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ABSTRACT. Charles[1] proved the convergence of Picard-type iterative
for generalized ®—accretive non-self maps in a real uniformly smooth
Banach space. Based on the theorems of the zeros of strongly ®—accretive
and fixed points of strongly ®—hemi-contractive we extend the results
to Mann-type iterative and Mann iteration process with errors.
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1. INTRODUCTION

In[2|, we can see a Mann-type iteration method for a family of hemi-
contractive mappings in Hilbert spaces; In[3], we can see a Halpern-Mann
type Iteration for fixed point problems of a relatively nonexpansive mapping
and a system of equilibrium problems; In[4], we can see that convergence of
Mann’s type iteration method for generalized asymptotically nonexpansive
mappings; In[5], we can see that some Mann-type implicit iteration methods
for triple hierarchical variational inequalities, systems variational inequalities
and fixed point problems; In[6], we can see a Mann-type iteration method
for solving the split common fixed point problem; In[7], we can see that
Mann and Ishikawa-type iterative schemes for approximating fixed points of
multi-valued non-self mappings.

In 2009, Charles|[1] proved the convergence of Picard-type iterative for
generalized ®—accretive non-self maps in a real uniformly smooth Banach
space. In this paper, we will consider to extend the result of Charles|1] to
Mann-type iterative and Mann iteration process with errors.

In 1995, Liu[8| introduced what he called the Mann iteration process with
erTors.

In 1998, Xu|9] introduced the following alternative definitions:

Let K be a nonempty convex subset of £ and T': K — K be any map.
For any given , the process defined by

Tptl = AT + bnTxn + Cplp, N2 07

where {u,} is bounded sequences in K and the real sequences {a,} , {b,} ,
{en} C [0, 1]satisfy the conditions

ap +b,+c, =1, Yn>0.
1
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It called the Mann iteration process with errors.
However, the most general Mann-type iterative scheme now studied is the
following: xp € K,

Tnt1 =1 —cp)zp +cyTrp, n=0,1, 2, .. (1.1)

where {c, },—; C (0,1) is a real sequence satisfying appropriate conditions
(see, e.g., Chidume[10], Edelstein and O’Brian|11], Ishikawa[12]). Under
oo

the following additional assumptions (i) lime, = 0; and (ii) ) ¢, = o0,
n=0

the sequence {z,} generated by (1.1) is generally referred to as the Mann
sequence in the light of Mann[13].

2. PRELIMINARIES

Definition 2.1. [1] Let (E, p) be a metric space. A mapping T : E — E is
called a contraction if there exists k € [0,1) such that p(Tx,Ty) < kp(x,y)
forallz,y € E. If k =1, then T is called nonexpansive.

Definition 2.2. [1] Given a gauge function ¢ , the mapping J, : E — 2F”
defined by

Joz :=A{u" € E*: (z,u") = [lz]| [ull; [Ju*] = @ ([l«[)}
is called the duality map with gauge function ¢ where X is any normed space.

In the particular case ¢ (t) = t, the duality map J = J, is called the
normalized duality map.

Proposition 2.3. [1/] If a Banach space E has a uniformly Gateaux differ-
entiable norm, then J : E — E* is uniformly continuous on bounded subsets
of E from the strong topology of to the weak*topology of E*.

Definition 2.4. [15/ A mapping T : E — E is called strongly pseudo-
contractive if for all z,y € E , the following inequality holds:

e =yl <A +7) (@ —y) —rt(Tz = Ty)| (2.1)

for all r > 0 and some t > 1. Ift = 1 in inequality (2.1), then T is called
pseudo-contractive. As we know that T is strongly pseudo-contractive if and

only if

(I =Ty — (I~ T)y.j (& — ) > Kz — | (22)
holds for all x,y € E and for some j(z—y) € J(x—y) , where k =
$(t—1)€(0,1).

Definition 2.5. [1] Recall that an operator T : D (T) C E — E is strongly
accretive if there exists some k > 0 such that for each x,y € D (T) , there
exists j (x —y) € J (x —y) such that

(Tw =Ty, j(x—y)) > kllz —y|*. (2.3)
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Proposition 2.6. [1] A mapping T : E — E is strongly pseudo-contractive if
and only if (I — T) is strongly accretive, and is strongly p— pseudo-contractive
if and only if (I — T) is strongly p—accretive. Then T is generalized ®—pseudo-
contractive if and only if (I —T) is generalized ®—accretive.

