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Abstract. In this paper, we introduce some special Smarandache curves according to Bishop
frame in Euclidean 3-space E*. Also, we study Frenet-Serret invariants of a special case in E*.

And we give an example to illustrate these curves.
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1 Introduction

In the theory of curves in the Euclidean and Minkowski spaces, one of the interesting
problems is the characterization of a regular curve. In the solution of the problem, the curvature
functions x and 7 of a regular curve have an effective role. It is known that the shape and size
of a regular curve can be determined by using its curvatures £ and 7 [7, 8, 9]. For instance,
Bertrand curves and Mannheim curves arise from this relationship. Another example is the
Smarandache curves. They are the objects of Smarandache geometry, that is, a geometry which
has at least one Smarandachely denied axiom [1]. The axiom is said to be Smarandachely denied
if it behaves in at least two different ways within the same space. Smarandache geometries are

connected with the theory of relativity and the parallel universes.
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By definition, if the position vector of a curve 3 is composed by the Frenet frame’s vectors
of another curve a, then the curve § is called a Smarandache curve [10]. Special Smarandache
curves in the Euclidean and Minkowski spaces are studied by some authors [6, 11]. For instance,
the special Smarandache curves according to Darboux frame in E* are characterized in [5].

In this work, we study special Smarandache curves according to Bishop frame in the Eu-
clidean space. We hope these results will be helpful to mathematicians who are specialized on

mathematical modeling.

2 Preliminaries

The Euclidean 3-space E? provided with the standard flat metric given by
(,) = dx? + da3 + dx3,

where (21, 79, ¥3) is a rectangular coordinate system of E®. Recall that, the norm of an arbitrary
vector v € E* is given by |lv|| = 1/|[(v,v)]. a is called an unit speed curve if velocity vector o’
of satisfies ||o/|| = 1. For vectors u,v € E? it is said to be orthogonal if and only if (u,v) = 0.
Let a = a(s) be a regular curve in E®. If the tangent vector field of this curve forms a constant
angle with a constant vector field U, then this curve is called a general helix or an inclined

curve. The sphere of radius » > 0 and with center in the origin in the space E? is defined by

Sz = {p = (plap27p3) € E3 : <p7p> = 7"2}.

Denote by {T', N, B} the moving Frenet-Serret frame along the curve « in the space E*. For an
arbitrary curve o € E3, with first and second curvature, x and 7 respectively, the Frenet-Serret

formulas is given by [7, 9].
T'(s) 0 k0 T(s)
Ns)|=1|-x 071 N(s) |- (1)
B'(s) 0 —70 B(s)

where (T,T) = (N,N) = (B,B) = 1, (T,N) = (T, B) = (N, B) = 0

invariants in this way: T(s) = &/(s), k(s) = ||[T"(s)||, N(s) = T"(s)/k(s), B(s) = T(s) x N(s)
and 7(s) = (N(s), B'(s).

V2

Vo)

. Then, we write Frenet



The Bishop frame or parallel transport frame is an alternative approach to defining a moving
frame that is well defined even when the curve has vanishing second derivative. One can express
Bishop of an orthonormal frame along a curve simply by parallel transporting each component
of the frame [2]. The tangent vector and any convenient arbitrary basis for the remainder of

the frame are used (for details, see [3]). The Bishop frame is expressed as [2, 4].

T'(s) 0 ki(s) ka(s) T(s)
Ni(s) | =] =ki(s) 0 0 Ni(s) | - (2)
Nj(s) —kao(s) O 0 Ny(s)

Here, we shall call the set {7, N1, N»} as Bishop trihedra and k1 (s) and ks(s) as Bishop curva-

tures. The relation matrix may be expressed as

T(s) 1 0 0 T(s)
Ni(s) | = | 0 cosf(s) —sinf(s) N(s) |, (3)
No(s) 0 sinf(s) cosf(s) B(s)

where
(

0(s) = arctan (Zl) ki #0

(s) = -2 (@)

| w(s) = VRHS) + ()

Here, Bishop curvatures are defined by

k1(s) = k(s) cosb(s)

ka(s) = k(s)sinf(s)

(5)

Let o« = a(s) be a regular non-null curve parametrized by arc-length in Euclidean 3-space
E? with its Bishop frame {T', N1, No}. Then T'Ny, TNy, N1 Ny and T'N; No-Smarandache curve

of o are defined, respectively as follows [10

Ik
£ =) = (T + Mals
¢ = %(T + Na(s
¢ = %(N1 +N23>
¢ = %(T )+ Nis) + Na(s) )



3 Special Smarandache curves according to Bishop frame
in E

Definition 3.1. A regular curve in Euclidean space-time, whose position vector is composed

by Frenet frame vectors on another regular curve, is called a Smarandache curve.

In the light of the above definition, we adapt it to regular curves according to Bishop frame

in the Euclidean space as follows:

Definition 3.2. Let o = a(s) be a unit speed regular curve in E* and {7, Ny, Ny} be its
moving Bishop frame. T'N;-Smarandache curves are defined by
1
= s*:—Ts—l—Ns). 6
£=¢(s) = 5(T() + M(s) (6)

Let us investigate Frenet-Serret invariants of 7'N;-Smarandache curves according to a =

a(s). By differentiating Eqn. (6) with respected to s and using Eqn. (2), we get

d¢ ds* 1
oS (T4 kN N)
§ ds* ds \/5( kaT + k1 N1+ ka N2 ), (7)
hence
—kT N- N
T, - 3 +/€12 14—2762 2 (8)
V2ki + k3
where

ds*  [2k2+ K3
s N T ©)

