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Abstract

In this paper, we implement the improved Adomian’s polynomials introduced by Abassy in
2010 with an extension to solve numerically the non-linear initial value problems of fractional
differential equations (FDEs). This proposed extension is called extended Adomian’s polynomi-
als. An adaption of the convergence analysis which was introduced by Hosseini and Nasabzadeh
in 2006 is formulated to be used to prove that these polynomials accelerate the convergence rate
of the series solution comparing with the standard Adomian’s polynomials. Also, we use the
so called improved Adomian decomposition method (IADM) as a special case of the proposed
method where the fractional derivative « = 1. A comparison is made between IADM and ADM
for some examples to illustrate the efficiency of the proposed treatment for non-linear initial

value problems of FDEs.

Keywords: Non-linear fractional differential equations; Adomian decomposition method;

Modified Riemann-Liouville fractional derivative; Convergence analysis.
1. Introduction

Non-linear phenomena which is appeared in many scientific fields can be modeled by fractional
differential equations. There are many approximate and numerical techniques to seek with
numerical solution of non-linear fractional differential equations ([4], [11]-[20], [25]-[28]). In some
of these techniques, the linear operator with fractional derivatives was replaced approximately
by a linear operator with integer derivatives so, the convergence rate was very low such as ADM
which was introduced by Odibat and Momani [21].

In our analytical treatment, the modified Riemann-Liouville fractional derivative which was
introduced by Jumarie [9] is used instead of Riemann-Liouville or Caputo fractional derivatives.
So, we can deal with the linear operator with fractional derivatives using the properties of Jumarie

fractional derivative [10] without any replacement which mean that it is still fractional so the rate



of convergence is accelerated comparing with ADM. Also this treatment is included an extension
in formulation of Adomian’s polynomials which derived by Abassy [1] and which provides a good
improvement to the speed of convergence and cancels the calculations of all the inaccurate terms
which deteriorate the convergence especially for higher fractional-order differential equations.
To prove the acceleration of our treatment (IADM), we adapt the convergence analysis which
was introduced by Hosseini and Nasabzadeh [7] to be used for non-linear fractional differential
equations. In our test examples, we do comparison between the obtained numerical results with

those obtained using ADM to clarify the efficiency and applicability of the proposed treatment.
2. Basic definitions

In this section, we present some basic definitions and properties of the fractional calculus
which useful in the next sections.

Definition 1.

Let f : R — R, x — f(z), denotes a continuous function, then its fractional derivative of
order « is defined by [9]

1w = s [ ot a<o W)
For positive «, one will set
@)= (fo V@), 0<a<l, (2)
and
fO@) = (fe™@)™, n>1, n<a<n+l (3)

% which is different

from zero. To circumvent this defect some authors, (say [4]) proposed the following definition.

If f(z) = k (constant), using Eq.(2) we find that the o' derivative is

Definition 2.

Let f: R — R, z — f(x) denotes a continuous function, then its Riemann-Liouville fractional
derivative of order o, D, is defined by [9]

mfo (w =& f©)ds, n<a<n+l (4)

D%f(z) =
This definition doesn’t apply when f(z) isn’t differentiable and if we want to get the first deriva-
tive of f(z), we must before have its second derivative. So, Jumarie alternated Riemann-Liouville

fractional derivative via finite difference is defined as follows.
Definition 3. (Modified Riemann-Liouville fractional derivative [9])

Let f: R — R, x — f(z) denotes a continuous function, f(x) is not a constant, then its

fractional derivative of order « is defined by



For positive a, one will set

F) = s |, = OO~ FO)e 0<a< )
and
FO@) = (fP@)e™, n>1, n<a<n+l. (7)

Definition 4.

The integral with respect to (dz)® is defined as the solution of the fractional differential
equation

dy = f(x)(dz)*, x>0, y(0)=0, 0O0<a<l (8)

Let f(z) denotes a continuous function, then, the solution of Eq.(8) is defined as [9]

= : d @ == ' - a-l d O 1 9
y /0 f(&)d¢) a/o (x = &) f(§)dS, <a< (9)
Proposition 1.

Assume that f : R — R, has fractional derivative of order ak, for any positive integer k£ and
any «, 0 < o < 1, then f(z) is expanded in the series form

(ak

/ o
Z Hak g (10)

Proposition 2. (Jumarie fractional derivative via fractional difference [10])

Let f: R — R, z — f(x), denotes a continuous (but not necessarily differentiable) function,
and let the partition h > 0 in the interval [0, 1].
Define the forward operator FW(h) in the form

FW(h).f(z) := f(z + h),
then the fractional difference of order o, (0 < o <1), of f(x) is defined by the expression

A f(z) = (FW —1)° i () (z + (a — k)h),

=0
and its fractional derivative of order « is
A f(x)
@ (z) = lim ———~.
fiO(z) = lim —2
Remark: The o? derivative of a constant using this definition is zero.

For more details about the fractional calculus see ([17], [22]).
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3. The improved Adomian decomposition method (IADM)

Consider the non-linear initial value problem of fractional partial differential equation in the

following general form
L**u(x,t) = Ru(z,t) + Nu(z,t) + g(x,t), 0<a<l, (11)

under the initial conditions

oFu(x,0)
W:fk(x)’ k=0,1,....,5s — 1,
where L% = gt%, s = 1,2,..., is the highest fractional partial derivative with respect to t in

terms of Jumarie fractional derivative, R is a linear operator, N(u) is the non-linear term and
g(z,t) is the source function.