Definition 2.7. [1] Let E be an arbitrary real normed linear space. A map-
ping T : D(T) C E — FE is called strongly hemi-contractive if F (T) # 0,
and there exists t > 1 such that for all r > 0,

e — 2% <[[(1+7) (z —2") —rt (Tz — 27)| (2.4)

holds for all x € D(T), z* € F(T). Ift = 1, then T is called hemi-
contractive. Finally, T is called generalized ®—hemi-contractive, if for all
x € D(T), x* € F(T), there exists j (x — z*) € J (x — z*) such that

(I-T)x—(I-T)z"j(x—2a")) = ® (|l —z"). (2.5)

It follows from inequality (2.5) that is T generalized ®—hemi-contractive if
and only if

(Te —a*,j (x — ")) < |lz —a*|* = @ (J]z —2*]) , Vn 2> 0. (2.6)

Definition 2.8. [1] Let N(T) = {x € E:Tx =0} # 0. The mapping
T : D(T) C E — E is called generalized ®—quasi-accretive if, for all
x € E, z* € N(T), there exists j (x — x*) € J (x — z*) such that

(Ta - Ta,j (¢ - a")) > @ (|l — 2"]). (2.7)

Proposition 2.9. [1] If F(T) = {x € E:Tax =z} # 0,the mapping T :
E — FE is strongly hemi-contractive if and only if (I —T) is strongly quasi-
accretive; it is strongly p—hemi-contractive if and only if (I — T') is strongly
p—quasi-accretive; and T is generalized ®—hemi-contractive if and only if
(I —T) is generalized ®— quasi-accretive.

Proposition 2.10. [1] Let E be a uniformly smooth real Banach space, and
let J: E — 2" be a normalized duality mapping. Then

lz +yl* < [le]® +2(y, J (z +y))
forallz,y € E.

Proposition 2.11. [1] Let {\,} and {v,} be sequences of nonnegative num-

bers and {a,} be a sequence of positive numbers satisfying the conditions
o0

> oy =00 and 1= — 0, as n — oco. Let the recursive inequality
n=1 "

)\n—‘rl S )‘TL - O‘nw (An) ‘f"Ymn = 17 27

be given where 1 : [0,00) — [0,00) is strictly increasing continuous function
such that it is positive on (0,00) and 1 (0) = 0. Then A\, — 0, as n — oo.
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3. MAIN RESULTS

In this section, we will consider to extend the result of Charles|1] to Mann-
type iterative and Mann iteration process with errors under the following
assumptions. First, we extend the result of Charles|[1] to Mann-type iterative.

Theorem 3.1. Suppose K is a closed conver subset of a real uniformly
smooth Banach space E. Suppose T : K — K is a bounded generalized
®—hemi-contractive map with strictly increasing continuous function @ :
[0,00) — [0,00) such that ®(0) = 0 and z* € F(T) # (0. For arbitrary
x1 € K, define the sequence {x,} iteratively by

Tnt1 = (L —cp)xn + cyTaxp,n=0,1,2,.. (3.1)

where {cp} C (0,1), lime, =0 and Y ¢,, = 0o. Then, there exists a constant
do > 0 such that if 0 < ¢, < do, {xn} converges strongly to the unique fized
point x* of T.

Proof. Let r be sufficiently large such that z; € B, (2*). Define G :=
B, (z*)N K. Then, since T is bounded we have that (I — T (G) is bounded.
Let M = sup{||({ = T)xy| : z, € G}. As j is uniformly continuous on
bounded subsets of E, for ¢ := @2]\3 , there exists a § > 0 such that z,y €
D(T) , ||z — y|| < & implies ||j (z) — j (y)|| < &. Set dy = min {1, 357, ﬁ}

Claim1: {z,} is bounded.

