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Abstract: In this paper, we present and describe a new version of the Minimum Cost
Flow Problem (MCFP). This version is a Fuzzy Minimum Cost Fuzzy Flow Problem
with Fuzzy Time-Windows and Fuzzy Interval Bounds (FMCFFPFTWFIB). The
FMCFFPFTWFIB is a combinatorial optimization and an NP-hard problem. The
FMCFFPFTWEFIB of fuzzy interval data can be using two a fuzzy minimum cost fuzzy
flow of a fuzzy time-windows problems with a fuzzy crisp data. In this paper, the idea of
Ghiyasvand was extended a fuzzy minimum cost fuzzy flow of a fuzzy time-windows
problem with fuzzy interval-valued lower, upper bounds and fuzzy flows. Also, this work
is extended to the network with fuzzy lower, upper bounds and fuzzy flows. An

application example network is given.
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1. Introduction

Consider a fuzzy directed network G = (V, A, Uy lviv]., tvivj) where V is a set of n

vertices and A is a set of n arcs. We associate with each arc (vi, v]-) eEV,i+j;i,j=

1, ..., n the fuzzy upper bound i, that denotes the maximum amount that can the fuzzy
flow on the arc and a fuzzy lower bound Z,,i,,]_ that denotes the minimum amount that must
fuzzy flow on the arc. Each arc has a non-negative fuzzy transit time f,,l.,,j,vm, v, EV.
Each vertex v; € V, has a fuzzy time-windows [d,,, by, |, within which the vertex may be
served, i.e., &y, € [dy, by,] Ty, € T, is @ non-negative fuzzy service and leaving for that

vertex. To define the Minimum Cost Flow Time-Windows Problem (MCFTWP), we
distinguish two special vertices in the network, namely a source vertex s and a sink
vertex T with fuzzy time- windows [ag, bs] and [a,, b;] respectively, see, (Diamond [14],
El-Sherbeny [16], EI-Sherbeny [17], EI-Sherbeny [18], and Tuyttens, Teghem and EI-
Sherbeny [24]). The problem is to find a minimum cost flow with time-windows from the
source vertex s to the sink vertex t that satisfy the lower, upper bounds and balance
constraints at all vertices. The decision variables in the minimum cost flow time-windows
problem are the arc flows, f,,l.,,j on an arc (Ui» vj) €V, see, (Hanss [20], Moore [21],
Nguyen [22], and Nguyen [23]).

There are several approaches to solve the Minimum Flow Problem (MFP). For
decreasing path algorithms by Ciupala and Ciurea [4], Ciupala and Ciurea [5] and
Ciupala and Ciurea [7], pre-flow algorithms by Ciupala [3], Ciurea [10], Ciupala and
Ciurea [6], and Ciupala and Ciurea [8]. For minimax which consists of finding a
maximum flow from the sink vertex to the source vertex in the residual network by Bang-
jenson and Gutin [1], and Ciupala and Ciurea [5], using dynamic tree implementations by
Ciupala and Ciurea [9]. Also, Ciurea, Georgescu and Marinescu [13], solved the
minimum flow problem for bipartite networks. Ciurea and Deaconu [11], and Ciurea and
Deaconu [12], solved the inverse minimum flow problem.

In Ghiyasvand [19], a new method to solve the minimum cost flow problem with
interval data is presented. First, it solves a minimum cost flow problem with lower

bounds, flows, and costs, second it, shows a minimum cost flow problem with upper



bounds, flows, and costs. Then, the method combines these two solutions to form an
interval solution. Ghiyasvand [19], also proved that is the interval solution is optimal for
the minimum cost flow problem with interval bounds, flows, and costs. Here, we extend
their idea to present and describe the minimum cost flow time-windows problem with
interval bounds and flows. We show that the minimum cost flow time-windows problem
can be using two minimum flow time-windows problems with crisp data.

The reminder of this paper consists of five sections including Introduction.
Section 2 presents the basic concepts of a time-windows and fuzzy time-windows. In
section 3, we presented, described the mathematical model of FMCFFPFTWFIB and
presented the relationship between the minimum fuzzy cost fuzzy flow of fuzzy time-
windows problems with fuzzy interval data and crisp data. In section 4, we presented a
fuzzy minimum cost fuzzy flow of fuzzy time-windows problem with fuzzy data
according with Zadeh's extension principle and given an application network instance.

Finally, the conclusion is given in Section 5.

