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Abstract

In this communication, we study the existence of nonnegative so-
lutions of a nonlinear system in Banach spaces. These maps involved
in the system defined on cone do not necessarily take values in the
cone. Using fixed point theorems just established for this type of
mappings, nonnegative solutions of the system are obtained and used
to investigate elliptic boundary value problems(BVPs).
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1 Introduction and preparatories

It has been well-known that nonlinear systems arise in many fields of scientific re-
searches and engineering practices, the study on existence of nonnegative solutions
for that is very interesting and of great importance, see, for example, [1, 2] and
the references there. However, the nonlinear terms involved in that take negative
values in many cases, to the best of our knowledge, there is little study on it.

Recently, Yang, one of authors of [3], and Lan established a new fixed point
index theory for nowhere normal-outward compact maps [4] and proved a few
fixed point theorems, which were used to population models with sign-changing
nonlinearities [5]. In this communication, we expand some results [3] to systems
and apply them to investigate elliptic boundary value problems(BVPs).

We recall some knowledge on r-nowhere normal-outward maps and a fixed
point theorem for these maps obtained in [3].

Let K be a closed convex set in a Banach space X with norm | - ||, and let
r: X — K be a retraction, that is, r is continuous and satisfies r(y) = y for y € K.
Recall that a map A : D C K — X is called to be a r-nowhere normal-outward
map on D relative to K if

Az € (X\ r_l(x)) U{z} forzeD.
The following criterion was obtained in [3, Proposition 2.1].
Lemma 1.1. Let A: D C K — X be a map and let r : X — K be a retraction. If
r = A(r(z)) for some xz € r~1(D) (1.1)
implies x € D, then A is a r-nowhere normal-outward map on D relative to K.

A map A: D C X — X is said to be compact if A is continuous and A(S) is
relatively compact for each bounded subset .S of D.

Let Dk = DNK, Dg = DN K and dDg = 0D N K. In [3], we established
the following known result (see [3, Theorem 3.2]).

Theorem 1.1. Let K be a a closed convex set in X and let r : X — K be a
retraction. Let D', D be bounded open sets in X such that D}( C Dk and D}( # .
Assume that A : ﬁK\D}{ — X is compact such that the following conditions hold.

(h1) There exists xg € Dg such that tA+(1—t)zg is r-nowhere normal-outward
on D relative to K for t € (0,1].

(LS) x # tAx + (1 — t)xg for x € 0Dk and t € (0,1).

(ha) There exists e € K \ {0} such that A+ e is a r-nowhere normal-outward
on D relative to K for A > 0.

(E) z # Az + e for x € 0Dk and A > 0.
Then A has a fived point in D \ﬁ}(



Let K be a cone in X. Then K defines a partial order < in X by z <
y if and only if y —x > 0. A cone K is said to be reproducing if X = K — K, to
be total if X = K — K and to be normal if there exists o > 0 such that 0 <z <y
implies [l2]] < o]y [1]

Recall that a real number A is called an eigenvalue of a linear operator L : X —
X if there exists ¢ € X \ {0} such that \p = Ly. The radius of the spectrum of
L in X, denoted by r(L), is given by (L) = lim,—00 3/ || L||™. We write

1

pi(L) = @

(1.2)

We denote by L£(K) the set of compact linear operators L : X — X satisfying
L(K) C K and r(L) > 0. By Krein-Rutman theorem (see [6, Theorem 3.1] or [7]),
if K is a total cone and L € L(K), then there exists an eigenvector ¢ € K \ {0}
such that

¢ = p1(L)Lep. (1.3)

2 Nonnegative solutions of a nonlinear sys-
tem

Let n > 2, K" = K Xx K X ... x K and A; : K™ — X. We shall establish the
existence results of nonzero solutions in K" for the following system of the form

xzi = Ai(x) for i € I, :=={1,2,...,n}, (2.1)
where x = (21, 22, ..., zp) € X,.
Let X,, = X x X x....x X with the maximum norm ||z|| = max{||z1]], ||z2|], ..., [|zn] }
and r,z = (rxy,rze,...,rey). Then r, : X, — K" is a retraction. A map