Define the inverse operator L™ in terms of Jumarie derivative in the following form

t ) ts 1 t1
L75(. . 12
D=ty [ [y (12)

Applying the inverse operator L™*“ to both sides of (11) gives

[y

w

@R 0) + L5 (gl 1)) + L (Ru(a:, t) + Nul(z, t)). (13)

u(z,t) = 0 m

i

Where the first part from the right hand side of formula (13) is obtained from the solution of the
homogenous fractional differential equation L**u(z,t) = 0 using the Maclurin series of fractional

order introduced by Jumarie [9].

ADM defines the solution u(x,t) as an infinite series in the form ([2], [3], [29])

= un(,1), (14)

where the components u,(z,t) can be obtained in recursive form.

Also, the non-linear term N (u) can be decomposed by an infinite series of polynomials given by

~ 4, (15)

where the components A,, can be obtained using the following formula

nerl

1 ™ & 1
= [ S ) T W]
d\ns Z A=0 + (ns + ]_ d)\(ns—l—l) Z +

1 d(ns—i—s 1) )\z (M 01
+(n5—|—5—1) [d/\”3+51 Z hat }_0 =5

where h! s are the coefficients of t"* in the components wu,(z,t).

(16)




The formula (16) is a generalization of the formula which introduced by Abassy [1] and obtained
when we put (o = 1) in Eq.(16) which is used to improve the accuracy of the solutions. Also there
are many approaches which was introduced to improve the accuracy of Adomian decomposition
method ([8], [23]). The formula (16) is used in our treatment instead of the formula of standard

Adomian’s polynomials

A, = Lw quz} . n=01,... (17)

The two formulae are similar to each other when (s = 1) but the formula (16) accelerates the
speed of convergence than the formula (17) and cancels the inaccurate terms when s = 2,3, ...
which appear when using the Adomian’s polynomials (17) which deteriorate the convergence of
the series solution.

Substituting by (14) and (15) into Eq.(13) gives

)_l

S— tak

Z up(x,t) mu(ak) (,0) + L™°%(g(z,t)) + L7 (R nZ:O Uy + HZ:O An>. (18)

0

T

Substitute by the initial conditions, we can obtain the components w,(z,t) of the solution by

the following formula

uole,£) = folz) + r(fll(f)a)ta T f@(f)l)a)t(“)a HE ), (19)
Upt1(z,t) = L7 Ru, + Ay), n > 0.

4. Convergence analysis of IADM and ADM
Hosseini and Nasabzadeh introduced a simple method to determine the rate of convergence

of Adomian decomposition method [7]. In this section, we adapt it to seek here.
Theorem 1. [7]

Let N be an operator from a Hilbert space into itself and u(x,t) be the exact solution
of Eq.(11), then, the approximate solution which is obtained by (19) converges to u(z,t) if
0 <~ < 1, and satisfies the following condition

lusal < Al k=0,1,... (20)

Remark: If U; and U; are obtained by ADM and TADM, respectively, then the rate of conver-
gence of Y 2 4; to the exact solution is higher than > .° w; if 4; < 7; and both of them are

less than one.



5. Illustrative examples

In this section, we introduce four examples of non-linear fractional differential equations two
of them are ODEs and the others are PDEs. We find the truncated series solutions for these ex-
amples using our treatment (IADM) and compare them with the solutions obtained using ADM
and plot the curves of these solutions at different values of a. Also, we study the convergence of
our treatment solutions comparing to solutions of ADM using the generalization of Hosseini and

Nasabzadeh study on the convergence of Adomian decomposition method.

Example 1:

Consider the initial value problem for higher fractional-order differential equation [24]
uP () =u?(t)+1, t>0, O<a<l, (21)
subject to the initial conditions
u(0) =0, u¥(0)=1.

In order to obtain the numerical solutions for Eq.(21) using our proposed treatment, we follow
the following steps:
1: Rewrite Eq.(21) in the following operator form

L**u(t) = Ru(t) + Nu(t) + g(t), (22)

where L% = £ Ru(t) = 0, Nu(t) =u?, and g(t) = 1.

t2a ?

2: Apply the inverse operator L=2% which is defined by

0 = e | [ O, (23)

to both sides of Eq.(22) gives
ul@®) (0

=> T o) _uHO) g L72(1) 4+ L™ (Nu(t)). (24)

k=0

Substituting by Egs.(14) and (15) in Eq.(24) gives

> u@(0) 1 L af e L 720N
nz;un(t):u(owr(lm)t +F2<1+&>/0 /0(1)(017) (dr)® + L (;)An), (25)

substituting by initial conditions, then, the components u,(t) of the solution u(t) can be written

as



(t) ta + t2a
Uu =
0 I(l1+a) I(1+2a)

Uni1(t) = L72(A,), n >0, (26)

where A,, can be obtained by the formula (16) at s = 2.
3: In order to obtain the components w, (t) of the solution u(t) using the iteration formula (26),

follow the following

+o t2a

t) = = ho + ht® + hot*®
uo(t) r(1+a)+r(1+2a) 0 Mt Rt
where,
ho=0, h 1 d h 1
= = - an = -
T M T T +a) T I(1+42a)

