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Abstract

A Ricatti equation is any equation of the form z’ = agz® 4+ a1z +ag
where a; (for i« = 0,1,2) are functions of the independent variable.
In this paper, we show that in general the Ricatti’s equation is not
linearizable using the Sundman transformation. We use a substitution
to convert the equation into a linearizable second order non-linear form
and then we determine completely the class of the Ricatti’s equation
that are linearizable using this transformation (under the particular
substitution).

1 Introduction

Equations of the form o' = agz? + ayz + ag, where a; (for i = 0,1,2)
are functions of ¢, are known as the Ricattis equations. These are
first-order non-linear ordinary differential equations that normally re-
quire a prior solution in order to obtain a second solution. If a prior
solution is not given, there is no known method of direct application
to obtain any solution for such equations. In this paper the method
of linearization of second order non-linear equations via the Sund-
man Transformation is used. We go through a step by step process
and see that the conditions for linearization inherently constrains the
functions a;.



2 The Sundman Transformation

For a second order non-linear ODE of the form

2+ Ao ()2 4+ M2’ + 20 =0 (1)

to be linearized and solved using the Sundman Transformation the
following conditions are sufficient to be satisfied.
For A3 =0, if A\¢ = 0 then we require
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Aotp = — A\
3ot A6
A6t = g
XozAs + 202 ho; (3)
Ao
MAZ = 240202, — Do A
206

)\6:2 =

Aag =

where

Az = Mg — 29
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A = 2002z — 2112 + 2X0A22 — M A1z + 202 A2 + 2o

For A3 #£ 0, if A5 = 0 then

Aot = —2 oA
Aot = A3

are sufficient.



If A5 # 0 then we require
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where
A5 = Aot + A1 (A3 + Aar) + Azt (7)

3 Conditions for Linearizing the Ri-
catti’s equation

The Ricatti’s equation is any first order non-linear ODE of the form

2 = asx® + a1z + ag (8)

where a; for i = 0, 1,2 are functions of ¢ (only).
We make the substitution

so that
o =p" and 22 = (p/)*
Then equation (8) is transformed into
2
P —ax(p)” —ap’ —ap=0 9)

which is the form of the second order non-linear ODE where

Ay = —az
Al =—a; (10)
/\0 = —Qo

We now investigate the conditions. We have



A3 = Aip — 29
= —a1p + 2az (11)
= 2az # 0

We now check As.

A5 = Aot + A1 (A3 4 Aag) + Az
= —agy — a1 (2ag; — az) + 2a2y (12)
= Aot — arag # 0
Since A5 # 0 we require the conditions in equation (6) to be satis-

fied. We start by checking the third equation of equation (6) and see
that

2a3, = 0
= a9 =0 (13)

— ay = b = constant

Checking the rest of the equations in equation (6) shows that they are
satisfied. But the condition that ao; = 0 puts a further constraint on
A3 since this would imply

A3 =0
Then we check A\g and see that
)\6 = 2aga1 — aopt (14)

If A\¢ = 2apa; — agr # 0 then we check the conditions in equation
(3). The first, third and fourth equations in equation 3 are clearly
satisfied. The second equation of equation (3) gives the requirement

2apa1a0: + Ao — 3@?)75 — 4a(2)a1t =0 (15)

which is sufficient. If A\g = 2aga; — agr = 0 this would imply 2aga; =
ape. Substituting this into equation (15) gives the requirement ag = 0.
All other conditions are satisfied.

In summary, The classes of Ricatti’s equations solvable via the
Sundman transformation are

' = bz’ 4+ ayz + ag (16)



provided equation (15) holds.
Also all equations of the form

x' = br? +arx (17)

for any time dependent function a; are linearizable, where b is a real
constant # 0 (since b = 0 reduces the equation to a linear one any-
way). We recognize the class in equation (17) as a Bernoulli’s equation
with n = 2. We will later see how we use our method to solve such
equations.

Now for the first class of equations 2’ = bx? + a12 + ag the set of
partial differential equations to be solved [2] in order for such class to
be linearized are given by

GpFy + FyGo

Fpp = e
G, =0 (18)
o Aot _ ~ ot
Gt - G2)\0 - G2a0

The second equation of equation (18) can be solved to give
For the class in equation (17) where A¢ = 0, aps = 2apa;. This
reduces the third equation of equation (18) to

Gy =Gay (19)
Solving equation (19) gives
G =l mdt (20)
Since G = 0 the first equation of equation (18) reduces to
Fpp = —bF} (21)

which is the other equation to be solved.
Solving equation (21) gives

F = —%e_bp +c (22)

for arbitrary constants A and c.
The third equation of equation (18) can be solved (without further
restriction) to give

G = Bag (23)

for some arbitrary constant B.

