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Abstract. In this paper, we study the generic property of the historic
set for ergodic automorphisms of compact metric abelian groups. In
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1 Introduction And Main Results

This article is devoted to the study of generic property of the historic set for er-

godic automorphisms of the compact metric abelian groups. Before stating our results,
we first give some notations and backgrounds about the historic set and the specifi-
cation property for group automorphisms. By a topological dynamical system (7'D.S)
(X,d,T), we mean that (X,d) is a compact metric space and T is a continuous map
from X to X. Let C'(X,R) be the Banach algebra of real-valued continuous functions
of X equipped with the supremum norm. For a continuous function ¢ : X — R, X

can be divided into the following parts:

X = X(g,a) UX(p,T),

aeR
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where for a € R,

n—oo M

n—1
1 .
X(p,a) = {IEX: lim — E o(T"x) —a},
=0

and .
~ 1 < ‘
X(p, T) = {ZE € X: lim — g ©(T"z) does not exist}.
e

The level set X (p, ) is so-called multifractal decomposition set of ergodic average of ¢
in multifractal analysis. The set X (p,T) is called the historic set of ergodic average of
. The historic set was introduced by Ruelle in [22]. X (p,T) is also called non-typical
points set(see [5]), irregular set (see [25, 26]) and divergence points set(see [6, 16, 17]).
By Birkhoff’s ergodic theorem, X (p,T) is not detectable from the view of an invariant
measure. However, the recent works [7, 10, 11] have shown that in many cases X (p,T)

A~

can have full Hausdorff dimension, that is, for any invariant measure p, u(X (¢, 7)) = 0,
but dim (X (p, T)) = dimg (X).

Barreira and Schmeling [5] confirmed this in the uniformly hyperbolic setting in
the symbolic dynamical system. In 2005, Chen, Kupper and Shu [6] proved that either
X (p,T) is empty, or it carries full entropy for the map with the specification property.
Thompson [25] extended it to topological pressure for maps with the specification
property. In [26], Thompson obtained the same result for maps with g-almost product
property, which can be applied to every (-shift. Zhou and Chen [28] also investigated
the multifractal analysis for the historic set for systems with g-almost product property.

The specification property for group automorphisms has been studied by several
authors (see [1, 2, 13]). In [13], Lind showed that non-hyperbolic toral automorphisms
do not obey specification property. According to [2], an automorphism of a solenoidal
group has the specification property if and only if it is ergodic under Haar measure
and has central spin, so ergodic group automorphisms do not always satisfy specifica-
tion property. However, Dateyama [9] proved that every ergodic group automorphism
satisfies a weak specification property which was introduced by Marcus [15].

In [27], Yamamoto studied the relationships between the specification property,
g-almost product property and the almost weak specification property. In [12], Kwiet-
niak, Oprocha and Rams proved that these properties are not equivalent to each other.
They constructed a dynamical system with g-almost product property, which does not
have the almost weak specification property.

In a metric space X, a subset B is residual when its complement is of the first
category. In a complete metric space a set is residual if it contains a dense Gy set (see
[18]). From the topological point of view, a set is large if it is residual. During these
years, some results show that some irregular sets can be residual. In 2008, Takens
[23] indicated why historic behavior is often generic, in particular in the basins of
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attraction of hyperbolic attractions. He used a result that if a map g : X — X has
an orbit {zg, x1,...} which is dense and has historic behavior, then there is a residual
subset of X such that every orbit starting in that set has historic behavior. In [14],
under the hypothesis that a continuous map f satisfies the specification property, Li
and Wu prove that the set consisting of those points for which the Birkhoff ergodic
average does not exist is either residual or empty.

Motivated by the work of Li and Wu [14], etc, our purpose here is to study generic
property of the historic set for ergodic automorphisms of the compact metric abelian
groups. The main result of this paper is the following theorem.

Theorem 1.1. Let X be a compact metric abelian group, o be an automorphism of X
and p € C(X,R). o is ergodic under the Haar measure. Then the historic set X (¢, 0)

1s residual if it is not empty.

