On Chromaticity of Ladder-Type Graphs
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Abstract. We give general formulas of the chromatic polynomial of some
interesting families of ladder-type graphs, and conclude that, except
two, neither two of them are chromatically equivalent. Moreover, some
of them are not chromatically unique.
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1. Introduction

The chromatic polynomial was introduced by G. D. Birkhoff in 1912 as a
function that counts the number of graph colorings for planar graphs to
solve the four color problem [1]. In 1932 H. Whitney generalized it from the
planar graphs to arbitrary graphs [7]. The chromatic polynomial, because of
its theoretical and applied importance, has generated a large body of work.
Chia [4] provides an extensive bibliography on the chromatic polynomial, and
Dong, Koh, and Teo [6] give a comprehensive treatment.

The following two operations are essential to understand the chromatic
polynomial definition for a graph G. These are: edge deletion denoted by
G' = G — e, and edge contraction G" = G/e.

e ‘Q e, A e]@ e
G G-e, Gle,

The deletion/contraction operations
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Definition 1.1. The chromatic polynomial is a function P from the set of all
graphs to the set Z[)\], a ring of polynomials, such that

0 if there is a loop in G
P(G)y=<¢ N if G consists of only n isolated vertices
P(G—¢)— P(G/e) otherwise
Two graphs are chromatically equivalent if they have the same chromatic
polynomial; a graph G is chromatically unique if P(G) = P(G’) implies
GG

For a positive integer A, a A-coloring of a graph G is a mapping of V(G)
into the set {1,2,3,..., A} of X colors. Thus, there are exactly A\ colorings
for a graph on n vertices. If ¢ is a A-coloring such that ¢(u) # ¢(v) for all
wv € E, then ¢ is called a proper (or admissible) coloring. The chromatic
number of a graph G, denoted by (@), is the smallest number of colors
needed to color the vertices of G so that no two adjacent vertices share the
same color.

Remark 1.2. Every evaluation of chromatic polynomial at some number A
actually gives the A-coloring of the graph.

Since we are interested mainly in ladder-type graphs, we define them
here. First, the two closely related definitions:

Definition 1.3. A ladder graph L, is the Cartesian product of path graphs
Dn and D2

Ln = Pn X P2
We define a ladder-type graph a ladder graph with addition of some edges
and vertices, in some pattern, keeping the main structure of L,, intact.

The ladder-type graphs we are concerned with are:

L?’Ll L’ng

L?’Lg L’IL4

Ly, an
. 4 AL

LTL7 L’ng

The subscripts n, n1, na, n3, ng, ns, Ng, N7, and , ng in these graphs respec-
tively represent number of ‘unit’ boxes of types

74 AN D74 4 B N AN B B e 74
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The following is the chromatic polynomial of the ladder graph L,,, which
already exists in the literature.
Proposition 1.4. The chromatic polynomial of the graph L., is
P(L,) = MAXA—=1)(A*=3Xx+3)".
First we give the chromatic polynomials of four ‘basic’ ladder-type graphs:

Theorem 1.5. The chromatic polynomials of Ly, , Ly,, Ln,, and Ly, are
P(Ly,) = AX = 1)(A — 2)%m

P(Lp,) = AA = 1)(A = 2)"2,

. P(Lyy) = AXA = 1)(A3 =502 + 10X — 7)"2, and

. P(Lyp,) = AMA =1 (A —2)™ (X —3)™.

Then we have the proposition:

po TP

Proposition 1.6. The chromatic polynomials of Ly, Lyp,, Ly, and Ly, are

a. P(Ln;) = A\ —1)(A —2)2"5(\% — 3\ + 3)"s,

b. P(L,. ) = AX—1)(A—2)>0 (A2 = 3X + 3)"s,

c. P(L, )=XX—=1)(A* =3X+3)"7(X* =5 2+ 10X — 7)™, and
d. P(L, ) = AA—1)(A—2)" (A= 3)"5(A\? — 3A+3)"s.

Besides the above graphs, the following are special types of ladder-types
graphs. These are actually obtained by appending the ladder graph L,, to the
graphs Ly, Ly,, Ln,, and L,,.

Ln1,’l’L

Ln2,n

Lng,’l’b

Ln4,n
We shall give the chromatic polynomials of these graphs as a corollary
of the general result:

Theorem 1.7. If a graph G is obtained by appending L,, to a graph G1 such
that they share nothing except just one edge, then

P(G) = (A\* =3\ +3)"P(G)).

