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Abstract

In this paper, we propose a multivariate least squares estimation procedure to estimate Global
Vector Autoregressive (GVAR) models and show that it leads to consistent and asymptotically
normal estimates of the parameters. We also provide computationally simple conditions that
guarantee that the GVAR model is stable.
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1. Introduction

The GVAR model combines VAR models for several countries. The different VAR models for
each country are linked by inclusion of a foreign variable which is constructed as a weighted
average of endogeneous variables in other countries. The estimation strategy follows the
suggestion of Pesaran, Schuermann and Weiner (2002), hereafter PSW, who estimated the model
on a country by country basis ignoring the endogeneity of the foreign variable. The approach in
this paper will be based on the argument that as the number of countries in the sample gets

smaller (N—0), the foreign variable becomes strongly endogeneous. More so, the conditions for



‘weak exogeneity’ as assumed in PSW (2002) might not be satisfied in many empirical settings,
e.g. when using trade weights and there remain important trading partners even as the number of
countries in the sample increases. Furthermore, in many situations, the asymptotic guidance

should be derived keeping the number of countries fixed (N fixed, T—o).

As a result, it is of interest to be able to estimate the model consistently taking the endogeneity of
the foreign variables into account. We provide a relatively simple multivariate least squares
estimation procedure and show that it is consistent and asymptotically normal. In the next section
we present the model and discuss the conditions under which the GVAR model is stable. Section
3 then outlines the estimation procedure and provides the asymptotic results. Finally, section 4

offers conclusions. Proofs of the claims made in the paper are contained in the appendix.
2. Model
Formulation of each country VAR*Y model

In this model each country will be linked with the others by including foreign-specific variables.
Since all countries are modeled individually, then in each country VARY* model, country
specific variables are related to deterministic variables such as time trend (t) and a set of country

specific foreign variables. Each country will be modeled as a VARY™* model as shown below

Yie = Qio + At + PirVie—1 + o+ PipYie—p + AioY "y + Ay g+ AigyT

+ U ... 1
Where
t=1,..,T
i=1,..,N

Vit 1S a k; X 1 vector of country specific domestic variables
y*,. isthe k*; x 1 vector of foreign variables specific to country i
¢ip is a k; X k; matrix of coefficients associated to lagged domestic variables

Ao isa k; X k*; matrices of coefficients related to contemporaneous foreign variables



Ajjisak; X k*; matrices of coefficients related to the lagged foreign variables (j = 1, ..., q)
a;o is a k; x 1 vector of fixed intercepts
a;; is a k; x 1 vector of coefficients of the deterministic time trend

u; 1s a k; x 1 vector of country specific shocks assumed to be serially uncorrelated with a zero

mean and a non-singular covariance matrix. Specifically u;;~(0, >,)
The domestic variables and foreign variables are grouped as
Zip = (yl-t,y*it R,
Each country model in (i) is then written as
Aplip =ap+apt +ApZipq + -+ AnZip + Uir won .. 3
where it is assumed that p = g for ease of computation.
In equation (3)
Ao = L, —Ajg) oo - 4
Ap = (fl’i1'/1i1)
Ay = ((fip,Aip) e e

And the A;,, coefficient matrices are all of size k; X (k; + k*;). Equation 3 can be treated like a

VAR (p) model by multiplying throughout by 4;, ~?.
The GVAR model

To examine the endogeneity of the foreign variable y;;, we need to solve the entire (global)

model. Stacking over the countries model can be written as

Where

yeis Nk x 1



ayis Nk x 1

a,is Nk x 1

@, ...®, is Nk X Nk

Ve-1 - Yi-p IS Nk X 1

Ag, Ay, ., Ay is Nk X Nk

The solution of the stacked model is obtained as

ye = (ey — Agw) ™Mo + art + P1ypoq + -+ Dy + Awye—g + -+ AWy +u;) .7

Provided the innovations u, are independent in the time dimension, the endogeneity of the

regressors wy, follows from
E(wyuy) = wlyy — AgW)LE (upuy) .. oo. .. ...8

Pesaran et al. (2002) assume that the weight matrices w;; are diagonal with

wij = diag(wl-lj, ,Wl’j) and that Z?’zo(wi’}’)z - 0,as N > oo, for all i and m

However, this implies that asymptotically the foreign variables have no explanatory power in the
model. Asymptotic properties of such model should not be used as small sample guidance for our

estimators if we actually expect some degree of cross sectional dependence in our model.

The assumption 29’=O|w2}1| < ¢ < oo, for all i and m, where the constant ¢ does not depend on

the sample size N. This is clearly a weaker assumption but it turns out to be powerful enough to

allow us derive asymptotic properties of our model.
Assumptions

The general assumptions that are maintained/applied throughout this section are listed below.

The importance of such assumptions is also explained.

Assumption 1



The disturbances u;; are generated from

Us = Rey M¢

Where n; = (M1, -, Nne) is Nk X 1 with n;; being a k X 1 vector of innovations and

a)

b)

The innovations n,,;, are totally independent (w.r.t i, t and m indexes) and have
uniformly bounded absolute 4 + & moments for some § > 0
The sequence of Nk x Nk matrices R, y has uniformly bounded absolute row sums i.e.

denoting 7;; .y the ijt" element of R, y, it holds that

Nk
erij,t,Nl < kT < o
j=1

Where the constant k,- does not depend on T or N.