As we know, every automorphism of a compact metric abelian group is ergodic
under the Haar measure if and only if it satisfies almost weak specification (see [9]). To
obtain the result, we first study the historic set for maps with almost weak specification.
Let (X,d,T) be aTDS. For ¢ € C(X,R) and n > 1, let S,p(x) := Z;:Ol o(T'z), and

for ¢ > 0, let Var(p, ¢) := sup{|¢(x) — ¢(y)| : d(z,y) < c}.
For every € > 0, n € N and a point x € X, we define

Bu(z,6) ={y € X : d(T'x,T'y) <€, VO <i<n-—1},
and
By(r,e) ={y € X :d(T"x,T'y) < e, VO<i<n-—1}.

Denote by M (X), M(X,T) and E(X,T) the collection of all Borel probability measures
on X, the collection of all T-invariant Borel probability measures and the collection
of all ergodic T-invariant Borel probability measures, respectively. It is well known
that M(X) and M(X,T) equipped with the weak™ topology are both convex, compact
spaces.

Definition 1.1. [9] We say the map T' has almost weak specification property if for
any € > 0, there is a function M. : N — N with M (n)/n — 0 as n — o0, so
that for any k > 1 and k points x1,--- ,x, € X and for any sequence of integers
0<a; <b <ay<by<- <ap <b, witha; —b;_1 > Mc(b; —a;)(2 < i < k), there
exists a point © € X such that

d(Tai+jl',zji> <€ (()Sjgbl—al,l SZSk)

Theorem 1.2. Let (X,d,T) be a TDS, T satisfies the almost weak specification prop-
erty, o € C(X,R). Then the historic set X (¢, T) is residual if it is not empty.
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This article is organized as follows. Section 2 is devoted to the proof of Theorem
1.2, which implies Theorem 1.1. A specific example about the k-dimensional torus is
given in Section 3.

2 Proof of Main Results

In this section, we will prove Theorem 1.2. It suffices to show that if X (p,T) is
not empty, there exists some set F' C X satisfying the following properties: (1)F C
)?(QD,T); (2)F is dense in X; (3)F is a Gy set.

We separate the proof into steps.

Step 1. Construction of a specific set F.

Fix € > 0. Let {ng}r>0 be a sequence of positive integers with ng = 1, {pgtr>1
be the sequence of integers defined by p, = My-r.(ny). Let {Wy}r>o be a sequence of

finite sets in X with Wy = {zo} C X. Assume that
dn,(2,y) > 8 (for any =,y € Wy, x #vy).

Let {Ni}r>0 be another sequence of positive integers with Ny = 1. Using these data,
we are going to construct a subset of Cantor type, which will be denoted by F =
F(€7 {xO}v {Wk}7 {nk}7 {Nk})

We enumerate the points in the set W; and consider the set VViN ‘. Let z;, =
(zf,---,2Y) € WhNi. For any (z,,---,2,) € Wi x - x WMk by almost weak
specification property, we have
€

2

INT By, (@}, 5) N T PP B, (2}, )0 -0
€
T—(Ni=1)(n1+p1)—p1 By, (x}w 5)) £ ().

B(a,) = By, (o,

Let I; = Nogng + N1(p1 + nq), then

i=1

Na
—t1—(2— 2-+n2)—p2 €
B@n~am=m&m<ﬂTt‘1W+>p&¢ﬁﬁvm~ﬂ

Ng
(it ) — (i _ €
(ﬂ T—t=Y g Ni(pj+ng) = (i=1) (prtnye) pkB"’“(xf’?O £ 0.

i=1
Let I, =11 + Zfzg N;(p; +n;), k > 2. We define F}, by

Fk:U{B(ih”' vzk) : (£17"' vgk) EVVIN1 Xoees XWka}
Obviously, Fyq C Fy.

Lemma 2.1. Let z and y be distinct elements of W x o x W Then 2 = 2(2)

and zy = z(y) are (I, 6€) separated points.



Proof. Since z # y, there exist 4, j such that xé + y]Z We may assume ¢ > 2, then

dn- (l’;, Tti—1+(j—1)(Pi+ni)+Pi Zl) <€,

7

dn.<y‘§’Tti71+(j*1)(pi+ni)+piz2> < e

Together with dy, (z},y%) > 8¢, we have

dlk (2’1, 22) Zdn_(Tti—1+(j_1)(pi+ni)+l7izl7Tti—1+(j_1)(pi+ni)+pi22)
>d,,, (x;’yp —d, (1";7 Tti—l"r(j_l)(pi"rni)"rpizl) _ dni<y§7Tti—1+(j_1)(pi+ni)+l7i22)

>8e¢ — € — € = Ge.