AO = h(Q) + 2h0h1 ta -+ h% tQa + 2h0h2 t2a.
The first component u;(t) can be obtained using the formula (26) as follows

I'(1+2«)

u®) = L) = roiri+ )

2F1[17 1+ 30(, 24 40(, 1] t4a.
We rewrite the component u;(t) in the form
uy (t) = hg t3 + hy t*,

where, hy =0, hy= %mu, 1+ 3a,2 + 4o, 1],

following the same procedure, we obtain

3T (3a)

227%q(4a) 6,
) TN 4 a) t

F2(04)F2(% +a)

oF1[1,1 + 4o, 2 + 5a, 1) £°* +

(22T (a)T(% 4+ a)T(1 + 2a) x ...) (aQ?u_lOW(O&) X /(1 +Ta)l(1 + 6@)---)
Ug(t) — 2 - t7a+ t80¢‘
(21 + o) (1 +7a)l(5 + ) X ...) (r2(1 +a)(1+Ta)TE + ) x ))
So, the solution wu(t) can be approximated as
u(t) = Gu(t) = um(t). (27)

The truncated solution ¢, (t) using IADM with different values of n is given by

Pa(t) = uo(t) + ur(t) + ua(t)
. ¢ Z52a F(l + 2&) N
=ttt T 2a) T T o) 2L L B2 4 da
3y/m2' 72T (3cx)
(@)L (3 + )

2274271 (4e) 60

Fi[1,1+ 4a,2 4 5a, 1]t5* ,
o F1 a,2+ 5a, 1] +F2(a)F2(%—|—@)




¢3(t) = uo(t) + ur(t) + ua(t) + us(t)
te U (14 2a) to
“Tta) + T+ 20) + ()T + o) oF1[1,14 3a, 2 + 4o, 1]t"*+
3721727 (30) 22101 (40))
r2(a)0(3 + o) r2(a)2(l + )
(22T ()L (2 + a)T(1 4 200) % ...) [y (220719 (a) x (/7 (1 + 7)) (1 + 6a)...)t8
(T2(1+ a)(1 + 7T)0(5 + @) X ...) T2(1+a)(1+7a)L (3 4+ a) x ...))

In order to obtain the numerical solutions for Eq.(21) using standard ADM, we compute the first

tﬁa +

oF1[1,1 4 4o, 2 + 5a, 1]t +

(67

components of the solution as follows
to N t2a
Fl+a) T(1+4+2a)
4t2*a’T (2a2) %
- o )
2a2T' (2a) 2(1+a)l'(1 +4a)
1t 2174 /70 (22)T(1 + 5a)t™
u2(t):—<—+ VT <1> ( ) +)
L(2a)\2a  T3(1+a) +T'(5 +2a) + I'(1 + 7o)

27274 /mteT (60)T" (9v)
L(8a)I3(1 + a)T'(4 +2a)0(1 + 11a)>'

Ug (t) =

U1<t>

1 28t9°T (3a)T'(Tcx)
~2I(20) <15a3r(a)r(2a)r(5a)r(9a)

U3(t)

Then the solution u(t) which is defined by (27) can be approximated in the following form

$2(t) = uo(t) + wi(t) + ua(t)
e 12 1 482037 (2a2)
T T(+a) T(+2a)  207T(2a) <a " T a1 1 4a)
2174 /7T (2a)T (1 + Ha)t™ N )

31+ a)+ (3 4 20) +T(1 + 7a)
The behavior of the approximate solutions using our modified method (IADM) compared with

+ ...>t2°‘+

1 <t2a
['(2a) \ 2

ADM and approximate solution using ADM* (ADM with Jumarie derivative and Adomian’s
polynomials (17)) is given in figures 1.1 and 1.2 at & = 1 and « = 0.75, respectively.

Method o - -
IADM | 0.021963 | 0.389872 | 0.052601
ADM* | 0.035102 | 0.543723 | 1.025448
ADM | 0.243101 | 0.957275 | 0.052006

Table 1.1: The convergence behavior of the truncated solutions at a = 1.0

using TADM, ADM* and ADM.




The convergence analysis of the approximate solution using our modified method (IADM) com-

pared with ADM and approximate solution using ADM* is given in tables 1.1 and 1.2 respectively,

in terms of Theorem 1 with respect to the L, norm which is defined as

)
T

u(t)]]2 = /0 () [t

f" - .

1 i ’4” // -

L 2 —-

L .“,df". “

-
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Figure 1.1: The IADM solution (dot-dashed line), ADM* (dashed line)

and ADM solution (dot line) at o = 1.0.
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Figure 1.2: The TADM solution (dot-dashed line), ADM*(dashed line)

and ADM solution (dot line) at oz = 0.75.



Method Z; Zf
TADM | 0.064130 | 0.727540
ADM* | 0.130161 | 1.123870

ADM | 0.408004 | 0.940325

Table 1.2: The convergence behavior of the truncated solutions at o« = 0.75
using IADM, ADM* and ADM.

Example 2

Consider the initial value problem for higher fractional-order differential equation
w (1) = 16u(t) + 406> (t) + 24u°(t), 0<a <1,

subject to the following initial conditions
1

r'l+a)’

The exact solution of Eq.(28) at « = 1is w(t) = tan(¢).