This assumption allows for a general heterogeneity structure within a given time period.
However, it imposes the restriction that the disturbances at different time periods are
independent. Part (a) is a standard restriction required for deriving asymptotic results,
while part (b) guarantees that the amount of heterogeneity in the disturbances is

asymptotically limited as the number of countries in the sample increases.

Assumption 2

a)

b)

The sequence of the weight matrices w has uniformly bounded absolute row and column

sums i.e. denoting w;; o, the (g, m)-th element of w;;, it holds that
9’21 an=1|wij,qm| < k,, < oo Where the constant k,, does not depend on T or N and the
choice of indexes i and q. But can partially depend on other parameters of the model.

The sequences of matrices (I,,y — Aow) ™! and [IkN — Iy — Agw) 1 (@ +

_11—-1
Aw)™L L (qbp + pr) 1] are well defined (the inverses exist) and have uniformly
bounded absolute row and column sums.
The parameter space is uniformly bounded i.e. the matrices @4, ..., @y, A, ..., A, have

uniformly bounded absolute row sums and the vectors a, and a, have elements

uniformly bounded in absolute value.



Assumption 2 guarantees that the degree of international interactions in the data does not

explode as the sample size (number of countries) increases.

The existence of the inverses in the above assumption will be guaranteed by the following
assumptions that imposes stability of the process in both N and T dimensions (i.e.

assumptions 3 and 4)

Notation

Let A be any square n X n matrix with real entries. We denote its spectral radius as
p(A) = max{|A|: 1 is an eigen value of A}

Assumption 3

The spectral radius of Ayw is uniformly less than one i.e. p(Ayw ) < k < 1 where the

constant k does not depend on N or T
Assumption 4

The spectral radius of (@, + -+ + @, + A;w + -+ + A,w) and of (Iy — /10w)‘1(cb1 + @, +

Ayw + A,w) are uniformly less than one.

Assumption 5
The initial observations y, are drawn from y, = Ryu
Where

a) The innovations collected in the Nk x 1 vector u are totally independent of each other as
well as of innovations n; for t > 0 and the elements of u have uniformly bounded
absolute 4 + 6 moments for some § > 0

b) The sequence of Nk X Nk matrices R, has uniformly bounded absolute row sums i.e.

Y35 |7ij0] < ko < oo where the constant k, does not depend on N and T.



This assumption is about the initial starting values of the process and it will enable us
demonstrate that the observable process is a well-defined transformation of the underlying

innovations.
The following lemma will be useful in testing the stability of a GVAR model.
Lemma 1

Let A, B and C be square matrices with same dimensions and let ||A|| and || B|| be less than one

for some matrix norm. Then the matrix S = .;_, A™ CB™ is well defined and
vec(S) =[I — (B’ ® A)] tvec(C)
Furthermore, the finite sum S, = Y.f,_, A™ CB™ can be expressed as

St =S _At+ISBt+1

Stability conditions of the GVAR process

Inspecting the solution of the global model given in equation 7, it follows that to determine
whether the GVAR model is stable, it is not sufficient to examine the stability of the country-by-
country models separately, ignoring the endogeneity of y;; i.e. to examine the Eigen values

of @; and A;. Instead the stability of the global model is determined by the spectral radius of
Ly — AW) (D1 + -+ &, + Ayw + -+ Ayw) .9

Hence it does not suffice to impose stability of each country model (i.e. require that p(®) < 1).
Accounting for the autocorrelation in the foreign variable i.e. imposing that p(®; + - + @, +

Ayw + -+ + A,w) < 1) is also not sufficient.

Instead, the stability of the process also depends on the strength of the contemporaneous global
links in the models (i.e. on the parameters collected in A,) and it must be determined by the

spectral radius of the entire matrix



(hy — AgW) (D 4+ P, + Ay + -+ 4) ... 10

In general when both N and T are allowed to tend to infinity, the claim that this is sufficient is

not straight forward and is demonstrated in the following proposition.
Proposition 1

Under the assumptions 1-5, y, has well defined uniformly bounded 4 + § moments for some
& > 0. Furthermore, if a; = 0, then in the limitas T — oo, y; converges in quadratic means to a

random variable y., which has well defined finite absolute 4 + & moments for some § > 0 with

E(en) = [Iin — Uiy — Aqw) ™ H(®y + -+ By + Ay + -+ 4] Uiy — Agw) tag ... 11
If additionally, limy_,., E (usu;) = Q,, we have

vech[VC(Yo)] = {Iy2k2 — [Alley — Agw) ™ @ ALy — Agw) 1]} Dvech(Q,) ....12
Where

A= (Iyy — Agw) (@1 + -+ P, + Ayw + -+ + Ayw) ....13 and D is a duplication matrix
such that

vec(Q,) = Dvech(Q,)
Proposition 2

Assume that the maximum absolute row sums of W are less or equal to k,,, i.e. ||wl|l; < k.

Suppose that
11y + ke (1ol + -+ |4, ]|, ) < 1

Then the spectral radius of (Iy — Agw)™(®; + -+ + &, + A;w + -+ + A,w) is less than one.
3. Multivariate least squares estimation

The GVAR framework

We can build a simple version of our GVAR model from each country models represented by

equation 1 as follows.