Finally, define

F(€7 {xﬂ}) = F(E, {IO}v {Wk}7 {nk}v {Nk}) = ﬂ Fy.

Remark 2.1 d(zg,y) < € for any y € F(e,{xo}).
Now we introduce some notations. Let

L,={aeR:X(p a)#0}.

Note that | a |< ||¢| for any o € L, where |¢|| = max,ex | p(x) |. For a € L,
0>0,and n € N, let
Snip(x)

P(a,0,n) ={re X : \T—ak o},

where S,¢(z) is defined as the first section. Clearly, for o € £, and any 6 > 0, the set
P(a, d,n) is not empty for sufficiently large n.

Lemma 2.2. When )?((p, T) is not empty, L, is not equal to a single point.

Proof. By Birkhoft’s ergodic theorem, there exists an ergodic invariant probability
measure j such that

1
— nw(x)ﬁ/wdu, as n — 00
n

for p-a.e. z € X. Let ¢ = [pdu. Because X(@,T) is not empty, %Sngo does not
converge to a constant. Hence there exists an € > 0 and sequences ny — 0o and z € X
such that

1
—S, —cl|>e
| oSnple) —c > e



nkl

Let vy = 0gp, = Z Ofi(zy and pp be a limit point of the sequence v;. Then
pe € M(X,T) and fgpdug #c. Hence inf [e@du< sup [ pdu.
peM(X,T) pEM(X,T)
Next we show inf [@du < sup [ du. Suppose p € M(X,T), by Choquet
pEE(X,T) weE(X,T)

representation theorem, there is a unique measure 7 on the Borel subsets of the compact
metrisable space M (X, T) such that 7(E(X,T)) =1 and for any f(z) € C(X,R),

| @) = | o | f@uta)yar(m).

Then for any e > 0, there exists a Borel probability measure ' € E(X,T) such that
[y e(@)di (x) > [y p(x)du(z) — €. So we have

sup /gpd,u = sup /cpdu.
peM (X,T) HEE(X,T)
Using the same method, we can get a Borel probability measure p” € FE(X,T) such
that [ ¢(z)dy"(x) < [y e(x)du(z) + €, then

inf dp= inf dp.
weM(X,T) / T Bt / i

Thus inf [pdu< sup [ du.

HEE(X,T) pEE(X,T)
Take ,ul, 5 € E(X,T) such that [ pdu; < [ @dps. We can find x; € X such that
LS.p0(x;) — [@dp; as n — oo for i = 1,2. Let a; = [ @dp;, i = 1,2, then the result is
deserved.

]

Take o, € L, with a # . Let {d;} be a positive real number sequence satisfying

0 — 0 as k — oo. Choose 9, ¢ > 0 so small that
la — 5] > 49, Var (g, €) < 1

Choose an increasing integer sequence {ny };>1 with ng = 1 such that P(«, d9j_1,n2j_1) #
@ and P(ﬂ,égj,ﬂgj) ?é @ for j = 1,2,.... Let D = {dl,dQ,...,di,...} C X be a count-
able dense set. Fix d; € D and Wy = {d;}. For j > 1, let W5;_; be the (ngj_1,8¢)-
separated set in P(a, d2j_1,n2j_1) and Wy, the (ny;, 8€)-separated set in P(/3, da;, naj).
Finally, choose a sequence { Ny }x>¢ increasing to oo sufficiently quickly so that

S e A . Nong + Ni(ny +p1) + - -+ Ni(ng + pr)
lim —————— =0, lim

=0. 2.1
k—o00 Nk k—o00 Nk+1 ( )

By the construction presented in the former section, we obtain a set

F(E, {dl}) = F(E’ {dl}’ {Wk}v {nk}7 {Nk})



Write -
Fle) = Fle ),

Finally, let

F:QH§ZUUF@w&m@mmwm»

j=1i=1 J

Step 2. We prove F C X (p,T). It suffices to prove that F(e, {d;}) C X (p,T) for

any € > 0 and any d; € D.

l—1 A
Lemma 2.3. For any q € F(e,{d;}), klim i > @o(T"q) does not exist.
—oo h i)

Proof. Choose q € F(e,{d;}) and let g, = T™-1(q). Then there exists (z},--- 2} ) €
W,ﬁv ¥ such that