A : K™ — X is called to be a r-nowhere normal-outward map with respect to
component z;(i € I,) on K" relative to K, if x € X,,, ©; = A;rpz implies z; € K.
Using Theorem 1.1, we prove

Theorem 2.1. Let K be a total and normal cone in X, and let r : X — K be
a retraction. Assume that A; : K™ — X is compact and satisfies the following
conditions:

(hyn) For any i € I, there exists x; € K such that tA; + (1 — t)Z; is r-nowhere
normal-outward map with respect to component x; on K" relative to K for
t e (0,1].



(LS),, For anyi € I, there exist v; € K\{0}, L; € L(K) and g; € (0, u1(L;)) such
that
Aiw < (i (Li) — &) Li(w;) +v;  forxz € K.

(E)n, There exist ig € I,,, po > 0 and Ly € L(K) such that

Ajgx > p1(Lo)Lo(z4,) for x € 0K),.

Then (2.1) has a solution in K™\ {0}.

Proof. Let A : K™ — X, be defined by Az = (Ajz, Asx, ...... ,Apx). Then A is
compact since A; is compact. Let x € X, such that x = tArx + (1 — t)zp, where
xo = (1,22, ...,xn). Then z; = tA;rx + (1 — t)x;. By (hy), we see x; € K. Hence
tA+(1—1t)zg is a rp,-nowhere normal-outward map on K™ relative to K™ and (h})
of Theorem 1.1 holds.
IS_46t p>0,Ky={z:2€ K", |z|| <p}and 0K = {z: 2 € K", ||z = p}.
ince

r((pi(Li) — ) Li) = (pa(Le) — &)r(Li) <1,
(I — (pu1(L;) — &;)L;)~! exists and is a bounded linear operator such that

(I = (m(Ls) — &) L) "H(K) C K,

where I : X — X is the identical mapping I(z) = z.
Let o be the normality constant of K and

p* = max{po, o||(I — (i(Ls) =€) Li) ™" (vi + ) ||, 6 € I}
Let p > p* and z¢ = (21, 2, ..., Tn). Then xg € K™. We prove that
x #tAx + (1 —t)zg for x € 0K} and t € (0, 1]. (2.2)

In fact, if not, there exist x € 9K and t € (0, 1] such that z = tAz + (1 — t)zo.
This, together with (LS),, implies

x; = tA;x + (1 — t).m < t[(ul(Li) — 62‘)Li(1‘) + ’Ui] + (1 — t)l‘i
< (p(Ls) — &) Li(x) +vi + x5

and
(I — (ni(Li) —e) L)z < v+ a; for i € I,.

This, together with (I — (u;(L;) —&;)L;) 1 (K) C K, implies

zi < (I = (ui(Li) — &) L)~ (07 + ).



Since K is a normal cone with normality constant o, it follows that
lzill < ol (1 — (ui(Li) — i) L)~ (vi + @) || < p* for i € I,

Hence, we have p = ||z|| < p* < p, a contradiction. (LS) of Theorem 1.1 holds.

Without loss of generality, we may assume A has not fixed point in 9P, (otherwise,
the result has been proved). Since K is total, it follows from the Krein-Rutman
theorem that there exists pg € K \ {0} such that ¢o = p1(Lo)Lo(¢o). Let e =
(0,0,...,0,¢0,0,...,0). Let € 0K} such that x = Arz + Xe. When i # i,
—— ———

io—1 n—ig
we have z; = A;rx and x; € K by (hy,) with t = 1. When i = ig, by (E)j,
Tiy = AigTx + Apo > Apo. Hence x € K™ and A+ \e is r-nowhere normal-outward
map on FZO relative to K™.