We collect all the domestic variables of all the countries to create the global vector

Vit

yt = y:Zt ...14‘

YNt

Which is a k x 1 vector containing all endogeneous variables, where k = YN, k;. Following the

step that gives rise to equation 48 and the one above, we obtain the identity
Zit = let [T .15

Fori =1, ..., N,where w; is a country-specific link matrix of dimensions (k; + k;) X k
constructed on the basis of trade weights. This identity allows writing each country model in
terms of the global vector in 78. By substituting 79 in 48, we obtain

Aiwiyit = Qo + ailt + Bilwiyi_t_l + -+ Bipwiyi,t—p SRR I o)

The individual country models are then stacked, yielding the model for all the variables in the

global model y, to obtain

p
Gy, = ay +aqt+ Z Hiye j+Up e 17
j=1

Where

AqoWq Ay jwy a0 a1 Uy
G: : 'H]: : ’aO:< : >,a1:< : )lut:< : )
AnoWn Ay jwy ay,o an, a,¢
Pre-multiplying equation 17 by G ! yields an autoregressive representation of the GVAR (p)

model shown below

p
yt == bO + blt + Z F} yt—j + Et P TR 18

j=1
Where

Fi =G 'Hj,by = G 'ag,b; = G 'a; and g, = G,



Equation 18 can be treated like any other VAR equation of order p.
Equation 18 can be re-written as

Ve =V+Fy g+ 4By p+E .19
The estimator

It is assumed that a time series y;, ..., y of the y variables is available, that is, we have a sample
of size T for each of the k variables for the same sample period. In addition p pre-sample values
for each variable,y_, 4, ..., yo are assumed to be available. Partitioning a multiple time series in

sample and pre-sample values is convenient in order to define:-
Y = yll ...,yT ,(K X T)
B=(vA4y..,4,), K% (Kpx1)

1

Zo=| 7 | (kp+1x1)

Ve-p+1
Z=Zy s Zr_1),(Kp+ 1) XT
U=,y ttr), (KXT) roiee e ere 0020
y =vec (Y),KT x1
B =vec (B),((K?’p+K)x1)
b =vec(B"),((K*p+K)x1)
u=wvec (U),(KT x1)
Here vec is the column stacking operator as defined in appendix A5.
Using the notation for t = 1, ..., T, the GVAR (p) model in (19) can be written compactly as
Y=BZ+U........21

Or



vec (Y) = vec (BZ) + vec (U)
= (Z'QI)vec (B) + vec (U) ... ........22
Or

y=(Z'" QLB+ U cee e e .23

Note that the covariance matrix of u is

Zu= Ir @Zu e 24

where &) is the Kronecker product as defined in appendix Al.

The multivariate LS estimation (or GLS estimation) of f means to choose the estimator that

minimizes
SB) =w' QL) u =u'(rQ¥y ) u
=y - Z'RIIBIUrR LD [y — (Z'RIk)B]
= vec (Y — BZ)'(I;Q XY vec (Y — BZ)
= tr[(Y = BZ)' 332(Y = BZ)] v e 25
In order to find the minimum of this function we note that
SB) =y UrRLDy + B ZRINUrKQ XY (Z' RIS — 28" (ZRI) UIrR ¥z y
=y (I RYL DY +L CZZQRYNB =28 ZRLD Y e v v en - 26
Hence

62—(? =2(ZZ’QYNB = 2(ZRTiD Y v v v v e 27

Equating to zero gives the normal equations

(ZZ'QTNB = (ZREZDY v vve e e 28

This implies that



B=(2Z)"R%.) ZRTDY
= ((ZZ"7ZRIg)Y e eve e e 229

The Hessian of S(f)

2

0 -
5507 = 277 @Zu U 1\

is positive definite which confirms that f is indeed a minimizing vector. It has to be assumed

that ZZ' is non-singular for these results to hold.

The multivariate LS estimator £ obtained above is identical to the OLS estimator obtained by

minimizing
SB) =v'u=1[y—(Z'QILIBI'ly - (Z'RIx)P] ... 31

This result is due to Zellner (1962) who showed that GLS and LS estimation in a multiple

equation model are identical if the regressors in all equations are the same.
The LS estimator can also be written as
B =((Z2) ' ZQINI(Z' RIB +ul
=B+ ((ZZN) VZQL)U . cvv e v 32
Or
vec (B) = = ((Zz2'")"1ZRIx)vec (Y)
= vec(YZ'(ZZ"™") o ovs e e 33
Thus
B=vz'(zz"H)™*
=(BZ+U)Z'(zz")™t

=B+UZ'(ZZ"" ... .. 34



Another possibility to write the LS estimator is
b =vec(B') = (IxQR(ZZ') 1 Z)vec(Y') ..o cer cvs e .35

If we let b’,, be the k" row of B, that is, b, contains all the parameters of the k" equation.
Obviously b’ = (b'4, ..., b"}).

If we let yy = (Vi1 -, Yier)' be the time series available for the k" variable, so that

Y
vec(Y) =| .36
YK
then by, = (ZZ')~'Zy, is the OLS estimator of the model
Yy = Z’bk + Uy worvee e 37

where U = (ukl, ...,ukT) and B, = (Bll, ey B,k)'

Comparing equation (35) and equation (37), it is easy to see that the GLS estimator is equivalent

to OLS estimator of each of the K equations in model (19) separately.

