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Abstract and Definitions.

A Fermat composite is a non prime number of the form Fn = 22
n

+ 1, where n is an integer ≥ 1. Original characterizations of

Fermat composites via divisibility are given in [7] and [8] and [9] and [10]. It is known (see [1] or [2] or [3] or [4] and [5] and [6])

that F5 and F6 are Fermat composites; Fermat composites are known for some integers > F6, and the Fermat composites problem

stipulates that there are infinitely many Fermat composites. In this paper, we give the short proof of the Fermat composites

problem, by reducing this problem into a trivial equation of four unknowns and by using elementary combinatoric coupled with

elementary arithmetic calculus, elementary divisibility, trivial complex calculus and elementary computation. Moreover, our paper

clearly shows that divisibility helps to characterize composite numbers as we did in [7], [8], [9] and [10], and elementary arithmetic

calculus coupled with elementary divisibility, elementary complex calculus and trivial computation help to give the simple proof of

the Fermat composites problem .

AMS classification 2000: 05xx and 11xx.

Preliminaries. In Section.1, we introduce definitions that are not standard and we present some
elementary properties deduced from these definitions. In Section.2, we reduce the Fermat compos-
ites problem into a trivial equation of four unknowns and we prove properties linked to elementary
arithmetic calculus, elementary divisibility, trivial complex calculus and elementary computation. In
Section.3, using a simple proposition proved in Section.1, and some elementary properties of Section.2,
we give the short proof of the Fermat composites problem.

1. Introduction. In this section, we introduce definitions that are not standard and we present
some elementary properties deduced from these definitions.
Definitions 1.1. For every integer n ≥ 2, we define FCO(n), on, and on.1 as follows:
FCO(n) = {x; 1 < x < 2nandx is aFermat composite}, on = max

o∈FCO(n)
o, and on.1 = 4oonn [observing

(see Abstract) that F5 is a Fermat composite, then it becomes immediate to deduce that for every
integer n ≥ F5, F5 ∈ FCO(n)].

Using the previous definitions and denotations, let us remark.

Remark 1.1.Let n be an integer ≥ F5; look at FCO(n), on, and on.1 introduced in Definitions 1.1.
Then we have the following three simple properties.
(1.1.0.) −1 + F5 < on < on.1; on.1 = 4oonn ; on.1 > FF5

5 ; and on.1 is even.
(1.1.1.) If on < n, then: on = on−1 and on.1 = on−1.1.
(1.1.2.) If on.1 ≤ 2n, then on < n and on.1 = on−1.1.
Proof. Property (1.1.0) is trivial [Indeed, it suffices to use the definition of on and on.1, and the fact
that F5 ∈ FCO(n) ( note that F5 is a Fermat composite ( use Abstract ), and observe that n is an
integer ≥ F5)]. Property (1.1.1) is immediate [ Indeed, if on < n, clearly n > F5 (use the definition
of on and observe that F5 ∈ FCO(n), since n is an integer ≥ F5), and so on < n < 2n − 2 ( since
n > F5 (by the previous) and on < n (by the hypotheses) ); consequently

on < 2n− 2 (1 .1 ).
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Inequality (1.1) immediately implies that FCO(n) = FCO(n− 1) and therefore

on = on−1 (1 .2 ).

Equality (1.2) immediately implies that on.1 = on−1.1. Property (1.1.1) follows]. Property (1.1.2)
is trivial [Indeed, clearly

on < n (1 .3 );

( otherwise

on ≥ n (1 .4 ).

Now look at on.1 and observe (by using property (1.1.0) ) that

on.1 = 4oonn (1 .5 ).

Noticing (by the hypotheses) that n ≥ F5, then, using (1.4) and (1.5), it becomes trivial to deduce that on.1 > −1 + 4nn > 2n;

so on.1 > 2n and we have a contradiction, since on.1 ≤ 2n (by the hypotheses). So on < n ). Clearly on.1 = on−1.1 ( use
inequality (1.3) and property (1.1.1) ). Property (1.1.2) follows]. Remark 1.1 follows. 2

Using the definition of on.1 (see Definitions 1.1) , then the following remark and proposition become
immediate.

Remark 1.2. If limn→+∞ on.1 = +∞, then there are infinitely many Fermat composites.
Proof. Immediate [indeed, it suffices to use the definition of on.1 (see Definitions 1.1) ]. 2

Proposition 1.1. If for every integer n ≥ F5, we have on.1 > n, then there are infinitely many
Fermat composites.
Proof. Clearly limn→+∞ on.1 = +∞; therefore there are infinitely many Fermat composites [use the

previous equality and apply Remark 1.2]. 2

Proposition 1.1 clearly says that: if for every integer n ≥ F5, we have on.1 > n, then, there are
infinitely many Fermat composites; this is what we will do in Section.3, by using Proposition 1.1,
elementary combinatoric, elementary complex calculus, elementary divisibility, elementary arithmetic
calculus, and reasoning by reduction to absurd. Proposition 1.1 is stronger than all the investigations
that have been done on the Fermat composites problem in the past. Morerover, the reader can easily
see that Proposition 1.1 does not use divisibility and is completely different from all the investigations
that have been done on the Fermat composites problem in the past. So, in Section.3, when we will give
the analytic simple proof of the Fermat composites problem, we will not need strong investigations
that have been done on the previous problem in the past.

2. Simple properties linked to elementary arithmetic calculus, elementary divisibility,
trivial complex calculus, and trivial computation. In this section, we reduce the Fermat com-
posites problem into a trivial equation of four unknowns and we prove properties linked to elementary
arithmetic calculus, elementary divisibility, trivial complex calculus and trivial computation. Here
definitions of FCO(n), on, and on.1 (see Definitions 1.1) are crucial.