We prove that

z# Ar+ Apo for z € 0K and A > 0. (2.3)
In fact, if not, there exist x € K, and A > 0 such that
x = Ax + Ap. (2.4)

This implies z;, = A,z + App and A > 0. By (F), and (2.4), we have A4;,x >
Nl(LO)LO(xiO) > 0 and Tip = App. Let

AL =sup{A > 0:z;, > Ao} (2.5)

Then 0 < XA < A < 00, x4, > Mo and Lo(zi,) > A1 Lo(go) =
and (E),,

A1
. By (24
(L) 70 Y 24

T = Ay (7) + Apo > p1(Lo) Lo(zi,) + Ao = (A1 + A)yo.

Hence, by (2.5), we have \; > A\ + A > Ay, a contradiction. (E) of Theorem 1.1
holds.

By Theorem 1.1, A has a fixed point in @\Fpo, that is, (2.1) has a solution
in K™\ {0}. O

The following result shows the nome-type compression and expansion theorem
of (2.1).

Theorem 2.2. Let K be a total, normal cone in X, r : X — K be a retraction,
A; K™ — X be compact and satisfy:

(hyn)' tA; is r-nowhere normal-outward map with respect to component x; on
K™ relative to K for any i € I, and t € (0,1] .

Assume that the following conditions hold: there exist po,p1 € (0,00) with
po < p1 such that for any i € I,



(E)n Az € K for x € K and [|Az|| > ||z for x € K} with ||zi]| = po.
(Hp) [|Asz]| < ||z and z € K}, with ||z;]| = p1.
Then (2.1) has a solution in K™\ {0}.

Proof. Let A be defined by Theorem 2.1 and z; = 0(i € I,). Then (h,)" implies
that tA is r,-nowhere normal-outward map on K" relative to K, for t € (0, 1].

Let x € 9K, . Then there is x; € P such that ||z;[| = po and ||Az|| > [|A;z|| >
|zill = po = ||lz|| by (En). Since A : K}, — K", the standard argument shows
ir i (A, K)) =ik (A, K}) =0, for example, see [6].

Without loss of generality, we may assume that A has no a fixed point in
8Kgl(otherwise, the result has been proved). We prove z # A\Ax for x € K} and
0< A<,

In fact, if there exist © € K and 0 < A <1 such that z = AAz, then A <1
since A has no a fixed point in K7 . From z; = AA;x for any i € I,, we have
|lz:i|| = M| Aiz||. Let ig € I, such that ||x; || = p1. By (Hy), ||zl = A Aigz|| <
[ Aigz|| < [|74, ], it is a contradiction. By Theorem 3.1 [3], ir (A, Kp,) =1

Hence, A has a fixed point in K7/ \ K7 and (2.1) has a solution in K™\ {0}. [

Remark 2.1. One may refer to [8] for the nome-type compression and expansion
theorem, where maps defined on cone and take values in the cone.

3 Nonegative solutions of elliptic boundary
value problems

In this section, we investigate the existence of nonzero nonnegative (classical)
solutions of the following elliptic systems:

(3.1)

Ziui(z) = fi(z,u(z)) in Q and for each i € I,,
u;(z) =0 on 09,

where Q C R™ (m € N,m > 2}) is a bounded domain,

ZLiui(z i: < 8% ) ZbgZ ag;] +ci(2)ui(z),  (3.2)

where u(z) = (u1(2),u2(2), ..., un(2)), 2 = (21,22, s 2m), fi : QX RY = R, f; €
CH(Q x R™) and p € (0,1) is a given constant. When f; € C*(Q x R") — R,
system (3.1)was studied in [10]. A single Elliptic BVP with Dirichlet boundary
condition was studied in [5]. The definitions of .Z and 2 are same as in [2, 10].
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u is called to a (classical) solution of (3.1), we mean a function u; € C%(Q) N
C(Q) satisfying (3.1) pointwise. A solution u of (3.1) is said to be nonnegative if
u; € P, where

P={ueC(Q):u(z) >0 forzeQ} (3.3)

is the positive cone in C(£2), which is total and normal.
We always assume that the following conditions hold for each i € I,:

(Ch) aé?, bgi), @) e CH(Q) for k,j € Iy, and ¢ (2) > 0 for z € Q.