2. Basic Concepts and Definitions

Consider a fuzzy directed network G = (V, A Ty, lviv]., tvivj), where V is a set of n

vertices, A is a set of n arcs with a non-negative fuzzy transit time fvivj,vm, v,EV,i#]
;i,j =1, ...,n. For each vertex v; € V a fuzzy time-windows [dvi,Bvi] within which the
vertex may be served with £, € [ii,,l., Evi], E,,i,,j € T, is a non-negative fuzzy service and
fuzzy leaving time of the v; € V. A source vertex s, a sink vertex 7 with fuzzy time-
windows [ds, b| and [d,, b, ] respectively. We also associate with each arc (v;,v;) €
V,i#j;i,j =1,..,nafuzzy upper bound Uy, that denotes the fuzzy maximum amount
that can a fuzzy flow on the arc and a fuzzy lower bound Zvivj that denotes the minimum

fuzzy amount that must a fuzzy flow on the arc. The decision variables in the minimum
fuzzy cost fuzzy flow of a fuzzy time-windows problem are the arc fuzzy flows and we
represent the fuzzy flow on the arc (vi, vj) eV by f;ivj. A Fuzzy Minimum Cost Fuzzy
Flow Problem with Fuzzy Time-Windows and Fuzzy Interval Bounds (FMCFFPFTWIB)

can be state formally as follows:



minv

U, Vi =S
subject to: Z{vj:(vi,vj)e 4 fvivj — Z{v,-:(vj,ui)}e " ﬁ’j”i = {—ﬁ, v; = r} Q)
0,vv; €V —{s,1}

Low, < fow, < Ty, V(v v;) €A (2)
By + B, < B, V(030)) € Ay By, € Ty, € [, By oy € |00, By | (3)
The FMCFFPFTWIB is one of the network with fuzzy flow that computes the

fuzzy minimum cost fuzzy flow with fuzzy time-windows and fuzzy interval bounds

between two given vertices, called source and sink vertices.

Definition 2.1 A time-windows constraint is defined by, for each vertex, (v;,v;) € A
then, a time-windows [a,,, b,,] and [a,,j, b,,j] respectively. Each arc (v;,v;) €A has a
non-negative transit time ¢, ; i # j; i,j = 1,...,n where t,, € [ay, by];t,, € [a,,j,bvj
to,ty, €T € R*, see Figure 1.

U; tZiVj o Uj

[avi' bvi] [an’ bvj

Figure 1: A vertex service time-windows constraints of each arc.

Let I denote the class of non-empty compact fuzzy intervals [@ 9?] on[0,). Ifx =% =
d, identity the fuzzy interval with a fuzzy real number a.
Definition 2.2 Let [%;,x,] and [22372] be two compact fuzzy intervals, then
[Z0%]+ (2 2] = [+ 22,30 + 2] @
[21:511[22"%2] = [min(&,%;, X, X5, ¥1 %5, X1 X,), max (&, X5, %1 %,, X1 X5, ¥1X2)](5)
[%1, %] < [%,, %] if % < %5 %, < X, (6)
The fuzzy infimum and supremum of [%,, %, | and [%,, %,], respectively, are defined by:
(£, %1]A[22, %] = [min{,, Z,}, min{Z,, %,}] (7)
[%1, %, | v[%,, %,] = [max{%,, %,}, max{X;, %,]}] (8)
If [%1, %], .., [£0, X, € 1, then the fuzzy infimum A;[%;, X;], fuzzy supremum v;[%;, X;]
are well-defined and

Z{i;i=1,...,n}[Zi' J~Ei]:[z:{i;i=1,...,n} %o Dii=1,.,my Xi] 9)



=  Fuzzy Time-Windows (EI-Sherbeny, [15])
Let X = R™ be a non-empty set, A € X. The fuzzy set A = {(x, p5(x)): x € X} is the set

of ordered pairs where uz: X — [0,1] is the membership function of the fuzzy set A. The
fuzzy constraint is a fuzzy set A = (ty,t,, t5, t,) with flexible time-windows where
(t, ty) is the interval of non-zero satisfaction level and (t,, t3) is the interval of non-zero
satisfaction level equal to 1 see, Figure 2.

The first step is to ask the expert to give a range for travel time between two
places along with the most likely time; For example, the time T to travel from point 4 to
point B is between t; and t;, but must possibly it is t,. This sort of knowledge lets us

construct 3-point fuzzy travel times see Figure 3.

