johnson et al. [10]. The Gompertz distribution is considered for the analysis of survival, in some sciences such as gerontology Brown and Forbes [5], computer Ohishi et al. [19], biology Economos [6], and marketing science Bemmaor and Glady [4]. Recently, a generalization based on the idea of Gupta and Kundu [9] was proposed by El-Gohary and Al-Otaibi [8]. This new distribution is known as generalized Gompertz distribution which includes the exponential, generalized exponential, and Gompertz distributions. In this article we present a new generalization of Gompertz distribution called the transmuted Gompertz distribution. 
A random variable X is said to have transmuted distribution, according to the quadratic rank transmutation map (QRTM), if its cumulative distribution function is given by
                                                                             (1)
where  is the cdf of the base distribution. Note that if  we have the distribution of the base random variable. Further details can be found in Shaw and Buckley [21]. Recently several distributions have been proposed from the transmuted family of lifetime distributions. Aryal and Tsokos [1,2] proposed the transmuted extreme value and transmuted Weibull distributions and examined various structural properties of these models with applications. Khan and King [11,12] studied the transmuted modified Weibull distribution and the transmuted generalized Inverse Weibull distribution and discussed some theoretical properties of these distributions. Recently Khan and King [13,14] proposed the transmuted Inverse Weibull and transmuted modified Inverse Rayleigh distributions for modelling reliability data. More recently Khan et al. [15] proposed the transmuted Chen distribution and investigated various structural properties with an application to reliability data. Transmuted Lomax distribution is presented by Ashour and Eltehiwy [3]. Recently Merovci [17] studied the transmuted Rayleigh distribution with application to balder cancer data. Merovci [18] studied the transmuted generalized Rayleigh distribution. Yuzhu et al. [22] proposed and studied the transmuted linear exponential distribution and discussed some of its structural properties. Elbatal et al. [7] introduced the transmuted generalized linear exponential distribution and formulated some structural properties of this distribution. In the present study we will provide mathematical formulation of the transmuted Gompertz distribution and some of its properties.

2. TRANSMUTED GOMPERTZ DISTRIBUTION
A random variable X is said to have a Gompertz distribution with parameters  if its probability density function (pdf) is given by
                                                                                                                         (2)
The corresponding cumulative distribution function (c.d.f.) is:
                                                                             (3)
Now using (1) and (3), we have the cdf of a transmuted Gompertz distribution
                                                       (4)
Hence, the pdf of transmuted Lindley distribution with parameter  is
                                                     (5)
Note that the transmuted Gompertz distribution is an extended model to analyze more complex data and it generalizes some of the widely used distributions. The Gompertz distribution is clearly a special case for . Figure 1 illustrates some of the possible shapes of the pdf of a transmuted Gompertz distribution for selected values of the parameters  and . Figure 2 illustrates some of the possible shapes of the CDF of a transmuted Gompertz distribution for selected values of the parameters  and . 
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Figure 1: Pdf of Transmuted Gompertz distribution
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Figure 2: CDF of Transmuted Gompertz distribution

3. MOMENTS AND QUANTILES
Now let us consider the diﬀerent moments of the transmuted Gompertz distribution. Suppose X denote the transmuted Gompertz distribution random variable with parameters , then

In particular, the mean and variance of the transmuted Gompertz distribution can be worked out as
                                                                                                       (6)

                                                                                      (7)
Where  is the  -function defined by 
                                            (8)
and  is the gamma function.
The quantile  of the transmuted Gompertz distribution can be obtained from (4) as
                                                                                               (9)


4. MOMENT GENERATING FUNCTION
Let  have a transmuted Gompertz distribution. Then the moment generating function of , say , is

                                                     
After simplification, the moment generating function of a transmuted Gompertz distribution is
                                                                                                  (10)
Where  is the exponential integral function defined by


5. RELIABILLITY ANALYSIS
The transmuted Gompertz distribution can be a useful characterization of failure time of a given system because of the analytical structure. The reliability function , which is the probability of an item not failing prior to some time , is deﬁned by . The reliability function of a transmuted Gompertz distribution is given by
                                                                           (11)
Figure 3 illustrates the reliability function of a transmuted Gompertz distribution for different values of the parameter keeping .
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Figure 3: Reliability function of Transmuted Gompertz distribution