3.4 Asymptotic properties of GLS estimators

Consistency and asymptotic normality are established if the following results hold:

= plim% vee e e .38 XISt and is non-singular and
d
%Z{ﬂ vec (UZ'c—1) = %vec 0z’ = %(Z@?Ix)u - NO,TRY,) asT - o.............39

d e
where — denotes convergence in distribution.

The theorem due to Mann and Wald (1943) shows that these results are true under suitable
conditions for u,, if y, is a stable GVAR (p). For instance, the conditions stated in the following

definition are sufficient.



Definition 1: standard white noise

A white noise process u; = (uy¢, .., Ug)' IS called standard white noise if the u, are continous
random vectors satisfying E(u;) = 0, >.,, = E(u,u';) is non-singular, u; and ug are independent

for s # t, and, for some finite constant c
E|uitujtuktumt| <cfori,jkkm=1,..,Kandallt.........40

Condition (40) means that all fourth moments exist and are bounded. It is obvious that if the u;

are normally distributed (Gaussian), then they satisfy the moment requirements.

With this definition it is easy to state conditions for consistency and asymptotic normality of the

LS estimator. The following lemma is important for proving the large sample results.
Lemma 2

If y; is a stable, K-dimensional GVAR (p) process in equation (19) with standard white noise
residuals u, then results (38) and (39) hold.

Proof
see theorem 8.2.3 of Fuller (1976, p340)

The Lemma holds also for other definitions of standard white noise. For example, the
convergence result in equation (39) follows from a CLT for martingale differences or martingale
differences arrays (See proposition D1) by noting that w; = vec(u;Z';_,) is a martingale
difference sequence under quite general conditions. The convergence result in (38) may then be

obtained from the weak Law of Large Numbers (see proposition B1).
We now formally state the asymptotic properties of the LS estimator.
Proposition 3: Asymptotic properties of the LS estimator

Let y; be a stable, K-dimensional GVAR (p) process as in (19) with standard white noise
residuals, B = YZ'(ZZ'")~! is the LS estimator of the GVAR coefficients B. Then

plimB=B........41



And
~ ~ d
VT(§ - B) = VT vec(B — B) > N(0, r—lcg)z ) oo A2
Or equivalently

VT (b — b) = VTvec(B' — B’) <N (O,Z ®F‘1) et A3

Where I' := plim%

3.5 Asymptotic properties of the white noise covariance estimators

In order to assess the asymptotic dispersion of the LS estimator, we need to know the matrices I’

and );,,. From (38) a consistent estimator for I is

r=2% 44
- T T EEs wEE wEE wEE owEw

Because Y, = E (usu';), a plausible estimator for the covariance matrix is

T
< 1 11 R o
Y= TZutut =700 =F(Y—BZ)(Y—BZ)
t=1
1
=zlv - YZ'(zz)Z|[Y - YZ' (22 'Z)

= %Y[IT —Z2'(22) 2Ny — 2 (221 Z)

1
= YU = Z'ZZ) DY e 45

An adjustment for degrees of freedom is desired because in a regression with fixed, non-

stochastic regressors this leads to an unbiased estimator of the covariance matrix. Thus

- T .

Zu T _ Kp _ 1Zu 6



may be considered.
Proposition 4. Asymptotic properties of the white noise covariance estimators

Let y; be a stable, K-dimensional GVAR (p) process as in (19) with standard white noise
innovations and let B be an estimator of the VAR coefficients B so that VT vec(B — B)
converges in distribution. Using the symbols from (20) suppose that

Su=(Y-B2)(Y-B2)'
P e . e

v e e .47 where c is a fixed constant. Then

—uv’
plim\T <Z“T> =0 48

Corollary 1

Under the conditions of proposition 4

- - uu’
plim),, = plim},, = plimT = z e e e 49
u
Proof

By proposition 3 it suffices to show that plimU—U’ = )., Which follows from proposition D3 (4)
T

because

E 1UU’ —1 N E ') = 50

And

T
1 1 T
Var (Tvec(UU’)> = F; Var[vec(uu'y)] < ﬁg -0asT > ...51

where g is the constant upper bound for Var[vec(u,u';)]. This bound exists because the fourth

moments of u, are bounded by definition 1. [



4. Conclusion

Although the endogeneity of the foreign variables is normally taken into account in the empirical
implementations of the GVAR models when constructing impulse responses, the researchers
have ignored it when estimating the model. This is common to other existing literature. In this
paper we have argued that GVAR models should be estimated by assuming the exogeneity of the
foreign variable. We have showed that a simple multivariate least squares estimation has
desirable asymptotic properties and that it is easily implementable. This paper also provides easy

to check stability conditions.

Appendix
A: Vectors and Matrices
Al) Eigen values and -vectors- characteristic values and vectors

The Eigen values or characteristic values or characteristic roots of an (m X m) square matrix A
are the roots of the polynomial in A given by det(4 — AI,,,) or det( AL,,, — A). The determinant is
sometimes called the characteristic polynomial of A. A number 4; is an eigen value of A if the
columns of (A — Al,,) are linearly dependent. Consequently there exists a (im x 1) vector

v; # 0 such that

(A - Ailm)vi =0or Avi = Aivi

A vector with this property is an eigen vector or characteristic vector of A associated with the

eigen value 4;.

Rule: All Eigen values of the (m x m) matrix A have modulus less than 1 if and only if

det(I,, — Az) has no roots in and on the complex unit circle.