In this example, we consider the series solution of Eq.(28) using IADM, as follows:

2

u(0) =0, u'¥(0)= Fi 1 3a)

u?)(0) =0 and uB(0) =

1: Rewrite Eq.(28) in the operator form

L*u(t) = Ru(t) + Nyu(t) + Nou(t) + g(t),

d4a

where L'* = £ Ru(t) = 16u(t), Nyu(t) = 40u®, Nyu(t) = 24u® and g(t) = 0.
2: Apply the inverse operator which is defined by

v = [ [ ouantnsanr

to both sides of Eq.(29) gives

3
u(za . -
=2 TiTia I'(l+ia) t +L [RU(t) + Nyu(t) + Nou(t) + g(t)} _

=0
Substituting by Eqgs.(14) and (15) in Eq.(31) gives

oo 3 u(za)o e
Zun(t):Zer(Zi)thrL [162% ZA +ZB]

(28)

(29)

(30)

(31)

(32)

substituting by initial conditions, then, the components u,(t) of the solution u(t) can be written

as
(t) toz N 2t3a
u =
0 F(l1+a) T(1+3a)
Unp1 (1) = L7 16w, (t) + A, + Bn], n >0,

where A,, and B,, can be obtained by the formula (16) at (s = 4).

10
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3: To obtain the components u,(t) of the solution u(t) using the iteration formula (33), follow

the following
+o 2t3a

t) = = ho + hit® + hot®® + hst3®
uo() P(1+Oz)+r(1—|—304) o+ t™ + ho + hst™,
1 2
L.e., 0 ) 1 F(1+a)’ 2 ) 3 —F(1+3a)’

and,
Ag = 40h3 + 120t*h3hy + 240(hoh? + hihy)t*,

By = 24h5 + 120t*hghy + 120(2h5h7 + hoho )t>* 4+ 120(2h3h3 + 4hjhyhg + hohs)t**.
Therefore, using Eq.(33) the first component w,(t) is given by

Ul (t) = L_4a [16u0(t) + A() + BO]

a4

= 3 Sa
= F4(1+&>(—16F (@T(14 @) 2 F1[1, 1+ 4o, 2 + 5o, 1]) 7+

(14

M1+ a)
== h4 t4a + h5 t5a + h6 tﬁa + h7 t7a,

(=163 (a)T(1 + ) o F1[1,1 4 60,2 + Ta, 1)) t7

ie.,
4

@ 3
4
@ 3
h‘6 :O, h7: m(-lGF (a)F(l—i—Oz) 2F1[1,1+60é,2+70&,1]).

Following the same procedure, we obtain
Ug(t) = L_4a 16U1 (t) + Al + Bl
ot 8(=15IBa)l(ba)l(1 + 11a) + ...) oy
C 41+ a) aAT()T(3a)D(1 + 9a)T(1 + 11a)
ot (B(=70I' () (Ta)T(1 +9)) + ...) 114
M1+ a) (T () (3a)(1 4+ 9a)T'(1 + 11a))
Then, the solution u(t) using the standard IADM can be approximated as defined in (27)

Pa(t) = uo(t) + ur(t) + ua(t)

e 2t3 16073 ()T (1 + )
= - Fi[1,1+4a,2 + 5a, 1] t°©
T(i+a)  T(+3a) T 1a) b 14245, 1]
—16aT3(a)T(1 + )
Fi[1,1+ 60,2+ Ta, 1] t™
Tl + ) oF1[1,1+ 60,2+ To, 1] ™+

ot (8(=15T(Ba)I(5a)T(1 + 11a) + ...)) o,
Ml+4+a) o T'(@)I'Ba)l(1+9a)(1 4 11a)

ot (B(=70D(a)T(Ta)D(1 +9a) +..)) 11
(1 + «a) a*T(a)T(Ba)T(1 + 9a)T(1 + 11a)

+

11



In order to obtain the numerical solutions for Eq.(28) using ADM, we compute the first compo-

nents as follows
toz 2t3a

wlt) = v e T T 3a)
8 (i —2 Bl ()
n_ 64 419°T (4a) ~ 8t'1°T(4q) 23040t3°°T (4a)T(1 + 15a)T(1 + 31a)
u2() = i (r(1 +9a)  T(1+1la) 77 T T+ 190)0(1 + 350)T9(1 + 3a) )

The solution u(t) using the standard ADM can be approximated as defined in (27)

¢2(t) = uo(t) + ul(t) + UQ(t)
5 (143c)

> 23 8 5 -2 P s T ey
= 5T (da) (2 UE
T(ita) T(+3a) F(4a)< a5 T T A7) ))
64 (4t90‘F(4a) 8tteT (4a) 23040t3°°T (4)T' (1 + 15a)T(1 + 31a)>
T(da)\T(1+9a)  T(1+1la) '~ T'(1+ 19a)C(1 + 350)9(1 + 3a)

The behavior of the approximate solution using our modified method (IADM) compared with
ADM and approximate solution using ADM* is given in figures 2.1 and 2.2 at « = 1 and o = 0.75,
respectively.

The convergence analysis of the approximate solution using our modified method TADM com-

pared with ADM is given in tables 2.1 and 2.2, respectively.