Recalls 2.1 (Real numbers, complex numbers, relative integers, Cn(c, y, k), Jn(k), and Ln(u) ). Recall
that R is the set all real numbers, and θ is a complex number if θ = x+ iy, where x and y are real and
where i is the complex entity satisfying i2 = −1. We recall that c′ is a relative integer if c′ is an integer
≥ 0 or if c′ is an integer ≤ 0 ( For example −108 and −13 and −11 and 0 and 7 and 24 are relative in-
tegers; 1

2 is not a relative integer ). We recall that Z is the set of all relative integers ( note ( see above)

that R is the set all real numbers ); clearly R2×Z2 = {(c, y, k, u); c ∈ R, y ∈ R, k ∈ Z, and u ∈ Z}.
Now let n be an integer ≥ F5 and let on.1 ( see Definitions 1.1), consider (c, y, k, u) ∈ R2 ×Z2; then
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Cn(c, y, k), Jn(k), and Ln(u) are defined as follows:

Cn(c, y, k) = co5
n.1( 49− o−28

n.1 )( 2i+ 1 ) + iy( 7o14
n.1 − 1 ) + k;

Jn(k) =
k( 6io22

n.1 − 9io8
n.1 − i )

3o4
n.1 − i

+
k(−70io14

n.1 − 10i )

2i+ 4
+

k( 42io36
n.1 − 63io22

n.1 )

( 1− 7o14
n.1 )( 3o4

n.1 − i )
;

and

Ln(u) =
u

7o5
n.1

[− 7i+
14io14

n.1 + 98o14
n.1

2i+ 4
+

45io22
n.1 − 42io36

n.1

3o4
n.1 − i

+
( 2 + 7o14

n.1 )( 63io22
n.1 − 42io36

n.1 )

( 1− 7o14
n.1 )( 3o4

n.1 − i )
].

Since n ≥ F5, then it becomes trivial that for every (c, y, k, u) ∈ R2 × Z2, (Cn(c, y, k),Jn(k),Ln(u) )
exists, is well defined and gets sense. Example.0( Fundamental ). Let n be an integer ≥ F5 and let
on.1 ( see Definitions 1.1); look at (c, y, k, u) ∈ R2 × Z2 and let (Cn(c, y, k),Jn(k),Ln(u) ) defined
above. If

(c, y, k, u) = (
2o−5
n.1 + 49o23

n.1

49− o−28
n.1

,
21o18

n.1 + 49o14
n.1 + 6o4

n.1 + 7

7o14
n.1 − 1

, −7o14
n.1 − 2, −7o5

n.1 ),

then,
Cn(c, y, k)− Jn(k)− Ln(u) 6= 0.

Proof. Indeed, observe (by the hypotheses) that

(c, y, k, u ) = (
2o−5

n.1 + 49o23n.1

49− o−28
n.1

,
21o18n.1 + 49o14n.1 + 6o4n.1 + 7

7o14n.1 − 1
,−7o14n.1 − 2, −7o5n.1 ).

Using the previous equality and the definition of (Cn(c, y, k),Jn(k),Ln(u) ), then it becomes trivial to check (by elementary
computation and elementary divisibility) that

Cn(c, y, k) = 49o28n.1 − 7o14n.1 + 98io28n.1 + 21io18n.1 + 49io14n.1 + 6io4n.1 + 11i (2 .0 );

and

Jn(k) + Ln(u) =
6io22n.1 + 18io8n.1 + 2i+ 7io14n.1

3o4n.1 − i
+

490io28n.1 + 20i

2i+ 4
+ 49io14n.1 + 7i (2 .1 ).

That being so, to prove Example.0, it suffices to prove this Fact.
Fact: Cn(c, y, k) 6= Jn(k) + Ln(u). Otherwise (we reason by reduction to absurd),

Cn(c, y, k) = Jn(k) + Ln(u) (2 .2 ).

Now using equalities (2.0) and (2.1), then it becomes trivial to deduce that equality (2.2) says that

49o28n.1−7o14n.1 + 98io28n.1 + 21io18n.1 + 49io14n.1 + 6io4n.1 + 11i =
6io22n.1 + 18io8n.1 + 2i+ 7io14n.1

3o4n.1 − i
+

490io28n.1 + 20i

2i+ 4
+ 49io14n.1 + 7i (2 .3 ).

It is trivial that equality (2.3) clearly implies that

49o28n.1 − 7o14n.1 + 98io28n.1 + 21io18n.1 + 6io4n.1 + 4i =
6io22n.1 + 18io8n.1 + 2i+ 7io14n.1

3o4n.1 − i
+

490io28n.1 + 20i

2i+ 4
(2 .4 ).

That being so, define ρn.0 and ρn.1 as follows: ρn.0 = (3o4n.1 − i)(2i + 4)(49o28n.1 − 7o14n.1 + 98io28n.1 + 21io18n.1 + 6io4n.1 + 4i) and
ρn.1 = (2i+ 4)(6io22n.1 + 18io8n.1 + 2i+ 7io14n.1) + (3o4n.1− i)(490io28n.1 + 20i). Now using the preceding two equalities, then it becomes
very easy to deduce that equality (2.4) immediately implies that

ρn.0 = ρn.1 (2 .5 ).

Now let Re[ρn.0] be the real part of ρn.0 and Re[ρn.1] be the real part of ρn.1; it is trivial that equality (2.5) implies that

Re[ρn.0] = Re[ρn.1] (2 .6 ).