A2) The Trace

The trace of a (m x m) square matrix A = (a;;) is the sum of its diagonal elements.
trA=aq4; +ay + -+ anum

A3) Definite matrices and Quadratic forms



Let A be a symmetric (m X m) matrix and x an (m x 1) vector. The function x'Ax is called the
quadratic form in x. The symmetric matrix A or the corresponding quadratic form is positive

definite if x'Ax > 0 for all m — vectyors x # 0.
Rule: A = (a;;) is positive definite if and only if its principle minors are positive.
A4) The Kronecker product

Let A = (a;;) and B = (b;;) be (m x n) and (p X q) matrices respectively. The (mp X nq)

matrix

a1 B ... au,B

A(X)B:[

amB ... am,B
is the Kronecker product or direct product of A and B.
Rules:-Assuming suitable dimensions for the matrices

1) ARB # BRA

2) (ARB) = A'RB'

3) AR(B + () = (ARB) + (AQC)

4) (AQB)(CRD) = ACKRBD

5) If A and B are invertible, then (ARB)™! = A"1RB™1

6) If A and B are square matrices with eigen values 14 and Az respectively and associated
eigen vectors v, and vy then 445 is an eigen value of AR B with eigen vector v, & vg

7) If Aand B are (m x m) and (n X n) square matrices respectively, then |AQB| =
|A"|B|™

8) If A and B are square matrices tr (AXB) = tr(A)tr(B)

A5) The vec and vech operators and related matrices
e the operators

Let A = (a4, ..., a,) be an (m X n) matrix with (m x 1) columns a;. The vec operator

transforms A into an (mn x 1) vector by stacking the columns, that is



vec (A) =

a;
an]
Rules:-let A, B and C be matrices with appropriate dimensions then

1) vec (A+ B) = vec(A) + vec(B)
2) vec(ABC) = (C'®A)vec(B)
3) vec (AB) = (IQA)vec(B) = (B'®I)vec(A)
4) vec(ABC) = (IRAB)vec (C) = (C'B'®RI)vec(A)
5) vec(B")vec(A) = tr(BA) = tr(AB) = vec(A")'vec(B)
6) tr(ABC) = vec(A")' (C'RNvec(B)

= vec(A")' (IRB)vec (C)

=vec (B")'(A'Q)vec(C)

= vec (B")'(IRC)vec (A)

=vec(C")' (B'QI)vec(A)

= vec(C")'(IRA)vec (B)

The vech operator stacks the elements on and below the main diagonal of a square matrix.

B: Stochastic convergence and asymptotic distributions
B1) Convergence in probability and in distribution

Let x;,xy, ... or {x7},T = 1,2, ... be a sequence of scalar random variables which are all defined
on a common probability space (Q, F, Pr). The sequence {x;} converges in probability to the
random variable x (which is also defined on (Q, F, Pr)) if for every € > 0

lim

T - oo Pr(lx; —x| >€) =0

Or equivalently



lim

T — oo Pr(lx; —x| <eg)=1

This type of stochastic convergence is abbreviated as

. P
plimxy =xorx; - x

The sequence {x} converges almost sure (a.s) or with probability one to the random variable x

if forevery e > 0

lim
T — oo

Pr( lxr —x| <e)=1

. . R a.s R .
This type of convergence is often written as x; — x and is sometimes called strong convergence.

Denoting the distribution functions of x; and x by F; and F respectively, the sequence {x;} is
said to converge in distribution or weakly or in law to x, if for all real numbers ¢ for which F is

continous

lim _

r o Fr(Q) = F(o)
da

This type of convergence is abbreviated as x — x.

These concepts of stochastic convergence can be extended to sequences of random vectors

(multivariate random variables)

Suppose {x; = (xy7, ..., xgr)'}L, T = 1,2, ... is a sequence of K-dimensional random vectors and

x = (xq, ..., xg)" is a K-dimensional random vector. Then

plimx; = x or xp Bxif plimx; = x, fork =1, ..., K

as d
Xt =X IkaT - Xk fork = 1,...,K

da
xr = x if limF(c) = F(c) for all continuity points of F.
In this case F and F are the joint distribution functions of x; and x respectively.

B2) Law of Large Numbers (LLN) and Central Limit Theorems (CLT)



Suppose {x;:},t = 1,2, ... is a sequence of zero mean random variables and let Q, be an
information set available at time ¢t which includes at least {x;, ..., x;} and possibly other random
variables. The sequence {x;} is said to be a martingale difference sequence with respect to the
sequence Q; if E(x;/Q;_,) =0forallt = 2,3, ...

It is simply referred to as a martingale difference sequence if E(x,) = 0 fort = 1,2, ... and
E(x;/x¢_1,..,x1) =0 fort =2,3,..

