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Abstract

We investigate stability properties of a damped wave coupled with a thermal effects
modelled by Cattaneo’s law. The well-posedness and uniform exponential stability
of the whole system are obtained using semi-group theory. The asymptotic be-
haviour of the solution of the system through polynomial decay is also discussed by
employing multiplier technique.
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1 Introduction and Mathematical Formulation

Vibrations stability and controllability of strings or beams arising from different engineer-
ing backgrounds has attracted attention of many researchers. There are many coupled
systems describing both the elastic behavior of a system and the heat conduction within
the system. Such thermoelastic systems have been treated by many authors, for a survey
on classical thermoelastic system we cite Jiang and Racke [15], Messaoudi and Said-Houari
[12], Racke [14], Grasselli, Rivera and Pata [6] and the references therein. The question of
energy decay estimates in the context of stabilization problems has earlier been studied
by several author (cf. Chen [3], Komornik and Zuazua [10], Lagnese [7] and the references
therein). The linear differential equation describing the vibrations of flexible structures
has of the form

uy — a*Au—a’BAu;, =0 on QxR (1.1)

where 2 is a bounded connected domain in R™ with a piecewise smooth boundary 0f2
and v = u(z,t) denote the deflection of the flexible structure at any point (x,t), 5 > 0
is a constant and a > 0 is the constant wave velocity. The stabilization of an equation
like (1.1) subject to mixed boundary conditions was studied by Bose and Gorain [2].
Recently, Alves et al [1] consider a coupled system of realistic linear model, which models
the behaviour of a viscoelastic material coupled to a heat conduction equation governed
by Fourier’s law of heat conduction. Keeping in view with the ideas of (1.1) and Alves et
al [1], we are concerned mathematically the following system of equations

Uy — a*Au— a*BAu +nAI =0 on Q xR, (1.2)
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0, — A0 —nAu;, =0 on QxR (1.3)

On the other hand, the classical model for the propagation of heat turns into the well-
known equations for the temperature 6 (difference to a fixed constant reference tempera-
ture) and the heat flux vector ¢ as

6, + Cdivg =0, (1.4)

and
q+vVo =0, (1.5)

with positive constants v and . Relation (1.5) represents the assumed Fourier’s law of
heat conduction and, plugged into (1.4), yields the parabolic heat equation

0, — CvAO = 0. (1.6)

It is well known that Fourier’s law of heat conduction predicts the physical paradox
of infinite speed of heat propagation. Hence any thermal disturbance at one point has
an instantaneous effect elsewhere in the body. The use of Cattaneo’s law removes this
paradox and still keeps the essentials of a heat conduction process. The simplest Cattaneo
law replacing Fourier’s law (1.5) is

T¢ +q+kVO =0 (1.7)

where ¢ := ¢(z,t) is the heat flux vector and parameter 7 > 0 is the relaxation time
describing the time lag in the response of the heat flux to a gradient in the temperature.
Keeping in view with the ideas of (1.2) — (1.7), herein we are concerned mathematically
the following system of equations

uy — a*Au — a?fAu; +nA0 =0 on Q x RY, (1.8)
0; —nAu; + kdivg=0 on QxR (1.9)
T¢+q+KrVO=0 on QxR (1.10)

Additionally, we have initial conditions
u(z,0) =ug, ux,0)=uy, 6(x,0)=0, q(x,0)=q for zeQ. (1.11)

But, boundary conditions have several choices, depends on the physical situation one
wants to deal with. In these present paper we investigate the system with two set of
boundary conditions. The first one is corresponding to a rigidly clamped structure with
temperature held constant on the boundary

u=0 and =0 on 09, (1.12)

and the other one is corresponding to a rigidly clamped structure with zero heat flux on
the boundary
u=0 and ¢=0 on Of. (1.13)
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Our purpose in this work is to investigate analytically the stability and regularity of the
system (1.8) — (1.10), subject to the boundary conditions (1.12) or (1.13) and initial con-
ditions (1.11). To achieve the results, we adopt two different approaches, one is direct
method by constructing suitable Lyapunov like functional associated with the energy func-
tional of the system and other is semigroup theory by constructing suitable infinitesimal
generator associated with the system.