That being so, look at (ρn.0, ρn.1) defined above; recalling that i2 = −1, then it becomes trivial to check (by elementary computation
and the fact that i2 = −1) that

Re[ρn.0] = −126o22n.1 − 36o8n.1 − 14o14n.1 + 490o28n.1 + 16 (2 .7 ),
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and
Re[ρn.1] = −12o22n.1 − 36o8n.1 − 14o14n.1 + 490o28n.1 + 16 (2 .8 ).

Now using equalities (2.8) and (2.7) and (2.6), then immediately deduce that

−126o22n.1 − 36o8n.1 − 14o14n.1 + 490o28n.1 + 16 = −12o22n.1 − 36o8n.1 − 14o14n.1 + 490o28n.1 + 16 (2 .9 ).

Equality (2.9) immediately implies that −126o22n.1 = −12o22n.1 and therefore

114o22n.1 = 0 (2 .10 ).

Equality (2.10) is clearly impossible ( indeed, since on.1 > FF5
5 (use property (1.1.0 of Remark 1.1), then using the previous

inequality, it becomes trivial to deduce that 114o22n.1 > 0, and the previous inequality clearly says that equality (2.10) is impossible

). So assuming that Cn(c, y, k) = Jn(k) + Ln(u) gives rise to a serious contradiction. Consequently Cn(c, y, k) 6= Jn(k) + Ln(u).

The Fact follows and Example.0 immediately follows.

We will use definitions of Recalls 2.1 in Definition 2.1, and Example.0 of Recall 2.1 will help
us in Example.4 of Definition 2.1 (in Definition 2.1, we will introduce the notion of tackle; this no-
tion is fundamental and crucial for the short complete simple proof of the Fermat composites problem).

Definition 2.1 (tackle). Let n be an integer ≥ F5, and look at on.1 ( see Definitions 1.1). We
say that Y tackles on.1, if there exists (c, y, k, u) ∈ R2 ×Z2 such that

Y = c( 147− 3o−28
n.1 ) + iy( 28− 4o−14

n.1 ),

and
c(−49 + o−28

n.1 ) + iy(−7o14
n.1 + 1 ) = ( k + iu )( 7o9

n.1 + o−5
n.1 + 3io4

n.1 ),

and
Cn(c, y, k) = Jn(k) + Ln(u),

where (Cn(c, y, k),Jn(k),Ln(u) ) is defined in Recalls 2.1, and where i2 = −1 ( we will see in Ex-
ample.4 that the previous definition helps to reduce the Fermat composites problem into a trivial
equation of four unknowns ). Example.1. Let n be an integer ≥ F5 and let on.1. Then the complex
number 147o23

n.1− 3o−5
n.1 + i( 84o4

n.1− 12o−10
n.1 ) tackles on.1. Proof. Indeed, it is immediate to check (by

elementary computation and elementary divisibility) that

147o23
n.1 − 3o−5

n.1 + i( 84o4
n.1 − 12o−10

n.1 ) = c( 147− 3o−28
n.1 ) + iy( 28− 4o−14

n.1 ) (2 .11 ),

and
c(−49 + o−28

n.1 ) + iy(−7o14
n.1 + 1 ) = ( k + iu )( 7o9

n.1 + o−5
n.1 + 3io4

n.1 ) (2 .12 ),

and
Cn(c, y, k) = Jn(k) + Ln(u) (2 .13 );

where
c = o23

n.1 and y = 3o4
n.1 and k = 1− 7o14

n.1 andu = 0 (2 .14 ).

Since it is immediate that
( o23

n.1, 3o4
n.1, 1− 7o14

n.1, 0) ∈ R2 ×Z2 (2 .15 ),

clearly 147o23
n.1− 3o−5

n.1 + i( 84o4
n.1− 12o−10

n.1 ) tackles on.1 ( use (2.15) and (2.11) and (2.12) and (2.13) and (2.14)

and the definition of tackle introduced above ) . Example.1 follows. Example.2. Let n be an integer ≥ F5 and
let on.1 ( see Definitions 1.1). Now consider equations φn.0 and φn.1, where

φn.0 =
(on.1 − 2n− 2)

2
(−9o−5

n.1 − 196i− 36io−10
n.1 − 28io−14

n.1 ), i2 = −1;

and
φn.1 = 147o23

n.1 − 3o−5
n.1 + i( 84o4

n.1 − 12o−10
n.1 ); i2 = −1.
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If on.1 = 2n, then

φn.0 + φn.1 = 147o23
n.1 + 6o−5

n.1 + i( 84o4
n.1 + 196 + 24o−10

n.1 + 28o−14
n.1 ).

Proof. Indeed, observing (via the hypotheses) that on.1 = 2n, then, using the previous equality and
the definition of the couple (φn.0, φn.1 ) introduced above, it becomes trivial to check ( by elementary
computation) that φn.0 + φn.1 = 147o23

n.1 + 6o−5
n.1 + i( 84o4

n.1 + 196 + 24o−10
n.1 + 28o−14

n.1 ). Example.2
follows. Example.3. Let n be an integer ≥ F5 and let on.1 ( see Definitions 1.1). Now consider
equations φn.0 and φn.1 introduced in Example.2. If on.1 = 2n + 2, then φn.0 + φn.1 tackles on.1.
Proof. Indeed, look at equations φn.0 and φn.1 introduced in Example.2 ; observing (via the hy-
potheses) that on.1 = 2n + 2 and using the previous equality, then it becomes trivial to deduce that
φn.0 +φn.1 = 147o23

n.1− 3o−5
n.1 + i( 84o4

n.1− 12o−10
n.1 ). Clearly φn.0 +φn.1 tackles on.1 ( Use the previous

equality and Example.1). Example.3 follows. Example.4 (fundamental: reduction of the Fermat
composites problem into a trivial equation of four unknowns ) . Let n be an integer ≥ F5 and let
on.1. Now consider equations φn.0 and φn.1 introduced in Example.2. If on.1 = 2n, then

φn.0 + φn.1 does not tackle on.1.