The other characteristic of interest of a random variable is the hazard rate function deﬁned by

which is an important quantity characterizing life phenomenon. It can be loosely interpreted as the conditional probability of failure, given it has survived to the time . The hazard rate function for a transmuted Gompertz random variable is given by
                                                                                                 (12)
Figure 4 illustrates the hazard rate function of a transmuted Gompertz distribution for different values of the parameter keeping . 
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Figure 4: Hazard rate function of Transmuted Gompertz distribution

6. ORDER STATISTICS
The  order statistic of a statistical sample is equal to its  smallest value. Together with rank statistics, order statistics are among the most fundamental tools in non-parametric statistics and inference. For a sample of size n, the nth order statistic (or largest order statistic) is the maximum, that is,

The sample range is the difference between the maximum and minimum. It is clearly a function of the order statistics:

We know that if  denotes the order statistics of a random sample  from a continuous population with cdf  and pdf  then the pdf of  is given by

The pdf of the  order statistic for transmuted Gompertz distribution is given by

Therefore, the pdf of the largest  order tatistic  is given by

                                                                    (13)
and the pdf of the smallest order statistic  is given by
                                                                                                                 (14)

7. MAXIMUM LIKELIHOOD ESTIMATION 
In this section, we determine the maximum-likelihood estimates (MLEs) of the parameters of the transmuted Gompertz distribution. Consider  is a random sample from transmuted Gompertz distribution, then the likelihood function for the vector of parameters can be expressed as
       (15)
Then the log-likelihood function for the vector of parameters  can be expressed as  
                                                                                                                            (16)                                   
The first order partial derivative with respect to  then equating it to zero, we obtain the component of the score vector  is given by
                                                                                            (17)
                                                      (18)
                                                                                            (19)
The maximum likelihood estimates for the parameter vector   can be obtained by solving the simultaneous equation of the first order partial derivatives. An iterative process such as Newton-Raphson method has to be adopted to solve this system of equations for . For testing of hypothesis and confidence interval for the parameter vector of , we considered the multivariate normal distribution with the variance covariance matrix and its inverse of the expected information matrix are given by
                                                                                           (20)
and
                                                                                          (21)
The  unit observed information matrix, whose elements are given by
                                                                   (22)                                                                         
                                                                             (23)
                (24)              
                                                                         (25)
                                                                                                             (26)
The multivariate normal distribution can be used to obtain as an approximate  confidence intervals for the parameters  can be determined as 
    ,    ,  ,   
Where  is the upper  percentiles of the standard normal distribution.

8. SIMULATION STUDY
In this section we evaluate the performance of the MLEs for the three parameter transmuted Gompertz distribution. Let  denote the uniform random variable over the interval . We generate the random variable of the subject distribution by using the equation 

                                                                                                (27)
which is the formula used for generating random numbers. we generate the random samples of size  from the three parameter transmuted Gompertz distribution. We consider the fixed choice of parameter values   . The simulation process is repeated for 1000 times and the results were displayed in Table 1. Simulation study has been performed in order to evaluate the mean estimates, bias, standard error (S.E) and mean square error (MSE). These results of simulation suggest that as the sample size  increases the method of MLEs provide the better estimates. 



Table 1: Mean, Bias, standard Error, and MSE of the TG distribution
	N
	Parameter Estimates
	Mean
	Bias
	S.E
	MSE

	20
	


	1.2725028
3.8932880
2.0686510
	- 0.401662
2.2740426
- 0.075619
	0.0098485
0.5655180
2.1147490
	0.2274876
2.5659680
0.5752596

	50
	


	1.2020600
3.5916220
1.5816597
	- 0.440988
1.8670116
- 0.246196
	0.0030239
0.2332478
1.4074296
	0.2750228
2.4039890
0.5317689

	80
	


	1.1463159
3.2846840
  1.2294745
	- 0.469006
1.6898342
- 0.348686
	0.0020435
0.1584482
0.7095365
	0.3033341
1.5931487
0.4460581

	100
	


	1.1812014
3.0303200
1.0896427
	- 0.453854
1.5311851
- 0.389988
	0.0015233
0.1194292
0.4723524
	0.2927638
1.3830013
0.4136119

	200
	


	1.2069959
2.1325556
0.8486543
	- 0.438998
1.3593263
- 0.452703
	0.0008041
0.0580783
0.2186997
	0.2739908
1.1664419
0.3356811