Energy estimate of the system:

Lemma 1.1. Let § > 0. For every solutions (u,0,q) of the system (1.8)-(1.10), the total
energy £ : RT — R is given at time t by

Sl(t):%[a2/9|Vu|2+/Qut2+/Q€2+T/Qq2], (1.14)
—51 :—az,ﬁ/ |V, |* — / (1.15)

Proof. We multiply the equation (1.8), (1.9) and (1.10) by wu;, € and ¢ respectively and
then integrate with respect to z over €2, using Green’s formula together with (1.12), we
obtain the result (1.15).

satisfies

A&y (t
Remark 1.1. We have seen that é;;t( ) # 0, it follows from (1.15) that it is not energy

conserving. Also, the negativity of the right hand side of (1.15) shows that some amount
of energy of the system is dissipating due to consideration of damping of the structure.

Integrating (1.15) with respect to ¢ over [0, t|, we have

t t
51(t)—51(0):—a25/ /\Vus|2ds—/ /q2d5 for ¢t>0, (1.16)
0 Jo 0 Jo
_l{cﬂ/ |VUO|2+/U12+/902+7/QO2:| . (117)
2 0 0 Q Q

In view of (1.16) and (1.17) we may conclude that if ug € H} (), uy € L*(Q), 6y € L*(Q)
and gy € L*(€2), where

where

={¢: 9 H(Q), ¢=0 on 00},
the subspace of the classical Sobolev space
Q) ={¢: ¢ L*(), VoelL*(O)}
of real valued functions of order one, then



Now, taking time derivative of the system (1.8)-(1.10), another energy like functional &
: RT — R given by

1
Sg(t)zé |:CL2/ \Vut\2+/utt2+/9t2+7/ch2], (119)
Q Q Q Q

d
Eé‘g(t):—(lQB/ |Vutt|2—/qt2. (120)
Q Q

Remark 1.2. The first energy estimate i.e. & (t) will allow us to investigate well-
posedness with the point of view of semigroups (cf. Pazy [13]). While the other energy
estimate i.e. Ey(t) will be necessary to study the asymptotic behaviour of the system
(1.8) — (1.10) with boundary conditions (1.12).

satisfies

2 Well-possedness of the problem

In this section, we obtain the existence and uniqueness of solutions for the coupled system
(1.8) — (1.10) with initial and boundary conditions. We will use the following standard
L?(92) space, the scaler product and norm are denoted by

(1) gy = / wwde, |l = / juf?d.

We have the Poincaré inequality
lullZ2) < Col|VullTaiy,  for all u € Hy(9),

where C), is the Poincaré constant.

Taking u; = v, the initial boundary value problem (1.8) — (1.10) can be reduced to the
following abstract initial value problem
d
dt
with U(t) = (u,v,0,q)" and Uy = (ug, u1,6o, qo)*, where the linear operator A : D(A) C
‘H — H is given by

Ut)=AU(t), U(0) = U,, for all ¢ >0, (2.1)

v
a’Au + a?BAv — nAf
= nAv — kdivg . (2.2)

1
(¢ + KV0)

T
We introduce the phase space H = HJ(Q) x L*(Q) x L*(Q) x L*(Q) endowed with the
Hilbertian product given by

<Mmhzf/

Q

[ DS

VuVuy d +/

vv_ldx—f—/ﬁe_lda:—l—/Tqﬁda:, (2.3)
Q o) Q
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where U = (u,v,6,q), Uy = (u1,v1,01,q) and the norm given by

1w, v,0,9)[3, = llaVul[ L2 + [[v][Z20) + 10122 + VT ll12(0)- (2.4)
We can easily show that the norm || - ||3 is equivalent to usual norm in H.