45 (%) 5 (%)
1 1
> > time
0t X 0 Lttt
Figure 2: 4-Points representation of fuzzy interval Figure 3: Fuzzy travel time

Similarly obtain a fuzzy time-windows. Every vertex v; € V is assigned by the
expert to one of two predetermined groups; a classical fuzzy time-windows and fuzzy
time-windows of a normal vertex. In an extreme case, fuzzy time-windows are tighter
than the classical counterpart see, Figure 4 and 5. The shown characteristics of fuzzy

time-windows are suggested to the shipper who can modify them.

4z (X) = (X)

1 1

0 » time 0

Figure 4: Classical fuzzy time-windows Figure 5:Fuzzy time-windows of a normal vertex



3. A Fuzzy Minimum Cost Fuzzy Flow Problem with Fuzzy Time-Windows and
Fuzzy Interval Bounds (FMCFFPFTWFIB)

We describe the mathematical model of FMCFFPFTWFIB and presented the relationship

between the fuzzy minimum cost fuzzy flow of a fuzzy time-windows problems with

fuzzy interval data and crisp data. Consider a directed fuzzy network G =
(V A Ty, L, vy E,,l,, ) where V is a set of n vertices, A is a set of n arcs such that the
fuzzy time-windows, fuzzy lower bound, fuzzy upper bound, and fuzzy flow of each arc
are known to fall within specific ranges expressed as compact fuzzy intervals w, 1,4 and

f respectively. Thus, for each arc (v, v;) € 4, we have

W € Wy, = [Lg(vi, v;), Tiw (Vi )], (10)
Lyw; € l:vivj = [Ii(vi, v;), 71(vi, v))], (11)
Uy, € Uy, = [la(vi v)), Fa(vi,v))], (12)
fow; € Fow, = p(vevy), 77 (v, v))] (13)

Where, I (v, v;), 7w (v, v;), li(vi v)), 71(vi, v;), Ta(vi, ), P (v v)), lf(vl, v;) and
?f(vl-, vj) are non-negative fuzzy values. A minimum fuzzy cost fuzzy flow problem

with fuzzy time-windows with fuzzy compact interval-valued lower and upper bounds

and a fuzzy flow can be state as follows:

min|[ 7y, U;]
) ) [D7, U], vV;=S
SUbJECt to: Z{vj:(vi,vj)EA} fvivj - Z{Vj:(Vj,Vi)EA} fvjvi = [ﬁi v ] Vi =1 (14)
[0,0],Vv; €V —{s,7}
Logo; < fo; < o, ¥ (0, 7)) € A (15)
l_w (Ul', U]) < Mz/viv]' < 'LZI,W (Ul', Uj), V(vi, v]) €A (16)

tvl+tvvjs ]d <v-£

St
<~r|z
U‘Il

; E_v tyw; € T; v, # vV, v, €V (17)
We call this problem the fuzzy interval-minimum fuzzy cost fuzzy flow of fuzzy
time-windows problem. Let f* be an answer of this problem. For each arc (vi, v]-) € A.

we define any element of the interval ﬁ*ivj as an answer for the fuzzy interval-minimum



fuzzy cost fuzzy flow of a fuzzy time-windows problem. From definition 2.2 conditions
(14), (15), (16) and (17) can be written by the following:

X i) )ea} T (V0 V) Epy v ea) T (Vi v)] —

[513 ﬁf]l vi=S

[Z{”}':("}"”i)e“l} L (v, vi) ) Lppwympeny T (v vl = ) — [P0 Ur], vi=T1 (18)
[0,0], Vv; € V — {s, T}

Zf(vi, V]) < Zf('l]l', 'U]) < Zﬁ(vl’, 17]'), V(vi, v]) €A (19)

f'l”(vi, V]) < 'F'f('l]l', 'U]> < fﬁ(vl’, Uj),V(vi, v]) ceA (20)

Zw(vi,vj') < W(Ul', 'U]> < ﬁw(vi, v]’),V(vi, v]) €A (21)

ty, + Eviv,- < fvj; Ay, < Ty, < by Ty, f,,l.,,j eT;v; #v;Vv,v, €V (22)

There for, a fuzzy flow f is feasible for the fuzzy interval-minimum fuzzy cost

fuzzy flow of the fuzzy time-windows problem if it satisfies the conditions (19), (20),

(21), and (22). Thus, the fuzzy interval-minimum fuzzy cost fuzzy flow of the fuzzy
time-windows problem can be written by the following:

A[D5, U7 ]: f satisfies the conditions (18), (19), (20), (21) and (1) *)