More generally, a sequence {x;} of K-dimensional vector random variables satisfying E(x;) = 0

forall t and E(x;/x;_4,...,x1) = 0 for t = 2,3, ... is a vector martingale difference sequence.
Proposition B1: law of large numbers (LLN)

1) LLN for martingale differences
Let {x,} be a strict stationary martingale difference sequence with E|x;| < oo t=1,2,...,
then X 5 0

2) LLN for martingale difference arrays
Let {x,} be a martingale difference array with Elx”|1+s <c<oforalltandT for

some € > 0 and a finite constant c¢. Then

T

_ _ p
Xr =T 1ZxT,t—>O

t=1
Proposition B2: Central Limit Theorem (CLT)

1) CLT for martingale difference arrays
Let {x7; = (X171, ... X))} be @ K-dimensional martingale difference array with
covariance matrices

E(xrx'7¢) = xpp sUCh that T2 Y1_, ¥, >3, where Y is positive definite
Moreover suppose that T~ ¥7_; x7 ' 5 Y and E(xirtXjr Xk eXire) < oo forall
tandTandall1 <i,j,k, |l < K. Then

VT SN(O,5)

2) CLT for stationary processes



Let x, = u + X520 ®ju,—; be a K-dimensional stationary stochastic process with

E(xy) = p < 00, ¥ 2||®;]| < 00 and ue~(0,%,,) iid white noise. Then

V(e =) SN, ) T ()

j:—OO

where

Te() = E[(xe — W) (e — 0)']

C: STOCHASTIC INEQUALITIES
Chebyshev

Let X be a non-negative random variable with finite mean p and finite variance o%. Then, for

anye€R,e>0

2
POIX — uyl) > f;" <e
Holder

Let X and Y be random variables and let p,q € R,p > 1,% + i = 1. Then

E(IXY]) < [E(IXIp)]%[E(IYI")]%
Cauchy-Schwartz
For p=q=2, we have
E(IXY]) < VEIX|?VE|Y|?
Lyapunov

For Y=1, we have forp > 1

E(IXD < [E(XIP)]P



Minkowski

If for some p = 1, E(|X|?) < oo and E(|Y|?P) < oo, then

1 1
E(IX +YD) < [EUXIP))P[E(YIP)]P

Jensen

Let X be a random variableand f : D € R — R be a convex realfunction. Then
fIE@)] = E[f (X)]
By selecting the random variables to be constants, the above inequalities can be applied in the

deterministic case as well.

Since the mean of a finite number of non-random variables in R may be considered as

mathematical expectations, it follows from Holder’s inequality that for real numbers x;, y;,p >

L-+-=1
14 q

(S G

Similarly, from Lyapunov’s inequality

b m
< mp‘lzlxilp,p >1
i=1

And by Minkowski’s inequality

m

Zxﬁyl

i=1

(zw |p> +<an|yi|q)a

Note, if x; and y; are random variables, then the last three inequalities hold for all their

realizations. As a result we can apply these inequalities also in cases where x; and y; are

stochastic. The same also holds for triangle inequality.

D: STOCHASTIC CONVERGENCE AND ASYMPTOTIC DISTRIBUTIONS



D1: Concepts of stochastic convergence

Let x11, X5, ... Or {x7}, T = 1,2, ... be a sequence of scalar random variables which are all defined
on a common probability space (Q, F, Pr). The sequence {x;} converges in probability to the

random variable x (which is also defined on (Q, F, Pr) if for every €> 0

Tlim Pr(lx; —x| >€) =0
Or equivalently
Tlim Pr(lx; — x| <€) =1

This type of stochastic convergence is abbreviated as

p

plimx; = x or Xr_X

The limit x may be a fixed, non-stochastic real number which is then regarded as a degenerate

random variable that takes on one particular value with probability one.

The sequence {x} converges almost surely (a.s) or with probability one to the random variable x

if for every €> 0
Pr (Th_)rg|xT — x| <€) =1

This type of stochastic convergence is often written as xTajx and is sometimes known as strong

convergence.

The sequence {x} converges in quadratic mean or mean square error to x, written briefly as

xr® ], if

Tlim E(x; —x)?>=0

This type of convergence requires that the mean and variance of the x;'s and x exist.



Denoting the distribution functions of x; and x by F and F,respectively, the sequence {x}
is said to converge in distribution or weakly or in law to x, if for all real numbers ¢ for which F

is continuous

lim Fr() = F(©)

This type of convergence is abbreviated as xTix.

All these concepts of stochastic convergence can be extended to sequences of random vectors
(multivariate random variables). Suppose {x; = (X171, ..., Xk7)'}, T = 1,2, ..., is a sequence of K-
dimensional random vectors and x = (x4, ..., xg)' is a K-dimensional random vector. Then the

following dimensions are used

p

X if plimxyr = x fork=1,...,K

plimx; = x or xp

a.s_ . a.s
Xr X if xpr _)xkfork =1,..,K

qu'_)mx if imE[(x; —x)' (xr—x)] =0
xTix if limFy(c) = F(c)for all continuity points of F.

Here F; and F are the joint distribution functions of x; and x respectively.
Proposition D1: convergence properties of sequences of random variables

Suppose {x7} is a sequence of K-dimensional random variables. Then the following relations
hold:

a.s p
1. Xp _ X = Xr_X= Xr

l

X

.m d
2. qu x:>prx:>xT X
g g -

3. If x is a fixed non-stochastic vector, then

qu'_)mx S [limE (x7) = x and limE{(x; — Ex;)'(x; — Ex;)} = 0]



4. If x is a fixed, non-stochastic random vector, then xTix = xTix

5. Slutsky’s theorem

If g: RX > R™ is a continuous function, then xTix = g(xT)ig(x) [plimg(x;) =

g(plimxr)]

d d a.s as
xr_x=gxr)_gx)andxr “x = gler) | g(x)
Proposition D2: properties of convergence in probability and in distribution