Proof. Otherwise (we reason by reduction to absurd), let (c, y, k, u) ∈ R2 ×Z2 such that

φn.0 + φn.1 = c( 147− 3o−28
n.1 ) + iy( 28− 4o−14

n.1 ) (2 .16 ),

and
c(−49 + o−28

n.1 ) + iy(−7o14
n.1 + 1 ) = ( k + iu )( 7o9

n.1 + o−5
n.1 + 3io4

n.1 ) (2 .17 ),

and
Cn(c, y, k) = Jn(k) + Ln(u) (2 .18 ),

where (Cn(c, y, k),Jn(k),Ln(u) ) is defined in Recalls 2.1, and where i2 = −1; such a (c, y, k, u)
exists, since φn.0 + φn.1 is supposed to tackle on.1. Clearly

φn.0 + φn.1 = 147o23
n.1 + 6o−5

n.1 + i( 84o4
n.1 + 196 + 24o−10

n.1 + 28o−14
n.1 ) (2 .19 )

( observe (by the hypotheses) that on.1 = 2n and use Example.2 ). Using equality (2.19), then it
becomes trivial to deduce that equality (2.16) clearly says that

147o23
n.1 + 6o−5

n.1 + i( 84o4
n.1 + 196 + 24o−10

n.1 + 28o−14
n.1 ) = c( 147− 3o−28

n.1 ) + iy( 28− 4o−14
n.1 ) (2 .20 ).

Using the fact that i2 = −1, then it becomes elementary to deduce that equality (2.20) says that

147o23
n.1 + 6o−5

n.1 = c( 147− 3o−28
n.1 ) and 84o4

n.1 + 196 + 24o−10
n.1 + 28o−14

n.1 = y( 28− 4o−14
n.1 ) (2 .21 ).

The two equalities of (2.21) trivially imply that

c =
49o23n.1 + 2o−5

n.1

49− o−28
n.1

and y =
21o4n.1 + 49 + 6o−10

n.1 + 7o−14
n.1

7− o−14
n.1

=
21o18n.1 + 49o14n.1 + 6o4n.1 + 7

7o14n.1 − 1
(2 .22 ).

That being so, observing ( by (2.22)) that

(c, y) = (
49o23

n.1 + 2o−5
n.1

49− o−28
n.1

,
21o18

n.1 + 49o14
n.1 + 6o4

n.1 + 7

7o14
n.1 − 1

) (2 .23 ),

and using equality (2.23), then it becomes trivial to deduce that equality (2.17) says that

c(−49 + o−28
n.1 ) + iy(−7o14

n.1 + 1 ) = ( k + iu )( 7o9
n.1 + o−5

n.1 + 3io4
n.1 ) (2 .24 ),
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where (c, y) = (
49o23

n.1 + 2o−5
n.1

49− o−28
n.1

,
21o18

n.1 + 49o14
n.1 + 6o4

n.1 + 7

7o14
n.1 − 1

) (2 .25 ).

Using equality of (2.25) and the fact that i2 = −1 and elementary divisibility, then it becomes
elementary to deduce that equality (2.24) implies that

k = −7o14
n.1 − 2 and u = −7o5

n.1 (2 .26 ).

Now using equality of (2.25) and the two equalities of (2.26) and Example.0 of Recalls 2.1, then we
immediatelly deduce that

Cn(c, y, k) 6= Jn(k) + Ln(u) (2 .27 ).

(2.27) contradicts equality (2.18). So, assuming that φn.0 +φn.1 tackles on.1 when on.1 = 2n gives rises
to a serious contradiction. Consequently, φn.0 + φn.1 does not tackle on.1 when on.1 = 2n. Example.4
follows.

Example.4 reduces the Fermat composites problem into a simple equation of four unknowns. In-
deed, Example.4 clearly says that, if on.1 = 2n, then we will have a simple equation of four unknowns
which implies that φn.0 +φn.1 does not tackle on.1. We will use Example.4 in Section.3 to immediately
deduce the Fermat composites problem. Examples of Definition 2.1 will help us in Section.3. Now,
via Definition 2.1, let us define:

Definitions 2.2 (Fundamental). Let n be an integer ≥ F5, and let on.1; then equations φn.0
and φn.1 are defined as follows.

φn.0 =
(on.1 − 2n− 2)

2
(−9o−5

n.1 − 196i− 36io−10
n.1 − 28io−14

n.1 ), i2 = −1;

and
φn.1 = 147o23

n.1 − 3o−5
n.1 + i( 84o4

n.1 − 12o−10
n.1 ); i2 = −1.

It is immediate that for every integer n ≥ F5, equations φn.0 and φn.1 are well defined and get sense
(see Example.2 of Definition 2.1). Now using Definitions 2.2, then we have the following elementary
Proposition.

Proposition 2.1.Let n be an integer ≥ 1+F5 and let on.1 ( see Definitions 1.1); now look at equations
φn.0 and φn.1 introduced in Definitions 2.2, and via (φn.0, φn.1), consider equations φn−1.0 and φn−1.1

(these considerations get sense, since n ≥ 1 + F5, and therefore n − 1 ≥ F5). If on.1 ≤ 2n, then we
have the following two simple properties.
(2.1.0.) on.1 = on−1.1.
(2.1.1.) φn−1.0 + φn−1.1 − ( φn.0 + φn.1 ) tackles on.1.
Proof. (2.1.0). Indeed, observing (by the hypotheses) that on.1 ≤ 2n, clearly on.1 = on−1.1 (use the previous inequality and
property (1.1.2) of Remark 1.1). Property (2.1.0) follows.
(2.1.1). Indeed, look at (φn.0, φn.1) and observe (by using Definitions 2.2) that

φn.0 =
(on.1 − 2n− 2)

2
(−9o−5

n.1 − 196i− 36io−10
n.1 − 28io−14

n.1 ) (2 .28 )

and
φn.1 = 147o23n.1 − 3o−5

n.1 + i( 84o4n.1 − 12o−10
n.1 ) (2 .29 ).