Ny

Qi € ﬂ T—(i—1)(171c-i-7"01c)—1?kB_nk(xi?7 Q_Ek)
=1

We first show

1
Nok—1(pak—1 + Naok—1

)SNQk—1(p2k-1+n2k—1)(p(q2k—1) —a| —0.
Let t; = (z — 1)(p2k—1 + ngk_l) ~+ pog_1, we have

|SNzk_1(pzk_1+n2k_1)90(Q2k—1) — Nop—1(pak—1 + n2k—1)04}

Noj—1
< Z Snopr (T qor—1) — Nag—1nop 10| + 2Noj 1o |||
=1
Nog_1 Nog—1
= Z }Snzk—ﬁp(TtiQZk—l) - San—ﬁO(xz?k_l)} + Z |Sn2k—1sp($12k_1) — N1
1=1 =1

+2Nok—1p2k—1# ||
€
<zt No—1 {Var (@, 5yp=g) + 021} + 2Now1par—1 [ 0.

Since

0 _ M, _
Var (e, < T lim 6y =0 and lim L lim M =0,

)
22k=1 k—00 k=00 Nog—1  k—oo  Nok—1
for sufficiently large k, we have

1
Nog—1(pak—1 + nak—1)

N

SN2k71(P2k71+”2k71)90(q2k71) —a| <



Nog—1(par—1+n2k—1)

One can readily verify that — 1 as k — oo. Thus for sufficiently large

log—1
k, we have Nzk*l(pf;:fnzk’l) — 1‘ < m. We obtain that
S ! s (1)
lop 1 lok—1P\4 N2k71(p2k71 _*_n%il) Noj—1(pak—1+nak—1) P 42k—1
1
< I Sl2k71*N2k71(P2k71+n2k—1)g0(q)
2%k—1
+ SNzk_l(pzk_1+n2k_1)90(612k—1) (NZkl(kal + n2k71) _ 1) ‘
Nog—1(pak—1 + nok—1) log—1
lok—2 J
< + -
22l + 5
)
<-—.
-2

Hence for sufficiently large k,

log—1—1
1 5 | -
b1 4= 4

In a similar way, we can also prove the following estimate. For sufficiently large £,

=

> e(Tq) -5

=0

la—7]

<6<
- 4

ok

the desired result follows. O

Step 3. We show that F'is dense in X and is a Gy set.

To prove that F' is dense in X, it suffices to show that F' N B(xz,r) # 0 for every
r € X and r > 0. GivenxeXandr>O,thereexistjGNWith%<7’anddiED
such that d(z,d;) < % Choose any point y € F(%, d;) C F, it follows from Remark 2.1
that d(y,d;) < % Hence

2

This implies that F' N B(x,r) # (.

Clearly, the sets Fj’s are open sets, F'(e,d;) = (> Fr- Because the intersection of
countable Gy sets is also a G set, it is obvious that F (€,d;) is a Gy set for any € > 0
and any d; € D.

3 An Example
In this section, we will give a specific case of Theorem 1.1.
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Take T" = R*/Z* to be the k-torus. Let A = (a;;) be a k x k matrix with entries
in Z and with detA # 0. We can define a linear map R¥ — R* by (zy,...,23)" —
A(zq,...,xx), where the mark / denotes the transposition of a vector. Since A is an
integer matrix, it maps Z* to itself. We know that A allows us to define a map

T =Ts:R/ZF — R*/ZF;

(1, xk) — Az, ... 2) mod 1.

Definition 3.1. Let A = (a;;) denote a k x k matriz with integer entries such that
detA # 0. We call the map Ta : R¥JZF — R¥/ZF a linear toral endomorphism.

The map T is not invertible in general. However, if detA = 41, then A~! exists

and is an integer matrix. Hence we have a map T~ given by

T Yoy, ...,op) v+ Az, ..., 21) mod 1.

Definition 3.2. Let A = (a;j) denote a k x k matriz with integer entries such that
detA = +1. We call the map Ty : R¥/ZF — R*/ZF a linear toral automorphism.

Now T denotes an ergodic automorphism of the torus T*. Marcus [15] proved that
T satisfies the almost weak specification. Hence from Theorem 1.1, we can deserve the
following result.

Theorem 3.1. Let T* = R¥/Z* be the k-dimensional torus. T denotes an ergodic
automorphism of the torus T* and o € C(T* R). Then the historic set T*(p,T) is
residual if it is not empty.
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