	300
	


	1.16129880
1.92277830
  0.7664156
	- 0.459721
1.3610612
- 0.476566
	0.0005895
0.0409445
0.1333565
	0.2904608
1.0518071
0.3154879

	400
	


	1.1513584
1.7393392
  0.7097958
	- 0.465417
1.3557573
- 0.489956
	0.0004421
0.0314879
0.0984372
	0.2976105
0.9832186
0.2936824

	500
	


	0.4506772
1.2973723
0.2589096
	- 0.180437
0.5169367
- 0.195562
	0.0001384
0.0097835
0.0308347
	0.1144876
0.0855496
0.1082714




9. APPLICATION
In this section, we use a real data set to show that the transmuted Gompertz distribution can be a better model than one based on the Gompertz distribution. The data set given in Table 2 represents an uncensored data set corresponding to remission times (in months) of a random sample of 128 bladder cancer patients reported in Lee and Wang [16].




Table (2).
	0.08
	2.09
	3.48
	4.87
	6.94
	8.66
	13.11
	23.63
	0.20
	2.23

	3.52
	4.98
	6.97
	9.02
	13.29
	0.40
	2.26
	3.57
	5.06
	7.09

	9.22
	13.80
	25.74
	0.50
	2.46
	3.64
	5.09
	7.26
	9.47
	14.24

	25.82
	0.51
	2.54
	3.70
	5.17
	7.28
	9.74
	14.76
	26.31
	0.81

	2.62
	3.82
	5.32
	7.32
	10.06
	14.77
	32.15
	2.64
	3.88
	5.32

	7.39
	10.34
	14.83
	34.26
	0.90
	2.69
	4.18
	5.34
	7.59
	10.66

	15.96
	36.66
	1.05
	2.69
	4.23
	5.41
	7.62
	10.75
	16.62
	43.01

	1.19
	2.75
	4.26
	5.41
	7.63
	17.12
	46.12
	1.26
	2.83
	4.33

	7.66
	11.25
	17.14
	79.05
	1.35
	2.87
	5.62
	7.87
	11.64
	17.36

	1.40
	3.02
	4.34
	5.71
	7.93
	11.79
	18.10
	1.46
	4.40
	5.85

	8.26
	11.98
	19.13
	1.76
	3.25
	4.50
	6.25
	8.37
	12.02
	2.02

	3.31
	4.51
	6.54
	8.53
	12.03
	20.28
	2.02
	3.36
	6.76
	12.07

	21.73
	2.07
	3.36
	6.93
	8.65
	12.63
	22.69
	5.49
	



In order to compare the three parameter transmuted Gompertz distribution with the two parameter Gompertz distribution, we consider criteria like −2ℓ̂ (maximized likelihood), AIC (Akaike information criterion), CAIC (corrected Akaike information criterion), and BIC (Bayesian information criterion) for the data set. The better distribution corresponds to smaller −2ℓ, AIC, CAIC, and BIC values:


and

Where  is the number of parameters in the statistical model,  the sample size and ℓ is the maximized value of the log-likelihood function under the considered model. 
Table 3: Criteria for comparison.
	Model
	-2l
	AIC
	CAIC
	BIC

	Transmuted Gompertz distribution
	646.35968
	652.35968
	652.55319
	660.91577

	Gompertz distribution
	668.0626
	672.0626
	672.1586
	677.76666



Table 3 shows the values of −2ℓ, AIC, CAIC, and BIC values. The values in Table 3, indicate that the transmuted Gompertz distribution leads to a better ﬁt than the Gompertz distribution.



10. CONCLUDING
We introduced a new generalization of the Gompertz distribution called the transmuted Gompertz distribution. The subject distribution is generated by using the quadratic rank transmutation map and taking the Gompertz distribution as the base distribution. We derive expansions for the mean, variance and the moment generating function. The estimation of parameters is approached by the method of maximum likelihood, also the information matrix is derived. The hazard rate function and reliability behavior of the transmuted Gompertz distribution shows that the subject distribution can be used to model reliability data. The importance and flexibility of the transmuting parameter in the transmuted Gompertz distribution is accessed by simulation. An application of transmuted Gompertz distribution to real data shows that the new distribution can be used quite effectively to provide better fits than Gompertz distribution.
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