We define the fuzzy I-minimum fuzzy cost fuzzy flow of the fuzzy time-windows

problem by the following:

minvy
subject to:
vy, vV, =S
Zio (v )ea) (V3 ) = By i (wmeny (v vi) = =0 vi=T, (23)
0,vVv; €V — {s.1}
(v, vj) < Zf(vi, v;) < Li(vi, ), Y(v, v)) € A (24)
ty, + fvl.v]. < fvj; ay, < ty, < l;vi; (. fvivj eT;v;, #+ v;; Vv, v €V (25)

We also define the #-minimum fuzzy cost fuzzy flow of the fuzzy time-windows problem
by the following:
minv;
subject to:
Uz, V=S

Lo (wiw)ea) (V) V) = Xio (v m)ea) T (V3 V)] = {—ﬁf' v = T} (26)
0,vv; €V —{s, 1}



Fi(vi,v;) < Fr(vivy) < Fa(vivy), V(v 1)) € A (27)

by, + Lo, S By @y, <Ly, < by,; Eyy tow, € T;v; # vV, v, €V (28)

The relationship among the fuzzy I-minimum fuzzy cost fuzzy flow of the fuzzy
time-windows problem and the fuzzy interval minimum fuzzy cost fuzzy flow of the
fuzzy time-windows problem is shown by the next theorem.
Theorem 3.1 Let I (resp, 7z) is an optimal fuzzy flow for the fuzzy I-minimum fuzzy
cost fuzzy flow of the fuzzy time-windows problem (resp, fuzzy #-minimum fuzzy cost
fuzzy flow of the fuzzy time-windows problem). Then f*:[iﬁ,Ff;] is an optimal fuzzy
flow for the fuzzy interval-minimum fuzzy cost fuzzy flow of the fuzzy time-windows
problem.
Proof: We first show that the fuzzy flow Zf{‘ is a feasible fuzzy flow for the fuzzy
interval-minimum fuzzy cost fuzzy flow of the fuzzy time-windows problem. By the
feasibility of Zf{‘ in the fuzzy I-minimum fuzzy cost fuzzy flow of the fuzzy time-
windows problem, we get

Z[(vi, vj) < Zf{‘ (vi,v]-) < Za(vi, vj),v(vi, V) EA (29)

Bio (v )eay 7 (Vo v) = o oweny I (03, v0) = 0,Yv, €V —{s,7}  (30)
By satisfying a fuzzy time-windows constraint, , + f,,ivj < fv].; ay, <t, <
by, t,) E,,i,,]_ € T;v; # v;; Vv, v; € V. In the same way, 7'z is a feasible fuzzy flow for
the fuzzy I-minimum fuzzy cost fuzzy flow of the fuzzy time-windows problem, so we
have:

?[(vi, vj) < g (vi,vj) < fﬁ(vi, vj), V(v,v) €A (3D

Livywev))ea) T (Vo V) = Lpy (v, )ea) T (V) v) = 0,V €V —{s,73 - (32)
also, by satisfying a fuzzy time-windows constraint. By (18), (30) and (32), f * satisfies in
(14) and by (19), (20), (21), (22) and (31), it satisfies in (17). Thus, f is a feasible fuzzy
flow for the fuzzy interval-minimum fuzzy cost fuzzy flow of the fuzzy time-windows
problem. The fuzzy flow #; (resp. ©3) is optimal for the fuzzy I-minimum fuzzy cost

fuzzy flow of the fuzzy time-windows problem (resp. the fuzzy #-minimum fuzzy cost

fuzzy flow of the fuzzy time-windows problem), so by (*) and definition 2.1, we yield



that [ #;, ¥;] is an optimal fuzzy flow for the fuzzy interval-minimum fuzzy cost fuzzy
flow of the fuzzy time-windows problem.

There for, by theorem 3.1, for solving the fuzzy interval-minimum fuzzy cost
fuzzy flow of the fuzzy time-windows problem, it is enough that we solve the fuzzy I-
minimum fuzzy cost fuzzy flow of the fuzzy time-windows problems, which yields the
following theorem.
Theorem 3.2 The minimum fuzzy cost fuzzy flow of the fuzzy time-windows problem
with the fuzzy interval-valued fuzzy lower bound, fuzzy upper bounds and fuzzy flows is
solved using two fuzzy minimum cost fuzzy flow of the fuzzy time-windows problem

with the crisp data.