The domain of the operator A denoted by D(.A), depends upon the boundary conditions
under consideration. For the boundary conditions (1.12), we define

DA) =D = {(u,v,0,q) €H:u€ Hy(Q),a’u+a’Bv—n € H(Q) N Hy(Q),
0 € Hy(2), ¢,divg € H'(Q)} . (2.5)
For the boundary conditions (1.13), we have

D(A) =Dy = {(u,v,0,q) € H:u€ Hy(Q), a*u+a*Bv—nb € H*(Q) N Hy(Q),
9 € H'(Q), ¢, divg € Hy(Q)}. (2.6)

Now, existence and uniqueness result of the system (1.8)-(1.10) with initial and boundary
conditions describe in the next theorem as follows

Theorem 2.1. For any Uy € D(A) (either Dy or Dy ), there exist a unique global solution

u € CHRT; Hy () N C*(RY; L(Q))

0 € C(RT; H(Q) NCYHRT; L*(Q))

g€ C(R*; L*())

a*u+a?pfv —nf € (RT; H*(Q) N H(Q))
divg € (RT; L*(Q))

of the system (1.8) — (1.10).

Proof. To prove the above theorem, we first need some proposition as follows

Proposition 2.1. Let > 0. The operator A generates a Cy-semigroup S4(t) of contrac-
tions on the space H.

Proof. We will show that A is a dissipative operator and 0 belongs to resolvent set of A,
denoted by o(A). Then our conclusion will follow using the well known Lumer—Phillips
theorem (cf. [13]). We observe that if U = (u,v,6,q) € D(A) (either D; or Dy) then by



using (2.2) and (2.3), we have
(AU U),, = CLQ/VUVEdm+/vt6dx+/Gtgdx+7/qtadx.
Q Q Q Q
= aQ/VvVﬂda:—l—/ (a*Au+ a®BAv — nAY) Ddx
Q Q
+/(7)Av—/<adivq) gdx—/ (¢ +kV0O) qdx
Q Q
= a2/ [VvVu — Vu V1| dx—azﬁ/ |Vo|*dz
Q 0
+1 / (VO VT de — Vo V0]
0
-Hi/ [qV@—@V@] dx—/q2dx
Q Q
= 2ia21m/VUVﬂ—azﬁ/\VU|2dx+2i77[m/VGVGdaz
Q 0 Q

+2i1<;]m/qvg—/q2da:
Q Q

Taking the real part, we have

Re (AU,U),, = —aQB/ |Vo|* — / ¢ <0. (2.7)
Q Q
Thus A is a dissipative operator. Now, we show that (Al — A) is surjective.

1+ V1447
- 5 '

Proposition 2.2. R\ — A)=H, if A

Proof. We show that for all F' = (f1, fa, f3, f1) € H, there exist a unique U = (u,v,0,q) €
D(A) (either Dy or D) such that (A — A)U = F, that is,

Mu—v=f in Hy(Q), (2.8)
A — (a*Au+ a®BAv —nAf) = f, in L*(), (2.9)
N — (nAv — kdivg) = f3 in  L*(Q), (2.10)
Aq + % (g+KkVO) = fi in L*Q). (2.11)

Replacing (2.8) into (2.9), we have
Nu— a?(1+ BA)Au+nA0 = fo + Nfi — a*BAS. (2.12)

From (2.11), we have
T K

TA+ 1f4 A +1
By using (2.8) and (2.13) into (2.10), we have

q= (2.13)

AMTA+1)0 — K2A0 —pA(TA+ DA = (TA+ 1) fs — n(tA + DAf, — krdiv fi. (2.14)
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To solve the variational equations corresponding to (2.12) and (2.14), we consider the
bilinear form B : (Hg(Q2) x H{ () x (H () x H}(2)) — R is defined by