(Ca) a](g?(z) = ayk)(z) for z € Q and k, j € I,,,, and there exists j; > 0 such that

m

> a,(f}(z)fkfj > pilé)* for x € Qand € = (&1, ..., 6m) € R™.
k=1
8(1@ P
(C3) 2L € CH(Q) for k, j € In,.
ot btV (2) .
(Cy) —=L- € C(Q) and —2 <2c¢9(2) for z € Q and j € I,,,.
82’]' 8LL’j

(h1) fi € CH(Q x R7L).

(ha) (Positivity condition) fi(z,93) > 0 for z € Q, where §5 = (Y1, Y2, -+, Yi—1, 0, Yit 1, -+, Yn)
and y; € R4.

Let .Z be defined by [5] and all assumptions on .Z hold. Following the known
results [5], there is a bounded linear operator L satisfying

(1) L maps C(Q) to C**(Q).

(2) If uw € C*T7(Q) and v € C*(Q) satisfy u = Lv, then u and v satisfy

{.,S,”u(z) =v(z) inQ, (3.4)
u(z) =0 on ('“)Q

see [1, Theorem 4.2]
Let ¢ € C*(Q) and let

Ly(u) = L(ypu) for u e C(Q) (3.5)

and



It is well known that if ¢ € C#(2) with ¢ > 0, then Ly : C(Q) — C7(Q) C C(Q)
is a compact linear operator such that L, (P) C P for each o € (0,2) and there
exists p € PN C§+”(§) \ {0} such that

¢ = p1(Ly)Lyp, (3.6)

where f11(Ly) = 1/7(Ly) and 7(Ly) is the spectral radius of Ly, see [1, Theorem
4.9]
We define an operator A; : P"* — C(2) by

(A;u)(2) = (L;Fyu)(z) (3.7)

where L; is an operator corresponding to L when . = .%; in (3.4) and F; : P"* —
C(Q) is a Nemytskii operator defined by

(Fiu)(2) = fi(z,u(z)). (3.8)

Let A: P" — C(2), by Au = (Aju, Asu, .., A,u). By the known results, it is
easy to verify under the conditions (h;) that A is is compact, and u € P" is a
solution of the following fixed point equation

u(z) = Au(z) for z € Q, (3.9)
if and only if u; € C§+ﬂ (€2) and u is a nonnegative solution of (3.1), see [5, Lemma
2.2].

Let 7 : C(Q) — P be defined by

(u)(2) = u™(2) := max{u(z),0}. (3.10)

<

Then it is easy to know that r is a retraction from C(2) to P, r~1(P) = C(Q) and

r: C(2) — P is a Lipschitz continuous map with Lipschitz constant 1.

Theorem 3.1. Assume that (Cy), (h1) and (h) hold. Then tA is a r,-nowhere
normal-outward map on P™ relative to P™ for t € (0,1], where A; and r are same
as in (3.7) and (3.10), respectively.

Proof. Let u = (u1,ug, ..., u;, ...un) € C(Q)y such that u(z) = tA(rpu)(z). Then
u;(z) = tA;(ru;)(z) for any ¢ € I,,. Similarity to the proof of Theorem 3.1 [5], we
obtain u; € P and u € P™. ]

By using Theorems 2.1 and 3.1, we prove our main result on the existence of
nonzero nonnegative solutions of (3.1).



Theorem 3.2. Assume that (Cy), (h1), (h2) and the following conditions hold.
(Hi) For any i € I,,, there exist ¢; € CH(Q) with ¢; > 0, &; € (0, u1(Ly,)) and
ul € P such that

filz,y) < up(2) + (Ml(Lm) - 5i)¢i<y)yi forz € Q andy € RY.
(Hz) There exists io € I,, and v, € C*(Q) with 1p > 0 such that

Fio(2:y) = (L, )Up(W)yiy  for 2 € Q, [yl € [0,p] and y € R
Then (3.1) has a solution w € P™\ {0} with u; € Cgﬂl(ﬁ).