In summary, for the class in equation (16), F' and G are given by
equations (22) and (23) respectively. For the class in equation (17),
F and G are given by equations (22) and (20) respectively.



4 The Solution

Once our functions F' and G are known we set out to find our param-
eters a, § and y given by
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For the class in equation (16),
_ Qot — God1
Ba%
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Our linearized equation then becomes

— b
u + (aOtBaZm) u + <32a0> w=0 (26)
0

for arbitrary constant B where B # 0 and ag # 0. If it so happens
that ap and a; are such that the coefficients in equation (26) are con-
stants, immediately solutions can be found using normal methods for
solving linear ODEs with constant coefficients. If the coefficients are
nonconstant, then there are known methods to solve such equations
for which a guess solution would be required and then we could use
reduction of order to solve. However, for a particular case where equa-
tion (26) is exact, a first integral can be completely obtained. Suppose
we have an equation of the form

pou” + pru’ + pou =0 (27)

where p; for i = 0,1,2 are functions of the independent variable T’
only. We can rewrite equation (27) as

(pou’ = pou)’ + (1)’ + (p§ — Py + p2) u =0 (28)

Then equation (27) is called exact if pj — p} + p2 = 0. This reduces
equation (28) to the first order equation

pov’ + (p1 —pp) u=c (29)



for some constant ¢ whose solution is given by
_mr PPy
w=ce I w0 dT/ef w Tar (30)

For the case under consideration (equation (26)), po = 1 and p; =

(%) where we have written the a}s in terms of 7' using the
0

relation T = B [ apdt from the transformation equation dI' = Gdt
and equation (23). Then the condition of exactness in equation (28)

(where we required p{j — p} + p2 = 0) reduces to
p2—p1=0 = p=po (31)

Once equation (31) is satisfied an exact solution to equation (26) is
given by

u= e_fpldT/efpldeT (32)

Using the transformation equations u = FF = u = —Ae P and
dT = Gdt [1, 2] where G is given by equation (23) and writing p; in
terms of ¢ gives the solution of equation (16) as

p, — = _%% (ln <_bAeprlaodt/erP1aodtdt>> (33)

for constants A, B. Otherwise other methods requiring a prior solution
may be used to solve equation (26).
For the class in equation (17)

a=0
g=0 (34)
v=0

our linearized equation becomes

u'=0 (35)

4.1 Examples

1. Consider the equation

=221 (36)



Clearly this falls into the first class in equation (16) as b = 1 and
ag # 0. Here ag = 1,a7 = 0,a9 = —1. This reduces equation (26) to
the form

" 1

u —?u:O (37)

the general solution which is given by
U= cle(_%)T + cze(%)T (38)

Now from the transformation equations u = FF = u = —Ae™ P
and dT = Gdt = dT = —Bdt = T = —Bt (where we keep
ignoring the constant in F' since it will vanish for all differentiations).

Then
t —t
(N, (_ae tae
p= ln( A>_ ln( 1 >

t (39)

I — clet — Cche
p=r= cret 4 coet
for A and B # 0. It can be easily verified that equation (39) is a
solution to the differential equation (36).

2. Consider another differential equation
/ 2 1
=z 4+ 7 (40)

We see that this is an equation of the class in equation (17). We
have now shown that for all equations in the class in equation (17) the
linearized form is the form in equation (35) whose solution is given by

u=cT (41)

for some constant ¢. Again from the transformatioln equations u =
F = u=-AePand dT = Gdt = dT = el %t — dT =
Btdt = T = %tg (where we again ignore the constant in F'). Then

p=—In (—%) =—In <—;§t2>

, 2

(42)

Again the above equation can easily be verified to be a solution to the
differential equation (40).

For the class in equation (17) we can write explicitly the solution
as



43 or (43)

for some arbitrary constant A. We neglect the constants since they
will cancel out upon differentiation.

5 Conclusion

We conclude that in general the Ricatti’s equation is not solvable
using the Sundman transformation. Only particular classes of such
equations can be linearized (equations (16) and (17)) for which exact
solutions can be directly extracted.
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