B«%@waﬁ):‘vf

u gy dr + a®(1+ BA) / Vu.Vpidr — 77/ Vo.Vpidx
) Q Q

+A(TA+1) /Q 0 podx + K* /Q VO.Vpodr +nA(TA+ 1) /Q Vu. Vs, dz,
and the linear form J : (H}(Q2) x H}(2)) — R is defined by
J(p1,02) = /Qfgwlda;—l—/\/Qflgoldx—i—aQB/QVfl.Vgpldx
+H(TA+1) /Q fspadr +n(tA+1) /Q Vfi.Vpsdr — m-/ﬂdiv fapadz.
By using Green’s formula, we have
B((u,0),(u,8)) = )\2/Qu2 dz + a*(1+ BA) /Q |Vul? dor — n/QVu. A%
—i—)\/QGQd:ch/ﬁQ/Q|V9|2dx+"m'(r)\+1)/QVu. Vo

Thus, for some constant C' > 0, we have

B (,0), (u,0)) = C (1[ull3p0) + 1161330
provided
A

It T VA B o O

— : ’

where, H(‘%(Q) X H&(Q) equipped with the norm ||u, 9”?{5(9)ng(9) = ||uH%{&(Q) + HHH?IS(Q).
Hence B is coercive.

Now, we have from Holder’s inequality

B((u,0), (e, 02)) < [N| lull[ler]l + [a* (L + BN)] [[Vull Vel + Inl [[VO][ [V ]
+ A+ D61 lal| + |82 VOV gall + In AlrA + D] [Vl [Vl

1

2

1
2
C (Il + 101 )) " (IlerlBay + el B

<
and
T (r,02)l <l el + Aol @8] IV ATVl + A+ 1] ] fs]] el
+ [n(rA+ DIV AV + [7] [[div fa| [[e2]]
= (Il + INAID el + B8] 11V ATVl
+ (A ISl + w7 [[div fal[) [le2l] + [n(rA + DIV fil[ [Vl
1 1
< Gy (nglH?“{%(Q)_'_HV()OlH%Ié(Q)) + s (H902H§{%(Q)_’_HV@QH?{(%(Q)) :
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Consequently, by using Lax-Milgram lemma, the equations (2.12) and (2.14) have a unique
solution (u,0) € H}(Q) x HI() such that

B((u,0), (p1,02)) = T(#1,02), for all (p1,02) € Hy(Q) x Hy(Q). (2.15)

Moreover, if o =0 € H} (), where ¢; € H}(Q), then (2.15) reduces to
A2 / w @y dr +a®(1+ BA) / Vu.Voidr — 77/ VO.Vpidx
Q Q Q

:/f2S01d95+)\/f1901dI+a25/Vfl.Vgoldx
Q Q Q

ie.,

Nu—a?(14 BA)Au+nAl = fo + X fi — a®BAS. (2.16)
We put v = Au — f1. Then v € H}(Q) solves (2.8). Hence, using (2.16) we have

M — (a*Au+ a’BAv — nAb) = f, € L*(9),

which guarantees that
a*u+a*pfv —nf € H*(Q) N Hy(Q).

Similarly, if p; =0 € H (), where ¢y € H}(Q), then using (2.15) we have

AMTA+1) / 0 podx + HZ/ V0.V padr + nA(TA + 1)/ Vu. Vipadx
Q Q Q

= (T)\—i-1)/fggagdx+77(7>\+1)/Vfl.Vgagdx—mT/divf4g02dx.
Q Q Q
i.e.,

AMTA+1)0 — K2A0 — A\ (TA + DAu = (TA+ 1) f3 —n(tA+ DAfi — krdiv fi.  (2.17)

Proceeding as previous, we have

K2 KT ..
A0 — (T)\—I—l) AO —nAv = f3 — 7_)\_Fldlvﬁl.

Thus we have

K> KT
—nAv = f3+ Af — iv f
A0 — nAv 3 ()\ 1) 0 3 1d1 4

i.e.,
N —nAv = f3+ kdivg € L*(Q),
which guarantees that
divg € L*(Q2)

Finally, by using Lumer-Philips theorem we deduced that A is an infinitesimal generator
of a contraction semigroup in H, thus A is closed and D(A) (either Dy or Dy) is dense in
‘H and this complete the proof.