Using equalities (2.28) and (2.29), then it becomes trivial to deduce that

φn−1.0 =
(on−1.1 − 2(n− 1)− 2)

2
(−9o−5

n−1.1 − 196i− 36io−10
n−1.1 − 28io−14

n−1.1 ) (2 .30 ),

and
φn−1.1 = 147o23n−1.1 − 3o−5

n−1.1 + i( 84o4n−1.1 − 12o−10
n−1.1 ) (2 .31 ).

It is trivial to check (by elementary computation) that equality (2.30) is of the form

φn−1.0 =
(on−1.1 − 2n− 2)

2
(−9o−5

n−1.1 − 196i− 36io−10
n−1.1 − 28io−14

n−1.1 ) − 9o−5
n−1.1 − 196i− 36io−10

n−1.1 − 28io−14
n−1.1 (2 .32 ).
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Now look at equalities (2.32) and (2.31); noticing ( by property (2.1.0) ) that on.1 = on−1.1, then it becomes trivial to deduce
that equalities (2.32) and (2.31) clearly say that

φn−1.0 =
(on.1 − 2n− 2)

2
(−9o−5

n.1 − 196i− 36io−10
n.1 − 28io−14

n.1 ) − 9o−5
n.1 − 196i− 36io−10

n.1 − 28io−14
n.1 (2 .33 ),

and
φn−1.1 = 147o23n.1 − 3o−5

n.1 + i( 84o4n.1 − 12o−10
n.1 ) (2 .34 ).

Clearly
φn−1.0 = φn.0 − 9o−5

n.1 − 196i− 36io−10
n.1 − 28io−14

n.1 (2 .35 )

( use equalities (2.28) and (2.33) ) , and clearly

φn−1.1 = φn.1 (2 .36 )

( use equalities (2.29) and (2.34) ) . Using (2.35), then it becomes trivial to deduce that

φn−1.0 − φn.0 = −9o−5
n.1 − 196i− 36io−10

n.1 − 28io−14
n.1 (2 .37 ),

and using (2.36) then it becomes trivial to deduce that

φn−1.1 − φn.1 = 0 (2 .38 ).

Clearly

φn−1.0 + φn−1.1 − ( φn.0 + φn.1 ) = −9o−5
n.1 − 196i− 36io−10

n.1 − 28io−14
n.1 (2 .39 )

( use equalities (2.37) and (2.38) ) . It is trivial to check (by elementary computation) that equality (2.39) is of the form

φn−1.0 + φn−1.1 − ( φn.0 + φn.1 ) = c( 147− 3o−28
n.1 ) + iy( 28− 4o−14

n.1 ) (2 .40 ),

and
c(−49 + o−28

n.1 ) + iy(−7o14n.1 + 1 ) = ( k + iu )( 7o9n.1 + o−5
n.1 + 3io4n.1 ) (2 .41 ),

and
Cn(c, y, k) = Jn(k) + Ln(u) (2 .42 ),

where (Cn(c, y, k),Jn(k),Ln(u) ) is defined in Recalls 2.1, and i2 = −1; and where

c =
3o−5

n.1

o−28
n.1 − 49

and y =
49o14n.1 + 9o4n.1 + 7

−7o14n.1 + 1
and k = 3 and u = 7o5n.1 (2 .43 ).

Now using (2.40) and (2.41) and (2.42) and (2.43), then it becomes very easy to deduce that

there exists (c, y, k, u) ∈ R2 ×Z2 such that, (2 .44 )

φn−1.0 + φn−1.1 − ( φn.0 + φn.1 ) = c( 147− 3o−28
n.1 ) + iy( 28− 4o−14

n.1 ) (2 .45 ),

and
c(−49 + o−28

n.1 ) + iy(−7o14n.1 + 1 ) = ( k + iu )( 7o9n.1 + o−5
n.1 + 3io4n.1 ) (2 .46 ),

and
Cn(c, y, k) = Jn(k) + Ln(u) (2 .47 ).

Clearly φn−1.0 + φn−1.1 − ( φn.0 + φn.1 ) tackles on.1 (use (2.44) and (2.45) and (2.46) and (2.47) and the definition of tackle

introduced in Definition 2.1 ). Property (2.1.1) follows and Proposition 2.1 immediately follows. 2

The previous simple Proposition made, we are now ready to give the analytic simple proof of the
Fermat composites problem.

3. The short proof of the Fermat composites problem. In this Section, the definitions of
FCO(n), on and on.1 (see Definitions 1.1), the definition of relative integers (see Recalls 2.1), the
definition of tackle (see Definition 2.1), and the definition of (φn.0, φn.1) (see Definitions 2.2), are fun-
damental and crucial.

Now the following Theorem immediately implies the Fermat composites problem.

7



Theorem 3.1. Let n be an integer ≥ F5 and let on.1 (see Abstract and Definitions for the mean-
ing of F5, and see Definitions 1.1 for the meaning of on.1); look at equations φn.0 and φn.1 introduced
in Definitions 2.2. If on.1 ≤ 2n+ 2, then

φn.0 + φn.1 tackles on.1.

We are going to prove simply Theorem 3.1. But before, let us remark.