Method u Uz us

uQ Uy U2

IADM | 0.036352 | 0.059154 | 0.0042309
ADM | 0.051605 | 0.008104 | 0.0175610

Table 2.1: The convergence behavior of the truncated solutions
at a = 1.0 using IADM and ADM.

Method “ 42 43

uo u1l u2

[ADM | 0.116501 | 0.17505 | 0.059415
ADM | 0.218764 | 0.07414 | 0.116187

Table 2.2: The convergence behavior of the truncated solutionsn
at a = 0.75 using IADM and ADM.

12



Figure 2.1: The exact solution (solid line), ITADM solution ¢s(t), (dot-dashed line),
ADM* (dashed line) and ADM solution (dot line) at o = 1.

wit)

300
25k
20F
15k
1oL ’
-
F -__-,-—-—
-""""-"-
05 j-'#-—‘
L -—#
L = il
UO lf 1 1 1 Il 1 1 t
0.0 02 04 0.6 038

Figure 2.2: The IADM solution ¢ (), (dot-dashed line), ADM* solution (dashed line)
and ADM solution (dot line) at o = 0.75.

Example 3:

Fisher equation appears in many scientific fields such as financial mathematics and economics
in which it estimates the relationship between nominal and real interest rates under inflation.
Here in this example we deal with its fractional version.

Consider the initial value problem for non-linear fractional Fisher differential equation [19]
Diu(z,t) = uge(z,t) + 6u(z, t)[1 —u(z,t)], t>0, 0<a<l, (34)

13



subject to the initial condition u(z,0) = 757

The exact solution of this problem at a = 1 is u(x,t) = 1

(Lestsr)2:
In order to obtain the numerical solutions by using our treatment (IADM), we follow the following

steps:
1: Rewrite Eq.(34) in the following operator form

L%u(z,t) = Ru(x,t) + Nu(z,t), (35)

where L* = ta, Ru = ugz, + 6u and N(u) = —6u?.
2: Apply the inverse operator which is defined by

0 = w5y [, Qe (36)

to both sides of (35) gives
u(z,t) = u(z,0) + L™° [Ru(x, t) + Nu(z, t)] (37)

Substituting by Egs.(14) and (15) in Eq.(37) gives

Zunq:t u(z,0) + L~ [RZunzL’t—l—ZA} (38)

substituting by initial condition, then the components w,(z,t) of the solution u(z,t) can be
written as
1
up(z,t) = ——,
o2, ) (14 ev)?

where A,, can be obtained by the formula (16) at s = 1.

Upi1(z,t) = L7 [Run + An}, n >0, (39)

3: To obtain the components wu,(x,t) of the solution using the iteration formula (39), follow the

following .
2
up(z,t) = 15 = ho(x) and Ay = —6(ho(x))",
Dug(x,t) 10e”
t) =L Z R 4| = 1 = by (2t
uy(z,t) [6u0(:c, t)+ 907 + 0] 0% )T+ a) 1(x)t%,

10e*

ie., hy(x) = (1+ )3T (1 + a)

and Al = —12h0<I>h1(l’)ta,

2 o
us(,t) = L™ [Gul(x,t) | Fwlz,t) +A1] 50e”(2¢* — 1)

ax2 — tQO( — hZ(l‘)tQa,

(14 e®)*T(1 4 2a)
following the same procedure we obtain
50ae”((5 — 6e* — 15e*® 4 20e3* )% (1 + «) — 12e"T(1 + 2a)) y
(14 e*)6I3(1 + a)['(1 + 2a)
D14 a)T(1 + 2a) o F1[1, 1 + 20,2 + 3a, 1]2*.

us(x,t) =

14



So, the solution can be approximated by ¢, (z,t) as defined in (27)

Go(x,t) = up(x, t) + uy(z,t) + ug(z, t)
1 10 50e”(2e" — 1) .

«

I+  (I+epii+a)  (A+eyT(i+2a)

ds(x,t) = uo(z,t) +ui(x, t) + ua(x,t) + ug(z, t)
1 10e® N 50e”(2¢” — 1)
= + t + 1o
(I+er)?2  (1+e*)3 (1 +a) (1 +e)* (1 + 2a)
50ae”((5 — 6e* — 15e** + 20e**)T'*(1 + o) — 12e"T'(1 + 2a)) "
(1+e*)fT3(1 4+ a)I'(1 + 2a)

L(1+ )l (1 +2a) o Fi[1,1 4 20,2 + 3a, 1] 3.

In order to obtain the numerical solution of the fractional Fisher equation (34) using ADM in
which we use the Riemann-Liouville fractional derivatives and the Adomian polynomials defined

in (17), we compute the first components of the solution as follows

1
ug(w,t) = m,
10e®
uy(z,t) = € o

(1+e*)3T(1+ a)t ’
506 (2" —1) .
(1+e")* I'(1+2a)
50e”((5 — 6e* — 15e** + 20e3*)T?(1 + «)) — 12e*T(1 + 2a))t3
(14 e*)5T3(1 + a)I'(1 + 3a)
So, the solution can be approximated by ¢, (z,t) which is defined by (27)

ug(z,t) =

Q

ug(z,t) =

¢o(x,t) = up(x,t) + uy(z,t) + ug(z, t)
1 10e® 50e*(2¢” — 1) .,

(e}

A+ep2 T 0xeprita) T OreyTa+2a)

o3(x,t) = uo(x,t) + uy(x,t) + ug(x, t) + us(x,t)
1 10e® L B0eT(2e — 1),
= + £+ 124
(T+em)?  (1+4e)’I(1+a) (1 +e”)* (1 +2a)
506 (5 — 6e” — 15¢ 4 20e*)T%(1 + ) — 12°T(1 + 20))
(14 e*)6I3(1 + a)['(1 + 3a)

(67
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Figure 3.1: The exact solution (solid line), IADM solution, ¢(x,t) (dot-dashed line), ADM*
solution (dashed line) and ADM solution (dot line) at o = 1.
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Figure 3.2: The IADM solution, ¢o(x,t) (dot-dashed line), ADM* solution (dashed line)
and ADM solution (dot line) at az = 0.75.