Suppose {x7} and {y} are sequences of K x 1 random vectors, {A;} is a sequence of K X K

random matrices, x is a fixed K x K matrix

1. If plimxg, plimy; and plimAy exist, then
a) plim(xr £ yr) = plimxy £ plimyy
b) plim(c'xy) = ' (plimxy)

yr
T

c) plimx; " = (plimx;)' (plimy;)

d) plimA;x;r = plim(Ap)plim(xy)
d , d
2. If Xp_X and plim(xy — yr) = 0, then Yr_x
3. If xTix and plimy; = c, then

a) xTindxic

%
b) yT’xTic’x
4. Ifx dx and plimA; = A, then Apx dAx
. T_> T ) T T_)
5 If xTix and plimA; = 0, then plimA;x; = 0

Proposition D3: weak laws of large numbers

1. Khinchen’s theorem (Rao, 1973 p112)

Let{x,} be asequence of iid random variables with E(x,;) = u < co. Then

1 &
Xt = thlxr iﬂ



2. Let {x;} be a sequence of independent random variables with E(x;) = u < o and

Elx.|"*"¢ < c <o (t =1,2,..)for some €> 0 and afinite constant c. Then fT_p)u

3. Chebyshev’s theorem (Rao, 1973 p112)
Let {x;} be a sequence of uncorrelated random variables with E(x;) = u < oo and

limE (X — u)? = 0 then JZTZM

4. Corollary to Chebyshev’s theorem

Let {x;} be a sequence of independent random variables with E(x;) = u < o var(x;) <

c <o (t=12,..)for some finite constant c,then JETiu.

E: Proof of claims
Proof of proposition 1

Given assumption 3, the matrix (I;,y — Aow) is invertible (cf lemma 5.6.10 and corollary 5.6.16
in Horn and Johnson (1985) and the endogeneous variable y, can be expressed as in equation 7,

that is,
Ve = ey — Aow) ™ (ao + ayt + D1y, + - + PpYi—p + AWyr_q + o+ Apwy_y, + u)
By backward substitution, we then obtain
Ve = bie + by + bt + by

Where

t—-1

bie = ) [AI° Uiy — Agw)

s=0

t—1

by = Z[A]S (Iew — Aow) " ays

5=0

t—1

b3t = Z[A]S ey — Aow) Mg

s=0

by = [A]tYO



By assumption (2b), b;; and b,; have elements uniformly bounded in absolute value. We
demonstrate that the sequences of the stochastic vectors b, and b,; have elements with
uniformly bounded absolute 4 + § moments for some § > 0. The claim in the proposition will

then follow from Minkowski inequality (appendix C).
Consider the stochastic term bg, = Y.L23A]° (Iey — Agw) ~tug

Note that given assumption 1, the random vector 7, and the sequence of matrices R, y satisfy the
conditions of lemma B2 in Mutl (2006). Therefore the elements of the random vector u; have
uniformly bounded absolute 4 + & moments for some § > 0. From assumption 2, we have that
the absolute row sums of A5 (I,y — Aow) ™1 are uniformly bounded in absolute value. Hence by
repeated application of the lemma B2 in Mutl (2006) we have that A% (I,,y — Aow) ™ ug has
elements with uniformly bounded absolute 4 + § moments for some § > 0. By Minikowski
inequality, we then have that b;, has elements with uniformly bounded absolute 4 + § moments

for some § > 0.
Next, consider the stochastic term b, = [A]%y,.

Again by assumption 2, the matrix A® has uniformly bounded absolute row sums and hence
given assumption 5, we have by the same lemma B2 that the elements of b,; have uniformly

bounded absolute 4 + 6 moments for some § > 0.

We now turn to the asymptotic moments of y, as t — oo, assuming that a; = 0. Using lemma Al

and theorem 5.6.12 in Horn and Johnson, it follows that b,; converges to
by = limy_,e by = limyeo Iy — A) ™" (y — AD) ™ (Tiew — Agw) "t

= (Iey — A Uy — Aow) " ag

Given assumption (2b), it follows that b, has elements uniformly bounded in absolute value and
it suffices to show that the elements of b3, and b,; converge in quadratic means to random
variables b; and b, with finite 4 + § moments for some § > 0. By assumption 1, the elements

of bs; are independent of the elements of b,;.



Denote the matrix B;; = AS(Iy — Aow) 1R, and note that from assumption 1 and 2b it follows

that

Yool Bsslly < A% (Lew — Aqw) "t 1. ki
< ||AS||1-k1kr = ”(INk - A)_llll-klkr
< kykk, < o

Where k,. is the uniform bound for absolute row sums of matrices R;, k, and k, are uniform

bounds for absolute row sums of matrices (I,y — Aow)~t and (I;y — A)7 L.

Given assumption 1, the elements of b5, satisfy conditions of lemma B1 in Mutl (2006) and
hence converge in quadratic means to a random variable with uniformly bounded absolute 4 + &
moments for some § > 0.
Finally, note that from assumption 4 and theorem 5.6.12, it follows that

limAt =0

t—oo

And hence given assumption 5, we have that the elements of b,; converge in quadratic means to

zero.
Therefore, the random variable y,, is well defined and we have
Yoo = liMy00 Boe g + 2520 A° (Iey — Agw) ™ Mg

= ey = A) 7 Uiy — Aow) " tag + X5Zo A° (I — Agw) Mg
Hence
E(Yoo) = Uxw — A~ Uin — Aow) ™ ag
And using the independence of u; and ug fort # s
VC(Ye) = 520 A (e — Agw) " Qy(fiy — w'Ag) T4

Using lemma 1, we find that



vech[VC (Vo) = {In2z — [Aley — Agw) ™ @ A(lxy — Agw) 1]} 1D. vech(Q,)
Where D is a duplication matrix.