Remark 3.1. Let n be an integer ≥ F5 and let on.1. We have the following three trivial proper-
ties.
(3.1.0.) If on.1 ≥ 2n+ 4, then Theorem 3.1 is satisfied by on.1.
(3.1.1.) If on.1 = 2n+ 2, then Theorem 3.1 is satisfied by on.1.
(3.1.2.) If n ≤ 2 + F5, then Theorem 3.1 is satisfied by on.1
Proof. Property (3.1.0) is trivial. Property (3.1.1) is immediate (indeed let n be an integer ≥ F5; observing

(by the hypotheses) that on.1 = 2n+ 2, then

φn.0 + φn.1 tackles on.1 (3 .1 )

(use Example.3 of Definition 2.1). (3.1) clearly says that Theorem 3.1 is satisfied by on.1. Property (3.1.1) follows).
Property (3.1.2.) is immediate ( indeed, observing (by using property (1.1.0) of Remark 1.1) that on.1 > FF5

5 , and

remarking (by the hypotheses) that n ≤ 2 + F5, then, using the previous two inequalities, it becomes trivial to deduce that

on.1 > FF5
5 > 6 + 3F5 > 2n+ 4 (3 .2 );

so

on.1 > 2n+ 4 (3 .3 )

(use (3.2)) . Clearly Theorem 3.1 is satisfied by on.1 ( use inequality (3.3) and property (3.1.0) )).2
Using Remark 3.1, let us Remark.

Remark 3.2. Suppose that Theorem 3.1 is false; then there exists an integer n ≥ F5 such that
on.1 does not satisfied Theorem 3.1. ( Proof. Immediate.2)

From Remark 3.2, let us define:

Definitions 3.1 (Fundamental). (i). We say that n is a counter-example to Theorem 3.1, if n ≥ F5

and if on.1 does not satisfied Theorem 3.1 ( If Theorem 3.1 is false, then such a n exists, by using
Remark 3.2) .
(ii). We say that n is a minimum counter-example to Theorem 3.1, if n is a counter-example to
Theorem 3.1 with n minimum (If Theorem 3.1 is false, then such a n exists, by using (i) ).

The previous simple remarks and definitions made, we now prove simply Theorem 3.1.

Proof of Theorem 3.1. Otherwise ( we reason by reduction to absurd), let n be a minimum counter-
example to Theorem 3.1 ( such a n exists, by using Remark 3.2 and Definitions 3.1). We observe the
following.
Observation.3.1.i. Look at n (recall n is a minimum counter-example to Theorem 3.1), and let on.1.
Then n > 2 + F5 and on.1 ≤ 2n+ 2.

Clearly n > 2 + F5 ( Otherwise n ≤ 2 + F5 and clearly Theorem 3.1 is satisfied by on.1 ( use the
previous inequality and property (3.1.2) of Remark 3.1); a contradiction, since in particular on.1 does
not satisfied Theorem 3.1); and clearly on.1 ≤ 2n+ 2 ( Otherwise on.1 > 2n+ 2; noticing that on.1 and
2n+ 2 are even ( on.1 is even (use the definition of on.1) and 2n+ 2 is trivially even), then it becomes
trivial to deduce that the previous inequality implies that on.1 ≥ 2n+2+2; so on.1 ≥ 2n+4 and clearly
Theorem 3.1 is satisfied by on.1 (use the previous inequality and property (3.1.0) of Remark 3.1); we
have a contradiction since on.1 does not clearly satisfied Theorem 3.1. Observation.3.1.i follows.
Observation.3.1.ii. Look at n (recall n is a minimum counter-example to Theorem 3.1), and let on.1.
Then

φn.0 + φn.1 does not tackle on.1.
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Immediate, since in particular, n is a counter-example to Theorem 3.1.
Observation.3.1.iii. Look at n, and let on.1. Then

on.1 ≤ 2n and on.1 = on−1.1.

Firstly, we are going to show that on.1 ≤ 2n. Fact: on.1 ≤ 2n. Otherwise,

on.1 > 2n; (3 .4 );

remarking that on.1 and 2n are even ( on.1 is even (use the definition of on.1) and 2n is trivially even),
then inequality (3.4) immediately implies that on.1 ≥ 2n+ 2. Note (by using Observation.3.1.i) that
on.1 ≤ 2n+2. Now using the previous two inequalities, then it becomes trivial to see that on.1 = 2n+2;
so Theorem 3.1 is satisfied by on.1 ( use the previous equality and property (3.1.1) of Remark 3.1),
and we have a contradiction, since on.1 does not clearly satisfied Theorem 3.1. So

on.1 ≤ 2n (3 .5 ).

Now we show that on.1 = on−1.1. Indeed, using inequality (3.5) and property (1.1.2) of Remark 1.1
,then it becomes trivial to deduce that on.1 = on−1.1. Observation.3.1.iii follows.
Observation.3.1.iv. Look at n. Now let (φn.0, φn.1) (see Definitions 2.2), and via (φn.0, φn.1), con-
sider (φn−1.0, φn−1.1) ( this consideration gets sense, since n > 2 +F5 (use Observation.3.1.i), and so

n− 1 > 1 + F5 > F5). Then φn−1.0 + φn−1.1 − ( φn.0 + φn.1 ) tackles on.1.
Indeed, observing (by Observation.3.1.iii) that on.1 ≤ 2n and noticing (by Observation.3.1.i) that

n > 2+F5, then using the previous two inequalities, it becomes trivial to deduce that all the hypothe-
ses of Proposition 2.1 are satisfied, therefore, all the conclusions of Proposition 2.1 are satisfied; in
particular property (2.1.1) of Proposition 2.1 is satisfied; consequently φn−1.0 +φn−1.1− ( φn.0 +φn.1 )
tackles on.1. Observation.3.1.iv follows.
Observation.3.1.v. Look at n (recall n is a minimum counter-example to Theorem 3.1). Now let
(φn.0, φn.1) (see Definitions 2.2), and via (φn.0, φn.1), consider (φn−1.0, φn−1.1) ( this consideration

gets sense, since n > 2+F5 (use Observation.3.1.i), and so n−1 > 1+F5 > F5) . Then φn−1.0−φn−1.1

tackles on.1.
Indeed look at n (recall n is a minimum counter-example to Theorem 3.1), and via n, consider n−1

