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ON A CERTAIN CLASS OF HARMONIC
UNIVALENT FUNCTIONS DEFINED BY
FRACTIONAL CALCULUS WITH FIXED POINT

Dr. Poonam Dixit!, Puneet Shukla?

ABSTRACT .

In this paper, authors study a subclass of harmonic univalent functions defined by fractional
calculus operator. We obtain coefficient conditions, extreme points, distortion bounds,and
radius of convexity for this class of harmonic univalent functions.We also show that the
class studied in this paper is closed under convolution and convex combination.The results
obtained for this class reduce to the corresponding results for several known classes in the
literature are briefly indicated.
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0.1 INTRODUCTION

A continuous complex-valued function f = w + iv defined in a simply connected complex
domain D is said to be harmonic in D if both v and v are real harmonic in D. In any simply
connected domain we can write f = h 4+ ¢ where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. A necessary and sufficient condition for f to
be locally univalent and sense-preserving in D is that |h/(2)| > |¢'(2)|,2 € D. See Clunie
and Sheil-Small [3].

Denote by Sy the class of functions f = h + g that are harmonic univalent and sense-
preserving in the unit open disk U = {z : |z| < 1} for which f(0) = f,(0) —1 = 0. Then for

f=h+ g€ Sy we may express the analytic functions h and g as

h(z)=aoz+ a2, g(z) =) b2¥, || <1. (1)
k=2 k=1

Note that the class Sy reduces to class S of normalized analytic univalent functions if co-
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analytic part of f i.e. ¢ =0, for this class f(z) may be expressed as
f(2) = apz + Z apzt. (2)
k=2

For more basic results on hormonic functions one may refer to the following introductory

text book by Duren [6] ,( see also [1], [12], [13] and reference there in ).

0.2 FRACTIONAL CALCULUS

The following definitions of fractional derivatives and fractional integrals are due to Owa [9]
and Srivastava and Owa [16].

Definition 1 The fractional integral of order A is defined for a function f(z) by

1 z
D) = i | e )

where A > 0, f(z) is an analytic function in a simply-connected region of the z-plane con-

taining the origin and the multiplicity of (z — &)*~! is removed by requiring log(z — &) to be
real when (z — &) > 0.

Definition 2 The fractional derivative of order A is defined for a function f(z) by

A 1 d [Ff(6)
sz(Z)—m@/o md& (4)

where 0 < A < 1, f(z) is an analytic function in a simply-connected region of the z-plane

A is removed as in Definition 1 above.

containing the origin and the multiplicity of (z — &)~
Definition 3 Under the hypothesis of Definition 2, the fractional derivative of order n + A
is defined for a function f(z) by

DI () = DA (2) )

where 0 < A < 1 and n € Ny = {0,1,2,...}. Using Definition 2 and its known extension

involving fractional derivative Owa and Srivastava [11] introduced the operator

0. A — A as follows.

QM f(2) =T(2 - Napz*D2 f(2), (AN #2,3,4,.......) (6)
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where A denotes the class of functions of form (2) which are analytic in U .
Let Sg(a, A, 11, 29) denote the subclass of Sy consisting of functions f of the form (1) satis-

fying the following condition

Z(QA}L(Z»/ — Z(Q)‘Q(Z))/ > o (7)
p{ A=) = AP |+ (1= ) {Ph(z) + DY} )

where 0 <a<1,0<u<l,and0<A<1.

Re

Let T'Sy(a, A\, i, z0) be the subclass of Let Sy (o, A, i, z9) for which f(2) = h(z) + g(2) ,

where h(z) and g(z) are of the form

o0 [e.9]

h(z) = apz — Z lag| 2%, g(z2) = Z be| 2%, |bu| < 1. (8)

k=2 k=1
By specializing the parameters in the subclasses Sy (o, A, i, z0)and TSy (o, A, i, 29) we ob-

tain the following known subclasses of Sy studied earlier by various researchers .