The behavior of the approximate solutions using our modified method TADM compared with
ADM and approximate solution using ADM* (ADM with Jumarie derivative) are given in figures
3.1 and 3.2 at a =1 and o = 0.75, respectively, with ¢ = 0.25.
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a=1.0 a=0.75

X ul Uo u3 T U1 U us3
uo ul u uQ Ul u2
0.00 | 2.88675 | 0.72169 | 0.96225 | 0.00 | 3.44076 | 1.09315 | 1.22731
0.25 | 3.24573 | 0.99092 | 0.37434 | 0.25 | 3.86863 | 1.50096 | 0.37674
0.50 | 3.59377 | 1.25195 | 0.05251 | 0.50 | 4.28347 | 1.89634 | 0.26252
0.75 | 3.92124 | 1.49755 | 0.39212 | 0.75 | 4.67379 | 2.26836 | 0.78562

1.00 | 4.22077 | 1.72220 | 0.67245 | 1.00 | 5.03080 | 2.60863 | 1.22714

Table 3.1: The convergence analysis of the truncated solution using IADM of

fractional Fisher equation at different values of x at ¢t = 0.5.

a=1.0 a=0.75
T w1 u2 us3 T ul u2 u3
uo Ul u2 Uug Ul u2

0.00 | 2.88675 | 0.72169 | 0.96225 | 0.00 | 3.44076 | 1.09315 | 1.46989
0.25 | 3.24573 | 0.99092 | 0.37434 | 0.25 | 3.86863 | 1.50096 | 0.58014
0.50 | 3.59377 | 1.25195 | 0.05251 | 0.50 | 4.28347 | 1.89634 | 0.09071
0.75 | 3.92124 | 1.49755 | 0.39213 | 0.75 | 4.67379 | 2.26836 | 0.64100
1.00 | 4.22077 | 1.72220 | 0.67245 | 1.00 | 5.03080 | 2.60863 | 1.10637

Table 3.2: The convergence analysis of the truncated solution using ADM of

fractional Fisher equation at different values of x at ¢ = 0.5.

Example 4:

It is well known that the non-linear Klein-Gordon equation has many applications in physics.
It is equation of motion of a quantum scalar or pseudoscalar field, a field whose quanta are spin
less particles. It is a relativistic version of the Schrodinger equation. In this example we solve
the non-linear fractional Klein-Gordon equation using IADM and ADM.

Consider the non-linear fractional Klein-Gordan differential equation [6]
Du(x,t) = Upe + au + bu® + cu®, 0<a<l, (40)
for some constants, a = —1, b = 0 and ¢ = 1, subject to the initial condition
u(z,0) = —sech(z).

In this example, we consider the series solution of Eq.(40) using IADM as follows:

1: Rewrite Eq.(40) in the operator form
Lou(z,t) = R(u) + N(u), (41)

where L% = gt—‘j“ R(u) = Ugye — U and N('U,) = U3.
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2: Apply the inverse operator which is defined by (36) to both sides of Eq.(41) gives
u(z,t) = u(z,0) + L~ [Ru(a:, t) + N(u(z, t))] . (42)

Substituting by Eqgs.(14) and (15) gives

Zunxt u(z,0) + L~ [ Zun —I—ZA] (43)

Substituting by initial condition, therefore, the components u,(x,t) of the solution u(z,t) can

be written as

ugp(z,t) = —sech(x),

2 (44)
aaug—a(:f’t)_un_’_Ana 71207

where A,, can be obtained by the formula (16) at (s = 1).

Ups1(x,t) = L~

3: To obtain the components wu,(z,t) using the iteration formula (44), follow the following
up(w,t) = —sech(x) = ho(z), Ao = (ho(z))?,

therefore, the first component wy(z,t) is given from Eq.(44) as follows

O?ug(z,t)

3
Ul(CL’,t) =L [T - UO(ZE, t) + A0:| = sech (37)

St =y ()t
T(1+a) 1(2)t7,

3
from that, hy(z) = sech o) 4 3(ho(x))?hy (z)t™

I'(l+a)
therefore, the second component us(x,t) is given from Eq.(44) as follows

2
T Al L 1O RS
—M(—5+4 h(22)D(1+ @) o i1, 1+ o, 2(1 + a), 1] )
= T +a) cosh(2z a)ol[1, «, @), :

Following the same procedure we obtain

o
us(z,t) = m(—i’) + (123 — 112cosh(2x) + 8cosh(4z) ) [ (1 +a) . Fi[1, 1 +a, 2(1 4+ a), 1]) x

D(1+ a)(1+42a) 9 Fi[1,1 4 2,2 + 3a, 1]sech” (x)t**.