Suffices to show that x,, is in G for all n > 1. The proof is by induction.
By our assumption, 1 € G. Suppose x, € G. We prove that z,11 € G.
Assume for contradiction that x, 1 ¢ G. Then, since x, 11 € K Vn > 1, we
have that ||x,+1 — 2*|] > r. Thus we have the following estimates:

[Znt1 — 2| < llan —en (I = T) zn — 27|
< lon — 2% + en[|[(I = T) an|
<r+dy-M
<2r,

[zn — 2" = [|[2n1 — 27| = cn |( = T) 2u|
>r—cp- M
r
> 5,

[(#n1 —2%) = (zn — 27) | < n [[(I = T) 2o

<cn- M
0

<=-<$

_2< )

therefore,

17 (Zng1 —2%) = j (zn —27)[| <e.
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Then from (3.1), the above estimates and Proposition 2.10 we have that
|Znt1 — 2*|° = |20 — o (I = T) 2y — 2*|?
< wn — 2| = 2¢0 (I = T) ny j (0, — 2*))
=20, (I = T)xn,j (xpy1 — ") — j (2 — %))
< Jlan — 2| = 20® (|l2n — 7))
+ 2¢5 (I = T) zpl |7 (Tnt1 — %) = j (20 — 27)]]
< llow —a*|* = 264® (3 ) +2¢0- M -2

:
o (5)

2 _q)(g)

< 7'2 + 2d0

<7"2

ie.,||xnt1 —x*|| < r, a contradiction. Therefore z,41 € G. Thus by induc-
tion {zy} is bounded. Then, {T'z,} ,{(I —T)x,} are also bounded.
Claim2: z, — x*.
Let Ap, = ||7 (xnt1 — %) — j (zn — 2¥)|| , Note that zp41 — z,, — 0 as
n — oo and hence by the uniform continuity of j on bounded subsets of E
we have that

A, — 0asn— co.
We obtain that
41 = 2||* < [len — 2*|* = 2¢,® (|2 — 2*|))
+ 20 [(I = T) zal 17 (zns1 — %) — j (20 — 27) ||
<N = 2| + 265 [Zn = @ (2 — 2*)]
< lzn — 2% = 20® ([l2n — 2*[|) + 2602

where Z,, = MA,, — 0 as n — oo.

Let A, := ||z,, — 2*| and v, = 2¢,Z,, , then from inequality (3.2) we obtain
that A\pt1 < A\ — 2¢,P (\y,) + v, where Z—Z — 0 as n — oo. Therefore, the
conclusion of the theorem follows from Proposition 2.11. ([

(3.2)

The following corollary follow trivially,since definition 2.5.

Corollary 3.2. Suppose E is a real uniformly smooth Banach space, and
T : E — FE is a bounded generalized ®—accretive map with strictly increasing
continuous function ® : [0,00) — [0,00) such that ® (0) = 0 and the solution
x* of the equation Tx = 0 exists. For arbitrary x1 € E, define the sequence
{zn} iteratively by
Tnt1 = (1 —cp)xn —cyTap,n=0,1,2,..

where {cp} C (0,1), lime, =0 and Y ¢,, = 0o. Then, there exists a constant
do > 0 such that if 0 < ¢, < do, {xn} converges strongly to the unique
solution of Tx = 0.
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Now, we consider to generalize to a more general case, we extend the result
of Charles|1| to Mann iteration process with errors as follows.

Theorem 3.3. Suppose K is a closed conver subset of a real uniformly
smooth Banach space E. Suppose T : K — K is a bounded generalized
®—hemi-contractive map with strictly increasing continuous function @ :
[0,00) — [0,00) such that ®(0) = 0 and z* € F(T) # (. For arbitrary
x1 € K, define the sequence {z,} iteratively by

Tnt1 = ¥y + by Txy + cpug,n =0,1,2, ... (3.3)
where {uy} is bounded sequence in K and {an} , {bn} , {cn} are sequences
in [0,1] satisfying the following conditions:

(1) an+bp+cp=1,Yn>0;
o0

)

(1) > by = 00;
)
)

Then, there exists a constant dy > 0 such that if 0 < by, ,¢n, < do, {xn}
converges strongly to the unique fized point z* of T.

Proof. Let r be sufficiently large such that x; € B, (z*). Define G :=
B, (z*)N K. Then, since T is bounded we have that (I — T') (G) is bounded.
Let M = max {sup ||(I = T) x| , sup||xn — un| : » € G}. As j is uni-
formly continuous on bounded subsets of E, for ¢ := q)4 JEI , there exists a
d > 0 such that z,y € D(T) ,||lx —y|| < dimplies ||j (z) —j (y)|| < €. Set

Claim1:{z,} is bounded.