1. Su(a, A\, 0,20) = Sp(a, A, z0) and T'Sy(a, A, 0,29) = TSu(a, A, 2) studied by Dixit
and Porwal [4] , (see also [§]) .

2. Su(a,0, 1, 20) = Su(a, i, z0) and TSy (a, 0, 1, 2) = T'Sw(a, i, 2) studied by Oztiirk
et al. [10], (see also [5]) .

3. Su(,0,0,20) = Si(a, z0) and T'Sy(, 0,0, z0) = T'S} (e, 20) studied by Jahangiri [7] .

4. Sy(0,0,0,29) = Sj;(20) and T'Sy(0,0,0,29) = TS} (20) studied by Silverman [14] ,

Silverman and Silvia [15] , (see also [2]).
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0.3 MAIN RESULTS

We begin with a sufficient coefficient condition for functions in Sy (a, A, i, 2o).

Theorem 1 Let f = h + g be such that h and g are given by (1). Furthermore, let

(RO —ap) —al—p) k(1 —ap) +a(l—p) .
> { i R o <200 0

wherea; =1,0<a<1l, 0<pu<1,0<A<1and

[T+ 1T(2 -\
W“)( T(k+1—\) )

Then f is sense-preserving, hormonic univalent in U and f € Sy(a, A, 1, 20) -

Proof : First we note that f is locally univalent and sense-preserving in U. This follows

from

‘h,(z)‘ > ag — Z k| ag) v+
k=2

oo
> ag — Zk |ag|
k=2

k=1
> kbl r*Y
k=1
> ‘g'(Z))

To show that f is univalent in U. Suppose that z;, 20 € U such that z; # 25. Then
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’f(zl)_f(zé) >1— ‘g(zl)_g<z2) —1— > e bi(21 25)
h(Zl) — h(ZQ) h(Zl) — h(ZQ a0(21 B 22) n io: ak(z B Zk)
L k(1 —ap) +a(l—p) B
. Z;ioik|bk| - D ket T a @k, A)|bx| o
1- ; k| ax| - i k(1 — Ofﬁlt)_—aa(l - u)¢(k’ Ml

Now, we show that f € Sy(a, A, i, 20). Using the fact that Re w > «, if and only if]

|1 —a+w| > |1+ a—wl|, it suffices to show that
[A(z) + (1 = a)B(2)| = [A(2) = (1 + @) B(2)| > 0, (10)

where

A(2) = 2(Qh(2)) — 2(Q h(2))

B(z) = j {=(@h(2) = 2@RE) } + (1 - ) {(@h(=) - Q) |

Substituting for A(z) and B(z) in L.H.S. of (10) and performing the simple calculation, we

obtain

= 2= a)agz + Y _[k+ (1 — a)uk + (1 — a)(1 — p)]p(k, Narz*

—Z[k + (1 — )k — (1= a)(1 — w)]é(k, A)bez*

—aapz + Z (1—a)pk — (1 —a)(1 — p)]olk, Nagz"

o0

—Z (1 —a)uk + (1 —a)(1 — p))p(k, \)byz*
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k(1 — ap) — a(1 - p)

> 2(1 — a)ag||][1 = Y ok, Nl ag| [2]*

p l—«
< | E(l—ap)+a(l —p)
-y e LUV
k=1
© | k(1 —ap)—a(l —p)
> 2(1 = o)|agl|z][1 =) li_@ . ok, N)|ag]

k=2

~ | k(1= ap) +a(l - )
- ok M)

> 0 using (9) .
The coefficient bounds (9) is sharp because equality holds for the following function

o0 o0

&) =02+ T el et ™ 2 KT e e VB
()

where Z |z | + Z lyk| = 1.

This completes the proof of Theorem 1.

In the following theorem , it is proved that the condition (9) is also necessary for functions
f =h+ g where h and g are of the form (8).