3 Stability results

We are now in a position to discuss about stability results of the system (1.8)-(1.10). We
expect actually to obtain a better result, that is, an exponential stability. But we did not
find the adequate Lyapunove functional associated with the system (1.8)-(1.10) together
with boundary conditions (1.12), and it is an ongoing work. At first, we shall discuss the
asymptotic stability of the system (1.8)-(1.10) together with boundary conditions (1.12)
by constructing Lyapunove like functional associated with that system. Whereas on the
other hand, exponential stability of the system (1.8)-(1.10) with boundary conditions
(1.13) was achieved through semigroup theory of linear operators. With the help of
semigroup theory, the exponential energy decay estimate was studied by several author
(cf. Gearhart [4] and Huang [8] and a list of references therein). The main results of the
present work are concerned with the asymptotic and exponential behaviour of the system
(1.8)-(1.10) with boundary conditions (1.12) and (1.13) respectively and may be stated
as in the following theorems,

Theorem 3.1. For suitable initial data i.e. (ug,u1,60,q0) € Di(defined by (2.5)), the
strong solution of the system (1.8) — (1.10) together with boundary conditions (1.12) sat-

isfies,
Co (51 (O) + (92 (0))

t
for a positive constant cq, independent of t and initial data.

Ei(t) <

for all t>0, (3.1)

To prove the theorem we will use energy method, and constructing a suitable Lyapunov
like functional.

Theorem 3.2. For suitable initial data i.e. (ug,u1,6,q0) € Do (defined in (2.6)) the
semigroup generated by the system (1.8) — (1.10) complemented by boundary conditions
(1.13) is exponentially stable.

Proof of theorem 3.1. The proof of this theorem will be established through several
inequality’s and lemmas as follows,

I. For any real number o > 0 we have, the Schwarz Inequality (cf. Mitrinovi¢ et al [11])

[ovs[loo]<g(a [e+3 [ ). 3.2

II. For any real number v > 1 and § > 0 we have, Poincaré type Scheeffer’s inequality (cf.
Mitrinovié et al [11])

/u2 dx < 7/ |Vu|> dr  and /92 dr < 5/ |VO|? dz, (3.3)
0 Q Q Q

as u(zx, t) and 0(x,t) satisfy boundary conditions (1.12).

Now, we need to establish the following lemmas.
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Lemma 3.1. For every strong solutions (u,u,0,q) of the system (1.8) — (1.10) together
with boundary conditions (1.12) with (ug,u1, 6o, qo) € D1, the time derivative of the func-
tional G(t) defined by

G(t):/Q [uuﬁ‘%ﬁ\wﬁ] da (3.4)

dG
— < -C& + Gy </ ¢ + / @’ +/ |VUt|2> ) (3.5)
dt Q Q Q

where C, Cy > 0 will be made explicit in the proof.

satisfies

Proof. Differentiating (3.4) with respect to t-variable with boundary conditions (1.12)
and using the energy estimate (1.14), we get

%:—2& /92+r/q +2/ t—n/uw (3.6)

Using (3.2) and (3.3) into (3.6), we have

d 1

d_f < —251(t)+5/\V9]2+T/q2+2’y/\vut\2+ﬂ {a/uu—/\veﬁ]
= —2&(t) + <6+ /|V0|2+7'/q +27/ |V |? + 2@2/ 2 |Vl
< 2—— — ? 2 ’ :
< -(2-B)aw+ (5 o5) [1ver [ o2 [ v, @)

we chose a > 0 such that,
Q
CI =2 — 77_2 > 0.
a

Now, from equation (1.10) of our system we get

T2 2T 1
IVO|* = qu + e+ FQQ'

o= (22 (o )

Therefore, employing (3.8) into (3.7) we get (3.5), where C} has already been defined,

while , )
o) () i) () o)

where o > 0 is fixed in C5. This ends the proof.