So, the solution can be approximated by ¢, (z,t) as defined in (27)

p2(x,t) = up(z,t) + ur(z,t) + ua(x,t)
sech®(z)t*  asech®(x)t?®

= —sech(z) + Tl +a) Ir'l+a)

(=5 4 4cosh(22))I'(1 + a) 2 F1[1, 1 + , 2(1 + ), 1],
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¢3(x,t) = up(z,t) + uy(z,t) + uo(x, t) + ug(x, t)

sech®(z)t®  asech®(z)t2®

= —sech(x) + T + o) T +a) (=54 4cosh(22))T(1 + ) 2 F1[1,1 + @, 2(1 + ), 1]+
ﬁ(—3 + (123 — 112cosh(2z) + 8cosh(42))T?(1 + ) o F1[1,1 4+ o, 2(1 + a), 1]) x

(1 +a)T(1 +2a) 2 Fi[1,1 + 2a, 2 4 3a, 1]sech (z)t3.
In order to obtain the numerical solutions for Eq.(40) using ADM, we compute the first com-

ponents of the solution as follows

up(z,t) = —sech(x),

sech®(x)
w(z,t) = Tita)
4=/7(—5 + 4cosh(2x))sech®(z) 20
ol (@)l'(3 + @)
(. 1) = 47T (1 4 20)(—3a4°T()T(3 + a) + /7 (123 — 112cosh(2z) + 8cosh(4x))[?(1 + «v))
S al(a)T(1+3a)T (L + a)2(1 + )

ug(z,t) =

Y

X

sech”(z)t3

So, the solution can be approximated by ¢, (z,t) as defined in (27)

ooz, t) = up(x,t) + uy(z, t) + ug(z, t)

— sech(a) + sech®(x) o 4=*/m(=5 + 4coslh(2x))sech5(a:)t2a‘
I'l+a) al'()l'(5 + )
/
0

_0s0] ',/
-0.65 : /”’

I N
-0.70 : ’/

I /,&

I -

#7 !"( . 1 1 Ly
0 0.4 0.6 0.8 1.0

Figure 4.1: The IADM solution, ¢o(x,t), (dot-dashed line), ADM* solution
(dashed line) and ADM solution (dot line) at o = 1.0.
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The behavior of the approximate solutions using our modified method TADM compared with
ADM and approximate solution using ADM* is given in figures 4.1 and 4.2 at « = 1 and
a = 0.75, respectively, with ¢ = 0.25.

wEL)

—0.501 \

-0.60 -

-0.65 -

Figure 4.2: The IADM solution ¢s(x,t) (dot-dashed line), ADM* solution (dashed line)
and ADM solution (dot line) at aw = 0.75.

a=1.0 a=0.75

Ul u2 us ul u2 u3
xz Xz

uo Ui u uo ui u2
0.00

0.688153
0.646874
0.541196
0.410542
0.289007

0.25
0.50
0.75
1.00

0.577350
0.542718
0.454056
0.344439
0.242472

0.288675
0.132829
0.266150
0.759426
1.218280

2.501850
1.127400
3.321530
1.716570
0.690909

0.00
0.25
0.50
0.75
1.00

0.437259
0.201198
0.403140
1.150310
1.845330

4.70912
2.74185
5.40920
2.88463
1.16639

Table 4.1: The convergence analysis of the truncated solution using IADM of fractional

Klein-Gordan equation at different values of x at ¢t = 0.75.

a=1.0 a=0.75

X

u1
uo

U2
u1

u3
u2

xT

ul
uo

u2

ul

u3
u2

0.00
0.25
0.50
0.75
1.00

0.577350
0.542718
0.454056
0.344439
0.242472

0.288675
0.132829
0.266150
0.759426
1.218280

2.50185
1.12740
3.32153
1.71657
0.69091

0.00
0.00
0.50
0.75
1.00

0.688153
0.646874
0.541196
0.410542
0.289007

0.437259
0.201198
0.403140
1.150310
1.845330

4.70912
2.74185
5.40920
2.88463
1.16639

Table 4.2: The convergence analysis of the truncated solution using ADM of fractional

Klein-Gordan equation at different values of x at ¢t = 0.75.
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From our obtained results, we can conclude that the solutions using IADM are in excellent
agreement with the exact solution, see examples 2 and 3, and satisfy the convergence analysis as
described in Theorem 1. Also, the proposed method TADM is applicable to solve a wide range

of fractional differential equations.
6. Conclusion and remarks

In this article, we constructed the approximate solutions of non-linear differential equations
of high fractional order. The main goal of this work has been achieved by introducing an
extension of Adomian’s polynomials to treatment Adomian decomposition method (IADM) using
the modified Riemann-Liouville fractional derivative.. From the comparison which introduced,

we observe the following notes

1. When (s=1) in Eq.(16), the results using IADM are the same as ADM* results as we see in
the examples of non-linear fractional Fisher and Klein-Gordan equations and more accurate

and convergent than ADM results;

2. When (s=2,3,...) in Eq.(16) the results using IADM are more accurate and convergent
than ADM* and ADM results as we had seen from examples 1 and 2;

3. Our treatment using IADM eliminates the calculations of all inaccurate terms in ADM

which deteriorate the convergence rate;

4. The series solution converges slowly as we are far from the initial values but its convergence

is acceptable near the initial values.