(this consideration gets sense, since n > 2 + F5 (use Observation.3.1.i), and so n− 1 > 1 + F5 > F5).
Observing (by Observation.3.1.iii) that on.1 = on−1.1 and on.1 ≤ 2n, then, by the minimality of n, it
becomes trivial to deduce that n − 1 is not a counter-example to Theorem 3.1 and φn−1.0 + φn−1.1

tackles on−1.1; the previous clearly says that φn−1.0 + φn−1.1 tackles on.1 (since on.1 = on−1.1 (use
Observation.3.1.iii)). Observation.3.1.v follows.
Observation.3.1.vi. Look at n and let let (φn.0, φn.1). Then φn.0 + φn.1 tackles on.1.

Indeed, using Observation.3.1.iv and the definition of tackle (see Definition 2.1), then it becomes
trivial to deduce that

there exists (c, y, k, u) ∈ R2 ×Z2 such that (3 .6 )

φn−1.0 + φn−1.1 − ( φn.0 + φn.1 ) = c( 147− 3o−28
n.1 ) + iy( 28− 4o−14

n.1 ) (3 .7 ),

and
c(−49 + o−28

n.1 ) + iy(−7o14
n.1 + 1 ) = ( k + iu )( 7o9

n.1 + o−5
n.1 + 3io4

n.1 ) (3 .8 ),

and
Cn(c, y, k) = Jn(k) + Ln(u) (3 .9 ),
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where (Cn(c, y, k),Jn(k),Ln(u) ) is defined in Recalls 2.1, and where i2 = −1. That being so, using
Observation.3.1.v and the definition of tackle (see Definition 2.1), then it becomes trivial to deduce that

there exists (c′, y′, k′, u′) ∈ R2 ×Z2 such that (3 .10 )

φn−1.0 + φn−1.1 = c′( 147− 3o−28
n.1 ) + iy′( 28− 4o−14

n.1 ) (3 .11 ),

and
c′(−49 + o−28

n.1 ) + iy′(−7o14
n.1 + 1 ) = ( k′ + iu′ )( 7o9

n.1 + o−5
n.1 + 3io4

n.1 ) (3 .12 ),

and
Cn(c′, y′, k′) = Jn(k′) + Ln(u′) (3 .13 ).

Now using (3.6) and (3.7) and (3.8) and (3.9) and (3.10) and (3.11) and (3.12) and (3.13) , then it
becomes trivial to deduce that

φn.0 + φn.1 = ( c′ − c )( 147− 3o−28
n.1 ) + i( y′ − y )( 28− 4o−14

n.1 ) (3 .14 ),

and

( c′− c )(−49 + o−28
n.1 ) + i( y′− y )(−7o14

n.1 + 1 ) = ( (k′− k) + i(u′−u) )( 7o9
n.1 + o−5

n.1 + 3io4
n.1 ) (3 .15 ),

and
Cn(c′, y′, k′)− Cn(c, y, k) = Jn(k′) + Ln(u′)− (Jn(k) + Ln(u) ) (3 .16 ),

and where
(c′ − c, y′ − y, k′ − k, u′ − u) ∈ R2 ×Z2 (3 .17 ).

That being so, look at equality (3.16); it is trivial (by the definition of (Cn(c, y, k),Jn(k),Ln(u) ))
that

Cn(c′, y′, k)− Cn(c, y, k) = Cn(c′ − c, y′ − y, k′ − k) andJn(k′) + Ln(u′)− (Jn(k) + Ln(u) ) = Jn(k′ − k) + Ln(u′ − u).

Now using the preceding two equalities, then it becomes trivial to deduce that (3.16) clearly says that

Cn(c′ − c, y′ − y, k′ − k) = Jn(k′ − k) + Ln(u′ − u) (3 .18 ).

(3.14) and (3.15) and (3.18) and (3.17) clearly say that

there exists (c′′, y′′, k′′, u′′) ∈ R2 ×Z2 such that (3 .19 )

φn.0 + φn.1 = c′′( 147− 3o−28
n.1 ) + iy′′( 28− 4o−14

n.1 ) (3 .20 ),

and
c′′(−49 + o−28

n.1 ) + iy′′(−7o14
n.1 + 1 ) = ( k′′ + iu′′ )( 7o9

n.1 + o−5
n.1 + 3io4

n.1 ) (3 .21 ),

and
Cn(c′′, y′′, k′′) = Jn(k′′) + Ln(u′′) (3 .22 ),

and where
(c′′, y′′, k′′, u′′) = (c′ − c, y′ − y, k′ − k, u′ − u) (3 .23 ).

Clearly φn.0 + φn.1 tackles on.1 (use (3.19) and (3.20) and (3.21) and (3.22) and the definition of
tackle introduced in Definition 2.1 ). Observation.3.1.vi follows.

These simple observations made, then it becomes trivial to see that Observation.3.1.vi clearly
contradicts Observation.3.1.ii. Theorem 3.1 follows.2

Now the Fermat composites problem directly results from the following Theorem.