Hence

Cs := max

Lemma 3.2. The functional G(t) given by (3.4) satisfies the inequality

_ggl(t) <G(t) < (? + 6) E(t) for t>0. (3.9)
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Proof. Using (3.2), (3.3) and (1.14), we get

1
< = 2 ati 2
/Quutdx < 2{\/7/ u“dxr + /utdx}
< l[ﬁ a2|Vu|2dx+ﬂ/ut2dx}
2 Q a Q
< \/7751@) for ¢>0. (3.10)
Also, from (1.14), we have
a*p 2
5 [ [VulPde < BEw(t) for ¢ 20. (3.11)
Q

Thus, from (3.10) and (3.11), we get

Hence the lemma is proved.

Remark 3.1. One can extend the result of lemma 3.3 as
—? (E1(t) + &(1) < G(t) < (\/7,7 + 5) (&i(t) + &) for t>0. (3.12)

This extension will help us to established asymptotic stability of the system (1.8) — (1.10)
together with boundary conditions (1.12).

Now, we proceed like Gorain [5], Komornik [9]. Let us introduce an energy like Lyapunov
functional V'(¢) defined by

V(t) :=&(t) + E(t) +eG(t) fort >0, (3.13)
where € > 0 is a non-negative real number, that will be defined later.

Now, taking time derivative of (3.13) and applying (1.15), (1.20), and (3.5), we get

av d51 4 % d52 Y. e
dt dt

—CLQB/Vut —/q2—aQB/Vutf—/qf—eClEl(t)
Q Q Q

‘|‘€CQ/(] +€C’2/qt2+502/]Vut]2
Q Q Q

= —eC&(t) — (a®B —eCy) /Q V> — (1 —eCs) / q°

Q

- _C t2_2 tt2' 14
(1 52)/9(1 aﬁ/QVu (3.14)

IN
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Since C7 and C5 are already fixed by lemma 3.2, we assume € > 0 so that
1—eCy >0 and a?B—eCy >0

Thus, from (3.14), we get the differential inequality

av < —eChié(t). (3.15)

dt —
val

In order to ensure the positivity of V'(t), we use the result (3.12) and we get 1 —e ~— > 0.
a

Now, we define

L @8 “} (3.16)

Cy' Gy /A

Integration of (3.15) over (0,t), recalling that &£ (¢) is non-increasing, yields

0<e<eg —mm[

(1) < /tg ()ds < WO - vt < 2D foranl >0
i Yo ~ el ’
(§ ?)
Incorporating the result (3.12), we assume ¢y = , we have
gty < WEO+EO) s

t

Hence the theorem 3.1 is proved.

Proof of theorem 3.2. In order to prove the exponential decay with the help of semi-
group theory, we are going to use necessary and sufficient conditions for C-semigroups
being exponentially stable in a Hilbert space. This result was obtained by Gearhart [4]
and Huang [8], independently

Theorem 3.3. (Gearhart) Let (Sa(t))i>0 be a Co-semigroup of contractions in a Hilbert
space. Then Sa(t) is exponential stable (that is there exist M > 1, u > 0 such that
|Sa(t)|] < Me™#t, for allt > 0) if and only if,

iR = {ip:peR}Cpo(A)

and
limsup ||(iA T — A) 7] < oo

[A| =00

Now, we will use the theorem 3.3 to prove exponential stability of the system (1.8)-(1.10)

with boundary conditions (1.13). Furthermore, we assume that [ 6y = 0, so that the
Q
temperature 6 has zero mean value for every time. From now on, we thus assume that

/9 =0 for all ¢>0. (3.17)
0
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According to the theorem 3.3, we will prove
iR = {iu, p € R} C o(A). (3.18)
Suppose the equation (3.18) is false, then there exists u € R such that iy € o(A).
Since 0 € o(A) and A~ is compact, that is, the spectral values are eigenvalues.
Let U = (u,v,0,q)T € Dy, U # 0, such that
(inl — A)U =0, ie iplU=AU. (3.19)