We support our treatment with some figures to illustrate its accuracy and efficiency and we use

Mathematica program to preform the calculations of the included examples.

References

[1] T. A. Abassy, Improved Adomian decomposition method, Computers and Mathematics with
Applications 59 (2010) 42-54.

[2] G. Adomian, Solving Frontier Problems of Physics: The Decomposition Method, Kluwer
Academic Publishers, Boston, 1994.

[3] G. Adomian, Stochastic Systems, Academic, New York, 1983.

[4] M. Caputo, Linear model of dissipation whose Q is almost frequency dependent II, Geophys.
J. R. Ast. Soc. 13 (1967) 529-539.

21



[5] M. Chrysos, F. Sanchez and Y. Cherruault, Improvement of convergence of Adomian’s
method using Padé approximants, Kybernetes 31 (2002) 884-895.

6] A. K. Golmankhaneh, A. Golmankhaneh and D. Baleanu, On nonlinear fractional Klein-
Gordon equation, Signal Processing 91 (2011) 446-451.

[7] M. M. Hosseini and H. Nasabzadeh, On the convergence of Adomian decomposition method,
Applied Mathematics and Computations 182 (2006) 536-543.

8] Y. C. Jiao, Y. Yamamoto, C. Dang and Y. Hao, An aftertreatment technique for improving
the accuracy of Adomian’s decomposition method, Comput. Math. Appl. 43 (2002) 783-798.

9] G. Jumarie, Laplace’s transform of fractional order via the Mittag-Leffler function and mod-
ified Riemann-Liouville derivative, Applied Mathematics Letter 22 (2009) 1659-1664.

[10] G. Jumarie, Table of some basic fractional calculus formulae derived from a modified
Riemann-Liouville derivative for non-differentiable functions, Applied Mathematics Letter 22
(2009) 378-385.

[11] M. M. Khader, On the numerical solutions for the fractional diffusion equation, Communi-
cations in Nonlinear Science and Numerical Simulation 16 (2011) 2535-2542.

[12] M. M. Khader, Numerical treatment for solving the perturbed fractional PDEs using hybrid
techniques, Journal of Computational Physics 250 (2013) 565-573.

[13] M. M. Khader, Numerical treatment for solving fractional Riccati differential equation,
Journal of the Egyptian Mathematical Society 21 (2013) 32-37.

[14] M. M. Khader and R. F. Al-Bar, Approximate method for studying the waves propagating
along the interface between air-water, Mathematical Problems Engineering 2011 (2011) 1-21.

[15] M. M. Khader, N. H. Sweilam and A. M. S. Mahdy, Numerical study for the fractional
differential equations generated by optimization problem using Chebyshev collocation method
and FDM, Applied Mathematics and Information Science 7(5) (2013) 2013-2020.

[16] C. P. Li, Y. H. Wang, Numerical algorithm based on Adomian decompostion for fractional
differential equations, Comput. Math. Appl. 57(10) (2009) 1672-1681.

[17] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differ-
ential Equations, John Wily Sons, Inc. New York 1993.

22



[18] S. Momani, An explicit and numerical solutions of the fractional KdV equation, Math.
Comput. Simul. 70(2) (2005) 1110-1118.

[19] S. Momani and Z. Odibat, Numerical comparison of methods for solving linear differential
equations of fractional order, J. Computational Applied Mathematics 31 (2007) 1248-1255.

[20] Z. Odibat and S. Momani, Application of variational iteration method to nonlinear differ-
ential equations of fractional order, Int. J. Nonlinear Sci. Numer. Simul. 1(7) (2006) 15-27.

[21] Z. Odibat and S. Momani, Numerical methods for nonlinear partial differential equations of
fractional order, Applied Mathematical Modelling 32(1) (2008) 28-39.

[22] 1. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999.

[23] R. Rach and J. S. Duan, Near field and far field approximations by the Adomian and
asymptotic decomposition methods, Appl. Math. Comput. 131(217) (2011) 5910-5922.

[24] N. T. Shawagfeh, Analytical approximate solutions for non-linear fractional differential equa-
tions, Applied Mathematics and Computations 131(2) (2002) 517-529.

[25] N. H. Sweilam, M. M. Khader and A. M. S. Mahdy, Numerical studies for fractional-order
Logistic differential equation with two different delays, Journal of Applied Mathematics 2012
(2012) 1-14.

[26] N. H. Sweilam, M. M. Khader and A. M. Nagy, Numerical solution of two-sided space-
fractional wave equation using finite difference method, Journal of Computational and Applied
Mathematics 235 (2011) 2832-2841.

[27] N. H. Sweilam and M. M. Khader, A Chebyshev pseudo-spectral method for solving frac-
tional order integro-differential equations, ANZIAM 51 (2010) 464-475.

[28] N. H. Sweilam, M. M. Khader and W. Y. Kota, Numerical and analytical study for fourth-
order integro-differential equations using a pseudo-spectral method, Mathematical Problems
in Engineering, 2013 (2013) Article ID 434753, 7 pages.

[29] A. M. Wazwaz, Padé approximation and Adomian decomposition method for solving the
Fleril-Petviashivili equation and its variants, Applied Mathematics Computational 182 (2006)
1812-1818.

23