Corollary 1.8.  a. P(Ly, n) = AA—1)(A = 2)?" [A\2 = 3X+ 3]".
b. P(Lnyn) = A —1)(A —2)2 [A2 — 3x 4 3]".
¢ P(Lnyn) =AA—1)(A> =52+ 10X — 7)"2 [A2 — 31 + 3] ".
d. P(Lp,n) =AA—1)(A—2)" (X —3)" [X2 —3) + 3]".
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If L,, is sandwiched between a ladder-type graph L,,,1 <1 < 4, then
then we shall denote the resultant ladder-type graph by Ly, n n,. The chro-
matic polynomials of the following graphs are given in a lemma:

Lnl,mnl

Ln27n,n2

Ln31n7n3

Ln47n,n4

Lemma 1.9. a. P(Ly, nn,) = (A —2)2"2P(Ly, ).
b' P( n2,n, 77«2) ( )4n2P(Ln27n)'
¢ P(Lngnng) = A2 —=5X+ 10\ —T7)"3P(Ly,n).
d. P(Lpgnmy) =A—=2)"(A—=3)™P(Lp,n).

The more general ladder-type graphs appear when L,, is sandwiched £ times
inLp,,1 < i< 4. We denote these graphs by Ly, .nny,....n1.m.m15 Lo nina,..oonaninas
Lygnms,....nsnmng, A Ly, nong o ngnong, and present their chromatic polyno-
mials in the theorem:

Theorem 1.10.  a. P(Ly, iy mynm) = MA—=1)(A—=2)2EF0n1 (X2 3\
3)kn.
b. P(Lnyming. o monms) = A — 1)(A — 2)2F+1m2 (X2 33 4 3)kn,
¢ P(Lugnng. msnms) = AA—=1) (A2 =5A410A—7)FHDn3(\2 3\ 4 3)kn,
de P(Loynng. o manms) = A — 1)(A —2)F+Dna(y - g)(kHna(32 33 4
3)kn,

The chromatic equivalence and chromatic uniqueness of these graphs
are reflected in the theorem:

Theorem 1.11.  a. Neither two of Ly, Ly, , Ly,, and Ly, are chromatically
equivalent.
b. L,, and L,, are chromatically equivalent if n1 = 2nga, but are not chro-
matically unique.
¢ Ln,nyLngn, and Ly, » are not chromatically unique.

2. Proofs

This section contains the proofs of the results we got.

Proof of Theorem 1.5(c). We proceed by induction on ng. For ng = 1, we get

P([ZI) — P(Z) - P(B) — P(V:) - P(V) - P(V) + PO =
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o2+ PO - POO) — (r - 2) (p(V) - p(]>)) +
PO )-P(O) =1 -2) (P(V n)—P(V)—P(V)—i—P(D)) +(A-
DPCO) = (A =2)((r - el 4 pd) - PEO)) + (A = 1)(P(—) -
P(O)):(/\—2)((/\—2){P(I n)—P(I)}+P(:)—P(,))+(>\—1)<P(n )
PE)) = (= 2)((A = 2)( - ned)+ o2 - N) O =102 =2) = (A -
2)(P(V y-rd -l )+ P(D)) + (=P = (-2
9l )+ () - P(O)) + (A = (P(—) = PIO) = (1 = 2)(

aipd - rly+ro - PO)+(=D(PC 9=P() = (-2 (A~
2><A—1>P<1>+<A2—A>)+<A—1><A2—A> - <A—2>(<A—2><A—1>{P<:> P()}+

()\2—)\))+)\()\—1)2 - ()\—2)(()\—2)()\—1)()\2—)\)+()\2—)\)) FAN—1)2 =
A =1)(A2 = 5AZ + 10X — 7).

(A —

(A —

Now with the assumption that the result holds for an arbitrary ns, we have

) = L AA, - oA AL AT AL
_pIZIZ[ 7 el AA A7 el AA A7

+pIZIZ[ ) oyl A p A D
plAA o)~ 0y [ZIZ[ el A VT

P([ZE[:IZ[)“)—P [ZE[,IZD):(/\—Q(P([ZE[:Z]/
AT, ZAT e A 7Dy -
[ZIZ[ZD /\2(/\2 [ZE[IZI/+P[ZE[1ZD)

+(A—1)(P([ZE[IZI)—P([ZE[@<>))
(A-2)((A-2) 2{P[ZE[7E] \op ZIZPZHPEIZ[:[ZI)_
ZIZ[W (A - 1)P EIZ[[ZI )\—2()\—2)()\—
ZIZ[ A, +PEIZ[ [ZI) — +(A - 1P (ZIZ[,IZI) -
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((A 2)(\2 —3\+3)+ ) [ZIZ[ Z (A3 —3A2 4 30— 2\ 46—

6+A—1)P(Ly,) = ()\3 —5X24+ 100 —7) ()\()\ —1)(A3 = 5X\2 + 10\ — 7)"3) =
A = 1)(A3 = 5A2 4+ 10\ — 7)netL
as was required.