Proof. By Theorem 3.1, we have that tA is a r,-nowhere normal-outward map on
P™ relative to P™ for t € (0,1].
Since L;(P) C P, by (H1) we have

Anu(z) <ul(z) + (p1(Lg,) — €) Ly, (u;) for ue P and z € Q.

where ut () = L(u})(z) > 0 for z € Q. Hence, A satisfies Theorem 2.1 (LS),,.
By (H2) and L;,(P) C P, we have

Aiu(z) > p1(Ly,) Ly, (ug,) for u e dP) and z € Q.

and A satisfies Theorem 2.1 (E),.
By Theorem 2.1, there exists u € P" \ P} such that u = Au. It follows that

u is a solution of (3.1) and u; € Cg+ﬂ(ﬁ). O

Notation: Let ¢; : Q — (0,00) with ¢; > 0. For y; € (R \ {0}), let

\Y;) = f 5 \Yi) — )
Fuu(i) (z,y)lenﬁxRi ¥i(2) Funlas) (z,y)seuﬁpxRi Vilz)

(fu)o =liminf fu, (yi)/yi, (fu,)™ =limsup fu, (vi) /yi-
yi—0+ Yi—00

As a special case of Theorem 3.2, we obtain the following result.

Corollary 3.1. Assume that (Cy), (h1), (h) and there exists 1; € C*(Q) with
;i > 0 such that the following condition holds.

(H1)" (fy,)®° < pi(Ly,) for any i € I,

(H2)" p1(Ly,,) < (fy;,)o for some 1 <ig < n.



(H3) For anyr € (0,00) and i, there is M! > 0 such that f;(z,y) < M! for z € R
and y; € [0, 7]

Then (3.1) has a solution w € P™\ {0} with u; € C§+ﬂ(§).

Proof. By (H1)" and (H3), there exists g; > 0 such that

fi(z,y) < (Ml(Lwi) - 5i)¢i(z)yi for (z,y) € Q x R and y; € [r;, 00)

and
Jilzy) < M+ (L) = & )il=)ys - for (2,) € 0 x Ry

By (Hz)', it is easy to see that there exists p > 0 such that f;(z,y) > 0 for
z € Q, |ly|l < p for every i € I, and

fio(2,9) = 1 (L, )i (2)yio  for (2,y) € Q x RY and Jy| € [0, p).
The result follows from Theorem 3.2. O

;=351 BiYji— 1%

Remark 3.1. Let f;(z,y) = ¥i(2)y;e j=1kivi diyi* or fi(z,y) =

siy: i
1+y;’ii+2?:1’j¢iajy;/ij
o; = 1, population models of Ricker types (3.1) and Beverton-Holt types (4.1) in
[10] were studied. However, the results can be not utilized to discuss a case of

o; > 1, but we can treat the case of o; > 1 since f;(z,73) > 0.

— d;y}", all the parameters are nonnegative, o; > 1. When

4 Conclusions and Remarks

We study the existence of nonnegative solutions of a nonlinear system consisting
of nowhere normal-outward maps in Banach spaces, this type of maps defined on
a cone does not necessarily take values in the cone and contains weakly inward
maps and generalized inward maps under the appropriate conditions [3]. In history,
someone established the fixed point index of weakly inward maps or generalized
inward maps, but it is difficult to use the index since verifying the weakly inward
maps or generalized inward maps is very difficult [9]. From the discussion in
this paper, we know that verifying the nowhere normal-outward map is easy in
applications. The existence of nonnegative solutions [5] of a single elliptic BVP is
extended to system (3.1) via using Theorem 2.1, system (3.1) has many uses such
as population models [10] or Volterra-Lotka competition models [11] or steady-
state periodic solutions for parabolic systems [12]. We hope that the results of
this paper will be applied in many fields.
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