4. The Fuzzy Minimum Cost Fuzzy Flow of the Fuzzy Time-Windows Problem
According with Zadeh's Extension Principle
In this section, the minimum fuzzy cost fuzzy flow of the fuzzy time-windows problem
with fuzzy lower, upper bounds and fuzzy flows is solved using Theorem 3.2. Consider a

fuzzy directed network G = (V, Ay, Zvivj: E,,ivj), where V is a set of n vertices, A is a

set of n arcs such that the fuzzy time-windows, fuzzy lower bound, fuzzy upper bound,

and fuzzy flow of each arc are known to fall within specific ranges expressed as compact

fuzzy intervals w, Il and f, respectively. We call the minimum fuzzy cost fuzzy flow of
the fuzzy time-windows problem with fuzzy data as the minimum fuzzy cost fuzzy flow
of the fuzzy time-windows problem. As it was mentioned in the above of the application
of the minimum fuzzy flow problem, the fuzzy interval representation of the fuzzy f-
level allows extending classical interval arithmetic to the case of fuzzy numbers. Interval
arithmetic can be directly applied to every S-level to obtain the resulting fuzzy set. For

each B €[0,1] and each arc (v;, v;) € A, we define the [-level sets corresponding to

w, 1@ and f as follows:
Fow)? = fow,(B) = Ui (009, B) . fr (v, )). B)1 (33)
[0, 1P = T, (B) = [ (v, ), B) s (v, %), B)] (34)
Lo 1P = Lo, (B) = 1l (v %), B), T+ (vi, ), B)1 (35)



[Wv 17] = vj(,g) Wl ((Ui, vj))ﬁ)JWf ((viij)rﬁ)] (36)
The minimum fuzzy cost fuzzy flow of the fuzzy time-windows problem with

compact fuzzy interval-valued lower, upper bounds, and fuzzy flows given by the

following:
min[51(B), ()]
subject to:
[Z{vj:(vi'vj)EA} Zf(( Vi, v]') ’ E))’ Z{vj:(vi,v]-)eA} Ff(( Vi, Vj), E))] -
[Z{”J {(vjvi)ea} lf((vf’ ' E ), Z{Vj:(vjﬂ?i)EA} Fr((v), v), )] =
[5:(B), 5B, wi
~[#:(B). v (ﬁ)] v = (37)
[0,0], Vv, €V —{s.7}
Ti ((Ui, Uj)'ﬁ) < Tf ((Ui; Uj), E) < Ty ((vi, v]-), E) , V(vi, vj) €A (38)
ZZ ((vi;vj)'ﬁ) < Zf ((Ul’, Uj), 5) S ( Vi, vj), E), V(vi, Vj) (=3 (39)
v”vz'((vi, Uj)'ﬁ) < Wy ((vi,vj), E) < Wy ((vi, v;), B),v(vi,vj) €A (40)

We call the fuzzy interval-valued fuzzy time-windows network with data (38),

(39), (40) and (41) as the B-fuzzy interval minimum fuzzy flow of fuzzy time-windows

network. The interval fuzzy flow [f]ﬁ is feasible in the (G,B) network if it satisfies in

(37), (38), (39) and (40). There for f is a feasible fuzzy flow for the fuzzy-minimum flow

of the fuzzy time-windows problem if, at each S-level, [f]ff is a feasible fuzzy flow in
the B-interval minimum fuzzy flow of the fuzzy time-windows problem. At each 3-level,

we define the B-interval minimum fuzzy flow of the fuzzy time-windows problem
min[5y(B), 7- (5]
subject to: f (-, B) satisfies in (44), (45), (46) and (47).
Hence, for each f € [0,1], a fuzzy interval-valued of minimum fuzzy flow
f* ((vi, vj),ﬁ) = [l ((vi,vj), ,[?),ff* ((vi, vj),ﬁ)], for each arc (v;,v;) € 4, is found
by solving the B-interval minimum fuzzy flow of the fuzzy time-windows problem. By

Theorem 3.2, I ((vi,vj), ,[?)'s and 7 ((vi, vj),,[?)'s are computed using [ — § —interval



and #— g —interval minimum fuzzy cost fuzzy flow of the fuzzy time-windows
problems defined by the following:
e The [ — § —interval minimum fuzzy cost fuzzy flow of the fuzzy time-windows
problem:
min®(B)

subject to:

i = - B ﬁi(ﬁ), Vi =S
Z{vj:(vi,vj)EA} lf((vi; Vj); p) — Z{vj:(v]-,vi)EA} lf(( Vj, v;),p) = _ﬁi(ﬁ), v =1 (41)
0,vv; €V —{s,7}
I ((vi' vf)'g) <ly ((Vi: Vj):[?) <l ((Vz, v]-),ﬁ) V(v v;) € A (42)
Wy ((vi, vj);[?) < Wy ((vi, v;), [?) < Wy ((vi, vj),ﬁ) V(v,v) €A  (43)

e The # — f — interval minimum fuzzy cost fuzzy flow of the fuzzy time-windows

problem:
min@x(B)

subject to:

B B ﬁf(ﬁ)' UV =S
Z{vj:(vi,vj)EA} -F‘f(( vl" Uj), :B) - Z{vj:(vj,vi)EA} ff(( vj' vi)' :B) = _ﬁf (,8); vi =T (44)
0,Vv; €V —{s, 1}
'F'[ ((Ui' U]),E) < Nf ((Ul', Uj), E) < ~ﬁ ((Ul', Uj), B) ) V(Ui, 17]) eA (45)
Wl” ((Ul', U]),ﬁ) < Wf ((UL', Uj), E) < Wﬁ ((UL', Uj), B) ,V(Ui, 17]) EA (46)
Since the representation of the § —levels are used instead of the fuzzy numbers,
by Zadeh's extension, the result is accorded with Zadeh's extension principle. In general,
any function of k fuzzy intervals F(4,, 4,,..., A,) of k fuzzy intervals 4,, 4,, ..., A; can
be extended to fuzzy by defining [F(4,, 4,,.., 4)1F = F([4; ]B, [4, ]ﬁ, o [ Ay ]B).
However, unless F preserves inclusion, to get a fuzzy number as the result, we

must modify the definition so that the level set 8 is a subset of 8 > f’. There for we

define by Bondia, Sala and Sainz [2]:

(F(Ay Ay, TP =000 F(A 1P 1421 [ D) (47)



For 8 € [0,1] and its (G, B) problem, consider the fuzzy interval-valued minimum
fuzzy cost fuzzy flow of the fuzzy time-windows f* ((vi,vj), ﬁ) =
Us ((vi, vj),ﬁ),ff* ((vi, vj),ﬁ)], for each arc (v,v)€ed Let z'(f)=
Z(vi.vj)EAE((vi'vj)' E) ];_* ((vi'vj)J E)

(i)

Application Instance network:

The representation example of a fuzzy network with fuzzy time-widows,
fuzzy bounds and fuzzy flows, for a given f:

& ((wov).B). B, (s Vj)»ﬁ)]

S l
O—»O

Y< ?

ivj

[il ((vi,vj),,[?),fl ((vi, vj),ﬁ)] [Zu ((vi, vj),ﬁ),fu ((vi,vj),ﬁ)]

Figure 6: A network with fuzzy time-windows, fuzzy bounds and fuzzy flows

(i) The representation example of a fuzzy network corresponding to the [ —

fuzzy interval minimum fuzzy cost fuzzy flow of the fuzzy time-windows
problem:

[dil ((vi, vj),ﬁ) , Eiu ((vi, vj), ﬁ)]
S—prn—

[0 ((v09). 8) L (w00, B)]

Figure 7: A network of [ — 8 fuzzy interval minimum fuzzy cost fuzzy flow of the
fuzzy time-windows problem

ivj

\ A

(iii)  The representation example a fuzzy network corresponding #—f fuzzy
interval minimum fuzzy cost fuzzy flow of the fuzzy time-windows problem:

lai, ((v69;),8). By, ((vervy). B)] )
S s S,

] T
> ]O-"—PO

[fl ((vi, vj),ﬁ) Ty ((Vi; v;), B)]




Figure 8: A fuzzy network of the # — 8 fuzzy interval minimum fuzzy cost fuzzy

flow of the fuzzy time-windows problem

5. Conclusion

In this paper, we present and described a new version of the Minimum Cost Flow
Problem (MCFP), a new version is a FMCFFPFTWIB. Ghiyasvand [19], presented the
method to solve the minimum cost flow problem with interval date, which solves the
problem using two minimum cost flow problems with crisp data. This paper extended the
method of Ghiyasvand [19], by using the two-minimum fuzzy cost fuzzy flow of the
fuzzy time-windows problems with crisp data. Also, this method is extended to the
minimum fuzzy cost fuzzy flow problem with fuzzy time-windows, fuzzy lower, fuzzy

upper bounds and fuzzy flow. An application example of the fuzzy network is given.
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