Suffices to show that x,, is in G for all n > 1. The proof is by induction.
By our assumption, 1 € G. Suppose x, € G. We prove that z,.1 € G.
Assume for contradiction that x, 1 ¢ G. Then, since x, 1 € K Vn > 1, we
have that ||x,+1 — 2*|| > r. Equation (3.3) becomes

Tp41 = Tn — by (I - T) In — Cn (.Tn - un) : (34)

Thus we have the following estimates:
st — 2| < lon — 2| + bo (1 = T) aall + e o — unl
<2r,

[z — 2| 2 [|#nt1 — 2% = b [(L = T) 2| — cn l|zn — uall
>T—d0 (M+M)
r

> o
2
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[(#n1 = 2%) = (20— 27) | < bn [[(I = T) @l + cn [J2n — unl|
< 2doyM

)
<,
_2<<5,

therefore,

17 (@nyr —2%) = j (wn —a")l| < e
Then from (3.4), the above estimates and Proposition 2.10 we have that

|Zn+1 — x*H2 = |zn = bn (I =T)zn — cp (Tn, — up) — x*HQ

< lzn — x*”Q —2¢p (Tp — Un, J (Tnt1 — 27))
=20y (I = T) n, j (Tnt1 — 27))

<l — @*|* + 265 (@n = un, j (@ns1 — 27))
+2b, (I = T)xp, j (Xpy1 — ) — j (2 — 7))
=20, (I = T) &, j (xy — "))

< fn — 272 = 200® (Jn — 7]
4 20, 1 = T) all 1 (21 — 57) = (0 — )|
+ 2¢n [0 — un| |01 — 27|

<2 42, [M-a—@(%) —|—2M7~}

®(3) s (%)

<r’+2d
< 7r° 4 2ay 5 5

< r?

ie,||znt1 —2*|| < r, a contradiction. Therefore x,1; € G. Thus by
induction {z,} is bounded. Then, {Tz,} ,{({ — T)x,} are also bounded.

Claim2:x,, — x*.

Let Ay, = ||7 (xpt1 — %) — j (zn — 2¥)|| , Note that z,41 — x,, — 0 as
n — oo and hence by the uniform continuity of j on bounded subsets of
we have that

A, — 0asn — co.
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We obtain that
[t = 22 < o — &1 + 260 [T = Tl 1 (@1 — 2%) — j (20 — )]
—2bp, @ ([|zy, — 27[]) + 2¢n |20 — unl| ([ 2041 — 27|

< am — ¥ + 20, M - Ay, — 20,® (|| zn — 2*||) + 26, M - 2r
C
< n — 2¥||* 4 2by, | M - A, + Qb—nMr — @ (||lzn — 2*]))
n

< Nt = 2*|* + 260 [Zn — @ (Jan — 2*|)]

<y — 2| = 20, ® (|20 — %) + 2602y,
(3.5)

where Z,, = MA,, + 25—ZM7” — 0 asn— oc.

Let A, := ||z, — 2*| and y,, = 2b,Z,, , then from inequality (3.5) we obtain
that Apy1 < Ay — 26, @ (N\) + V0 , Where i — 0asn — oo. Therefore, the
conclusion of the theorem follows from Proposition 2.11. O

The following corollary follow trivially,since definition 2.5.

Corollary 3.4. Suppose E is a real uniformly smooth Banach space, and
T: FE — E is a bounded generalized ®— accretive map with strictly increasing
continuous function ® : [0,00) — [0,00) such that ® (0) = 0 and the solution
x* of the equation Tx = 0 exists. For arbitrary x1 € E, define the sequence
{z,} iteratively by
Tptl = anZn — bpnTxy + cpun,n > 0,
where {u,} is bounded sequence in K and {an} , {bn} , {cn} are sequences
in [0, 1] satisfying
(i) an+by,+c,=1,Yn>0;
o0

(i) 3 bn = oo;

o0
(iii) > b2 <00, ¢ =o0(by) ;
n=0
o0
(iv) > cp < 0.
n=0
Then, there exists a constant dy > 0 such that if 0 < by, , ¢, < dp, {zp}
converges strongly to the unique solution of Tx = 0.

This work is supported by Applied Basic Research Foundation of Sichuan
Province of China(Grant No. 2018JY0169).
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