In order to determine the first curvature and the principal normal of the curve £, we formalize

Te ds* . ds* T N N.
Té:dfds :ngizﬁ + (2 1+§3 2 (10)
ds* ds ds (Qk% + k%) P
where )
G = [k (k1 K] + kokdy) — (2% + k3) (K} + k? + K3)],
Co = [(2KF + K3) (k1 — ki) — ko (2kak] + Koks)], (11)
|G = [(2KF + K3) (k) — k) — k(2K K + Kak)].
Then, we have
e
T = e (GT + GN+ Gy, (12)



So, the first curvature and the principal normal vector field are respectively given by

V2VE+E+E (13)

(2k2 + k2)

ke = ||Tell =

and
_ G T 4 Ny + 3Ny

VE+G+G

Ne (14)

On other hand, we express
T Ni N,

1
Te X Ne = — | —ks ki kK 15
3 3 nq 1 k1 Ra (15)
G G G
where p = \/2k? + k3 and g = \/(? + (G + (3. So, the binormal vector is

Be = piq{ [lﬁCs — k2<2}T + [1{51C3 + kZCl}Nl + Ky [Q + @] Nz}. (16)

In order to calculate the torsion of the curve £, we differentiate Eqn. (7) with respected to s,

we have
¢ — %{ — (K 4 K2+ ik + )T + [k, — K2 Ny + [k — kle]NQ}. (17)
and thus
e T + 1/2\]/\;1 + 15 Ns (18)
where )
v = — k] + k[ (3k1 + ko) + K5(k1 + k) — k1 (k3 + k3)],
vy = kI — ky (k2 + 3K, + kiks), (19)
| s = kY — Kok — ka(K7 + 2K + kako).

The torsion is then given by:

\/5[(143% — K (kv + kovy) + ki (B — kika) (1 4 va) + (KT 4 k) + Eiko) (kv — k/‘z’/z)}
(kiky — Kiko)? + [kakh + ko (K] + kﬁlkﬁg)}Q + k3(2k3 + kiko)?

Te =
(20)
Corollary 3.1. Let o = a(s) be a curve lying fully in E* with the moving frame {7, N, B}.

If the torsion 7 = 0, then the Bishop curvatures becomes constant and the T'N;-Smarandache

curve is a circular helix.



Definition 3.3. Let a = a(s) be a unit speed regular curve in E* and {7, Ny, N,} be its

moving Bishop frame. T'Ny-Smarandache curves are defined by

. 1
§=¢(5") = 75 (T5) + Nals)). (21)

Remark 3.1. The Frenet-Serret invariants of T'Ny-Smarandache curves can be easily obtained

by the apparatus of the regular curve a = «(s).

Definition 3.4. Let a = a(s) be a unit speed regular curve in E* and {7, N;, N>} be its

moving Bishop frame. N; Ny-Smarandache curves are defined by

i} 1
€= 60 = 5 (Mil) + Mo(s)). (22)

Remark 3.2. The Frenet-Serret invariants of Ny No-Smarandache curves can be easily obtained

by the apparatus of the regular curve a = «(s).

Definition 3.5. Let a = a(s) be a unit speed regular curve in E* and {T, Ny, N,} be its

moving Bishop frame. T'N; No-Smarandache curves are defined by
1
:s*:—Ts+Ns+Ns). 23
£=6(57) = = (T() + Nals) + Nals) (23)

Remark 3.3. The Frenet-Serret invariants of T'N; No-Smarandache curves can be easily ob-

tained by the apparatus of the regular curve a = a(s).

Example 3.1. Let a(s) = \%( — cos s, —sin s, s) be a curve parametrized by arc length. Then

it is easy to show that T'(s) = \/Li(sins,—coss, 1), K = \% # 0,7 = —\/Lﬁ # 0 and 0(s) =

1
V2

ka(s) = \%Sin (\/ii) From Eqn. (1), we get Ni(s) = /k‘l(s)T(s)ds, No(s) = /k’g(S)T(S)dS,

the we have

\/_
Ni(s) = (4(?2\/_2) cos ((1 + \/§)S> -

s + ¢, ¢ = constant. Here, we can take ¢ = 0. From Eqn. (4), we get ki(s) = \/Li cos (—),

cos ((1 — \/§)s>,
V2o V2 s
4(1_—2\/5) sin ((1 - \/5)3), 72 sin <—>>

sin ((1 = \/5)5),

V2
4(1 —V/?2)

V2 oo
4(?2\/_2) sin <(1 - \/5)3) -

V2o V2
Ny(s) = (m sin <(1 + \/5)5) — m

V2 /2 V2 (s
ZL(TQ\@) cos ((1 + \/§)S> + 4(1_—2\/—% cos ((1 - \/5)3), 72 cos <ﬁ>)

In terms of definitions, we obtain special Smarandache curves, see Figures 2 - 5.



Figure 2: T'N;-Smarandache curve.



Figure 3: T'Ny-Smarandache curve.
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Figure 4: Ny N,-Smarandache curve.
4 Conclusion

Consider a curve @ = «(s) parametrized by arc length in Euclidean 3-space E? that the
curvea(s) is sufficiently smooth so that the Bishop frame adapted to it is defined. In this
paper, we study the problem of constructing Frenet-Serret invariants {T¢, N¢, B, k¢, ¢ } from a
given some special curve € according to Bishop frame in Euclidean 3-space E* that posses this
curve as Smarandache curve. We list an example to illustrate the discussed curves. Finally,
we hope these results will be helpful to mathematicians who are specialized on mathematical

modeling.



Figure 5: T'N; No-Smarandache curve.
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