Proofs of the parts (a), (b), and (d) are similar. O

Proof of Proposition 1.6. Here we give only the proof of part (d); other parts
cab be proved similarly.

We again prove it by induction on ng. For ng = 1 we have

pM]>:pM:)_p(KI>):p(17\l °)_p(17\l )_p(KH
pJZD) - (A—2)P(K)+P(E)—P(@Q) - (A—2){P(m -
P(M)}—FP(M) = (A—2)(A-1)P(M)+P(m) = (A2—3A+3)P(E) =

AA=1)(A=2)(A—3)(A\2 =31 +3)

Now with the assumption that the result holds for an arbitrary ng, we have

WO KK,

B 7 ) 2 2 2 W 2
LKA, KT KA
KL KA p KL KK,
:(A_g)P(m:M)+P(IZI:[:MD
el R, W IR,
LEIR0,

:(A—Z)(P([le: 5)_p(lZ[j:))
HMI:)

TR 2 R Z D ZC P B Z DX )
((A 2)(\ — 2+1) IZ[j -

—3)\+3)P [le — 3A+3)(P(IZ[[:IZIJZ)—
p(mm)) — (A2 _3A+3>(p(@jilZDX)
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0 2 N O B O DY
:_MH(EDJEI> B EN
GO, p D,
—P([leilZ’:I\_\ +P [le]Zl:ﬁ))

= (A2 —3A+3)(A—3)P IZ[[ lZ’j\_\
= (2 =37+ 3)(A - 3)(P( IZ[j IZEL lZ[j:lZ’:D))

= (A2 —3A+3)(A— 3)( (lZ[j, )
TR, AT o0
:()\2—3/\+3)()\—3)(A—2)P(m:) (A2=3A+3)(A—3)

(A—
2)(A(A — 1A —2)"5 (A = 3)" (A2 — 33X + 3)%) = AA —1)(A—2)m=F1(A
3)msH(A2 — 3\ 4 3t

(I

Proof of Theorem 1.7. We proceed by induction on n:
For n =1, we get

Y SRR LY NEREY LS

s I— D = (A-2)P( - I—)+P(~Gl I)—P( Gl"<>)=
(A—2)[P( GII ) -
(A2 = 3X+1)P(Gy).

Suppose the result holds for n = k, that is

p° L] D) — (22 =32+1)"P(Gy).

Now for n =k + 1, we have

o T _ e 00 O,

° : p oIS
pooll Ll _pee D L1 ool [
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o D,
»aL1 7O,
po D:(A_

) 11(A2 =30+ 1)"P(Gy) = ( 3)\+1) 'P(Gy),

o[ [y o 00 O,
SO O, 0 Oy,
EIEI: .

as was required. O

Proof of Lemma 1.9. We give only proof of part (b), which is the most diffi-
cult; other parts have similar proofs.

Instead of the long ladder

we shall use a short form as

ny n n,

n, | n

When a single unit ( ) of Ly, is appended to , we get
P(Lypna) = P40 ) .
=P )P )= Pl )
-~ Y (A ) P75

= —2pe L] )= (-2 [Pel] )

- pELT )| = (-2 [pet I (S S

n2

)

} (A—2)2P( ﬂﬂ {p()—

PR )]

n, | n n, [ n n, | n
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— (O =2PPEL T =2 pe L ) - P L))
O R e R R T R ]
— (A —2tpE i),

Now suppose the result holds when the appended ladder (L,,) has k units,
that is

P(Lpy i) = P20 " )= (2Pl ),
If the appended ladder has k + 1 units, then we receive
P(Lyynpi1) = Pl )

=P )

i : j:)

=Pl )

—PEL T )

el N NI L el st
=(A—2)P(EL] )

= (-2 [pe ] )

- )

= (-2 [Pt )

- P : )— P )
W YO N AN

= (A —22P(E 2l )

= (-2 [Pt )
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- PR )

= (A2 P2t o—PL2L]

—pl J+PL )

= (A —2)PE T )

= (-2 [Pl )P )
= (-2 [Pl )P

- )+ P : )

= (A —2)' Pt )

= (A =2 (A -2)"P(

_ ()\ _ 2)4(k+1)P(

N2

N2

);

which is the desired result.

) (Inductive step!)

O

Proof of Theorem 1.10. In each case, apply recursively Lemma 1.9 and The-
orem 1.5 k times and then use P(Ly,). O

Proof of Theorem 1.11.
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