Using the definition of A, we have from (3.19),

ipu = v, (3.20)
ipv = a*Au + a*BAv — nAd, (3.21)
ind = nAv — kdivg, (3.22)
iutq = —q — kV©O. (3.23)
Substituting (3.20) into (3.21), we get
ia’fudu = A0 — a®Au — pi*u. (3.24)
From (3.23) we have,
K
=—-—— V. 3.25
1 (1 +idut) (3:25)
Now, multiplying equation (3.24) by u and integrating over €2, we obtain
—iaQB,u/ |Vul? = —n/ VOVu + a2/ |Vul? — 1 / u?. (3.26)
Q Q Q Q
Then
—n/V@Vu—l—a2/ \Vu\Q—;f/uz =0
Q Q 0
and
aQB;L/ |Vul? = 0. (3.27)
Q

Since > 0 and § > 0, so we have / |Vu|? = 0, which implies |Vu| = 0. Now, by using

Q
Poincaré inequality (3.3), we have u = 0 on L?(Q). Finally u is continuous, regular and
u =0 (by boundary condition (1.13)), we have u = 0 and hence from (3.20) v =0 .

Since v = 0, so equation (3.22) is converted to
iuh = —rdivg. (3.28)
Injecting (3.25) into (3.28), we have

—Kk2AD + 1270 = ipd. (3.29)
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Now, multiplying equation (3.29) by u and integrating over €2, we obtain

—mz/ |V9|2—i—,u27/02:i,u/92.
0 Q 0
—/{2/ |V0|2+u27/9220
Q Q
,u/6’2—0.
Q

As p > 0, we have from (3.31) / 6? = 0, which implies 6 = 0.
Q

Then

and

Finally, we multiply equation (3.23) by ¢ and integrate over €2, we have

iMT/q2:—/q2—li/V9q.
Q Q Q

—/qQ—/f/Veq:O
Q Q
,u7‘/q2:0.
Q

As > 0 and 7 > 0, we have from (3.33) / ¢> = 0, which implies ¢ = 0.
Q

Then

and

(3.30)

(3.31)

(3.32)

(3.33)

So, finally we achieve that « = 0 = v = 6 = ¢, which contradicts the fact U # 0.

Therefore, iR C o(A).

Now, we will prove that
limsup ||(iA — A) 7| < o0.

[A| =00

Suppose (3.34) is false, and we assume that

limsup ||(iM — A)7|] = oo,

[A| =00

(3.34)

(3.35)

then there exist a sequence V,, € H and A, € R such that ||(i\,] — A)"'V,|| > n||V4]],

for all n > 0.

Thus i\, € o(A), that is, there exist U,, € D5 such that (i, I —A)U, =V, with ||U,|| =1

So we have
Up = (iX — A7V,

and
Unl| > nl|(iAnd — A)Up||.

14



1

Then 1 = ||U,]| > nl||Gy]|, i.e. — > ||Gy]|, where G,, := (i, ] — A)U,. As n — oo, we get
n

lim,, o G, =0 on H.

Now, let U, := (tun, Vp, On, ¢x)". Then

= i\ |Un|]? — (AU, Uy) (3.36)

Taking the real part on both side of (3.36), we have
—Re (AU,,,U,) = Re (G, Uy,)

and then
m/ \an]2+/qn2:Re<Gn,Un) NGO = 1G> 0. (3.37)
(9] Q

Thus
a B/ |V, |* + / —0 as n— oo. (3.38)

Now consider the equation (3.36) and multiply it by 4, we have

Since | (G, Up) | < |Gull1|Unll = ||Grl| = 0 and from (3.38), ||U,||> — 0 as n — 0, which
is a contradiction. Therefore

limsup ||(iA] — A) 7| < oo.

[A| =00

Hence the theorem 3.2 is proved.

4 Conclusion

This study deals the mathematical stability of the vibrations of flexible structures gov-
erned by the standard linear model of viscoelasticity together with the thermal effect
satisfying the system of differential equations (1.8)-(1.10). The well-possedness of the
system is discussed through semi-group theory. The stability of the system by means of
explicit forms of exponentially energy decay estimate as well as asymptotical energy decay
estimate are achieved.
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