Theorem 3.2 ( the using of Example.4 of Definition 2.1 (Section.2) ). For every integer n ≥ F5, we
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have on.1 > 2n .
Proof. Otherwise ( we reason by reduction to absurd), let n be a minimun counter-example and let
on.1; then

on.1 ≤ 2n (3 .24 ),

and we observe the following.
Observation.3.2.1. n > 2 + F5.

Otherwise n ≤ 2 + F5; now observing (by using property (1.1.0) of Remark 1.1) that on.1 > FF5
5

and using the previous two inequalities, then it becomes trivial to deduce that on.1 > FF5
5 > 2n + 4;

so on.1 > 2n+ 4 and the previous inequality contradicts inequality (3.24). Observation.3.2.1 follows.
Observation.3.2.2. on.1 = on−1.1.

Indeed, remarking (by (3.24)) that on.1 ≤ 2n, then, using the previous inequality and property
(1.1.2) of Remark 1.1, it becomes trivial to deduce that on.1 = on−1.1. Observation.3.2.2 follows.
Observation.3.2.3. on.1 = 2n.

Indeed look at n, and via n, consider n − 1 ( this consideration gets sense, since n > 2 + F5 (by

Observation.3.2.1), and therefore n− 1 > 1 + F5 > F5). Then, by the minimality of n, n− 1 is not a
counter-example to Theorem 3.2; consequently on−1.1 > 2(n − 1) and the previous inequality clearly
says that

on−1.1 > 2n− 2 (3 .25 ).

Note that

on.1 = on−1.1 (3 .26 ),

by Observation.3.2.2. Now using (3.25) and (3.26), then it becomes trivial to deduce that

on.1 > 2n− 2 (3 .27 ).

Noticing that on.1 and 2n− 2 are even ( on.1 is even (use the definition of on.1) and 2n− 2 is trivially
even), then it becomes trivial to deduce that inequality (3.27) implies that on.1 ≥ 2n − 2 + 2; the
previous inequality clearly says that

on.1 ≥ 2n (3 .28 ).

Clearly on.1 = 2n (use inequalities (3.24) and (3.28)). Observation.3.2.3 follows.
Observation.3.2.4(the using of Example.4 of Definition 2.1 of Section.2). Look at on.1 and consider
(φn.0, φn.1 ) (see Definitions 2.2). Then φn.0 + φn.1 does not tackle on.1.

Indeed observing (by Observation.3.2.3) that on.1 = 2n and using Example.4 of Definition 2.1,
then it becomes trivial to deduce that φn.0 + φn.1 does not tackle on.1. Observation.3.2.4 follows.

These simple observations made, look at on.1 and consider φn.0 + φn.1; observing that on.1 = 2n
(by Observation.3.2.3) and remarking that n > 2+F5 (by Observation.3.2.1), then using the previous,
it becomes immediate that all the hypotheses of Theorem 3.1 are satisfied, therefore, the conclusion
of Theorem 3.1 is satisfied; consequently

φn.0 + φn.1 tackles on.1 (3 .29 ).

(3.29) clearly contradicts Observation.3.2.4. Theorem 3.2 follows.2
Theorem 3.2 immediately implies the Fermat composites problem.

Theorem 3.3 (The Proof of the Fermat composites problem). There are infinitely many Fermat
composites. [Proof. Observe [by using Theorem 3.2] that

For every integer n ≥ F5 we have on.1 > 2n (3 .30 );
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consequently, there are infinitely many Fermat composites ( use (3.29) and Proposition 1.1) . 2]

Epilogue. Our simple article clearly shows that divisibility helps to characterize Fermat com-
posites as we did in [7] and [8] and [9] and [10], and elementary arithmetic calculus coupled with
trivial complex calculus and elementary computation help to give a simple analytic proof of problem
posed by the Fermat composites.

References .
[1] Bruce Schechter. My brain is open (The mathematical journey of Paul Erdos) (1998). 10− 155.

[2] Dickson. Theory of Numbers (History of Numbers. Divisibity and primality) Vol 1. Chelsea Publishing Company. New York

, N.Y (1952). Preface.III to Preface.XII.

[3] Dickson. Theory of Numbers (History of Numbers. Divisibity and primality) Vol 1. Chelsea Publishing Company. New York

, N.Y (1952)

[4] G.H Hardy, E.M Wright. An introduction to the theory of numbers. Fith Edition. Clarendon Press. Oxford.

[5] Ikorong Anouk Gilbert Nemron. A Glance At A Different Kinds Of Numbers. International Journal Of Mathematics And

Computer Sciences. Vol.4, No.1, 2009. 43− 53.

[6] Ikorong Anouk Gilbert Nemron. Runing With The Twin Primes, The Goldbach Conjecture, The Fermat Primes Numbers,

The Fermat Composite Numbers, And The Mersenne Primes; Far East Journal Of Mathematical Sciences; Volume 40, Issue 2,

May2010, 253− 266.

[7] Ikorong Anouk Gilbert Nemron. Nice Rendez Vous With Primes And Composite Numbers. South Asian Journal Of Mathemat-

ics; Vol1 (2); 2012, 68− 80.

[8] Ikorong Anouk Gilbert Nemron. Placed Near The Fermat Primes And The Fermat Composite Numbers. International Journal

Of Research In Mathematic And Apply Mathematical Sciences; Vol3; 2012, 72− 82.

[9] Ikorong Anouk Gilbert Nemron. Meeting With Primes And Composite Numbers. Appears In Asian Journal of Mathematics

and Applications; 2013.

[10] Ikorong Anouk Gilbert Nemron. Then We Characterize Primes and Composite Numbers Via Divisibility. International Jour-

nal of Advanced In Pure Mathematical Sciences; Volume 2, no. 1; 2014.

12