We now examine the sufficient conditions for stability in more details. Note that, for any matrix
norm, the spectral radius p(A) is smaller than the norm ||A|| (Horn and Johnson, 1985), hence

using the sub-multiplicative property of the matrix norm, we have that
plxn — Agw) 2 @] < ||y — Agw) ™1 (Dy + - + @, + Ayw + -+ Apw)||

< N Uw = AWML ||(@1 + -+ + @, + A;w + - + A,w)||Note that from
assumption 3 and lemma 5.6.10 in Horn and Johnson (1985), we have by corollary 5.6.16 in
Horn and Johnson (1985) that the inverse (I,y — Aow) ™! can be expanded as an infinite sum.

Therefore, any norm of (I,,y — A,w) ™ can be bounded above by
|y — AowW) HI < ZZo(Iwll- 14611
Often, the weight matrices are row normalized. In this case we have that ||w]||; = 1 and hence

| (Ley — Agw) ™Ml < 220l 4013

_ 1
1=[l40ll1

_ 1

1-maxi<i<nilldioll1}

To satisfy assumption 3 (in the case of ||w||; = 1) we can, for example, require that 0 <
max;<i<n{ll4i0ll1} < 1. However, if there are global feedbacks in the model we have

maxi<i<n{ll4ioll:} > 0 and hence

1

>1
1- maxlsisN{”Am"l}

In this case the requirement that || (@ + -+ @, + A;w + -+ Apw) || < 1 which is a stronger
requirement than p(qb1 + o+ O+ AW+ e+ pr) < 1 does not necessarily guarantee that
the process is stable. This is due to the fact that the requirement ||(<I>1 ++ O+ AWt e+

/1,,w)||1 < 1is a sufficient condition for p(®; + -+ + @, + Ayw + -+ A,w) < 1.



The following proposition provides a sufficient condition under which the process is stable.
Proof of proposition 2

Observe by equation ||(I,y — Agw) 72| < X2 ,(Iwll. [14,]])? (in the proof above) and the

assumption in the proposition we have that
[y = Agw) ™1 (@1 + =+ B)] < 1w — AW) Ml [| (D1 + -+ + By + Agw + -+ W)

< 220Ul Aol )’ || 01 + - + Dy || K[l 4y + -+ 4| |

_ orstopl s ey,
1-kyllAoll1

Next, note that from the condition in the proposition

(@1 + -+ @[, + K [[A1 + -+ Ap]|, + Ky ll46ll; < 1) it follows that
@1+ -+ By || + ke[| A + -+ A, ||, < 1=Ky l140ll4
And thus, observe that the condition also implies that

k,lAolls < 1,thus also 1 — k,,|[Agll; > 0

Hence,

40 s -]
1-kyllAoll1

L < 1 which proves the claim.

The above proposition provides a simpler alternative to checking the eigen values of the entire
matrix (Iiy — /10w)‘1(<:l>1 +o+ P+ A+t /lp). Note that, when the weights are
normalized to add up to one, we have k,, = 1 and it suffices to check whether for all country

models it holds that the row sums of
|D1] + -+ + || + [4;5] + |Ai1] + -+ + |4 are less than one.

However, the above proposition provides only a sufficient condition for stability. Necessary

condition is that the spectral radius of



(Ley — Agw)™H(Dy + -+ + @, + Ay + -+ + A, ) is less than one.

Proof of proposition 3

Using equation (34)
~ uz' Z7Z'
plim (B — B) = plim (T)plim(T)‘l =0
By Lemma 2, because 39 implies plim UTZ’ = 0. Thus the consistency of B is established.

Using equation (32)

VT(B - B) =VT((22"" zRIx)u

(( 77" 1®1K) = I ........32

By proposition D2 (4) of appendix D, VT ( — ) has the same asymptotic distribution as

1 1
— (ZQRL)u = TRI) — (ZRL)u ... .....33

1
plim(—=ZZ") ®IK]\/T Nii

VT

Hence the asymptotic distribution of VT (3 — ) is normal by Lemma 2 and the covariance

matrix is

T RL)TR YY) TIRI) =T 1R Yy e o34 .

Proof of proposition 4
~(Y —Bz)(Y —Bz)' = (B - B)( ) (B—B) + (B - B)— + —(B B) +
Under the conditions of the proposition, plim(B — B) = 0. Hence by Lemma 2

plim(B — E)% =0.. .41 and plim [(B B)—\/_(B B) ] =0...42 (see

appendix C1)



.43

Thus plimy/ T [F220=E0. _ 0] = g

T T

The proposition follows by noting that as T — oo, then TL -1

-C

The proposition covers both $,, and ¥, This implies that both $},, and ¥, have the same

asymptotic properties as the estimator

=[S
I
~| =
1~

usu'y
t=1

which is based on the unknown true residuals and therefore not feasible in practice.

In particular, if \/Tvec(% — Y., converges in distribution,

VTvec(S, — X) and VTvec(S, — X, will have the same limiting distribution (see
proposition D2 of appendix D1).
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