Theorem 2 : Let the function f = h + g be such that h and g are given by (8). Then
feTSy(a, A i, 2), if and only if

S k(1 — ) — a1 = 1)} 60k, A laxl + (51— ) + a1 — )} ok, ) ] < 2(1 — o
B (12)

wherea; =1, 0<a<1l, 0<u<1l ,0<A<1and

T(k— 12— \)
W“):( T(k+1—)\) )
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Proof : Since T'Sy (o, A, 1, 20) C Sg(a, A, i, 29) this gives the if part of the theorem. So we
only need to prove the "only if" part of the theorem. To this end , for functions f of the

form (8) we notice that the condition

AQM(2)) — 2(Pg(2)) > a

@Gy T+ - {2n) e} )

is equivalent to

(1 —a)agz — Z {k(1 = ap) —a(l —p)} é(k, \)|ag|2"

k=2

— S k(L = o) (L= o)} ok, V) b2
h > 0. (13)

aoz — Y {kp+ (1= @} ok, Nlarl2" =Y {kp — (1= p)} (k. A)[by[*

\ /
The above condition must hold for all values of z , |z| = r < 1. Upon choosing the values

of z on the positive real axis where 0 < z = r < 1, we must have

(1= a)ag = 3 {k(1 = ap) = a(l = )}k, Vlaxlr* !

k=2

=32 k(1 = ap) + a1l — p)} ¢k, )by |r*—?

= = > 0. (14)
ao— Y {kp+ (L= )} &k, Mlar|r*™ =" {kp — (1= 1)} ¢k, A)|bg|r*

\ /
If the condition (12) does not hold then the numerator in (14) is negative for r sufficiently
close to 1. Thus there exist a zg = 7o in (0,1) for which the quotient in (14) is negative.

This contradicts the required condition for f € T'Sy(a, A, p, z0) and so the proof is complete.

Next, we determine the extreme points of closed to convex hull of T'Sy(a, A, i, z9) de-

noted by clco T'Sy(a, A, p, 20).
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Theorem 3 : If f € clco TSy(a, A\, 1, 29) if and only if

[e.9]

f(2) =Y (wrhi(2) + yrge(2)), (15)

where
(1 —a)ag
{k(1 —ap) —a(l = @)} o(k,A)

hi(z) = apz, hi(z) =z — Ko (k=2,3,4,..)),

(1 —a)ag
{k(1 = ap) + a(l = p)} ok, A

gr(z) = apz + )Ek, (k=1,2,3,4,...),

g >0, yp >0, > 2 (zx + yx) = 1. In particular, the extreme points of T'Sg(a, A, i, 20)
are {hy} and {gx}.

Proof : For functiom f of the form (15) we have

(e 9]

1) = 3 (ehul2) + yegn(2))

k=1

> (1 —a)ag
(T + Yyr)aoz — ; {k(1 —ap) —a(l —pu)} ok, A

oo
k
T2
o )
1 —a)ag

x ( ;
*Z (1= am) + a1 — p)} ok, A)

Then

k(1 —ap) —a(l — p) (1 —aag
D A { k(1 —ap) — a(l - w] o(k. A)“f’“}
k(1 —ap) + a(l — p) (1 —a)ag

D e e AR { (1 — o) + a1 — )] ok, A>y’“}

=> w4+ > p=1-a <1
k=2 k=1

and so f € clcoT' Sy (a, \, 1, 2o).

Conversely, suppose that f € clco T'Sy(a, A\, i, 29). Set

k(1 —ap) — a(l — p)lok, A)

(i—a) |ak (k=2,3,4.....)

T —
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and

[B(L = ap) + ol — p)o(k, A)
(1—-a)

Y = |b/§|, (/{7:1,2,3, ....... )

Then note that by the Theorem (2),
0<zp <1, (k=234.)and0<y, <1, (k=123 ..)

We define
n=1=) w=) u
k=2 k=1
and note that by Theorem (2), 1 > 0. Consequently, we obtain
F(2) = (wrhi(2) + yrge(2))
k=1

as required.
The following theorem gives the bounds for functions in 7Sy («, A, i1, 29) which yields a cov-
ering result for this class.

Theorem 4 : Let f € TSy (a, A, i, 29). Then

2—A (1 —a)ag 1+ a(l —2u) 5
I ot I+ {252 { g oo - SR e

|z =r <1

and

2—-A (1—a)ag 1+ a(l—2p) 9
12 (ot - {252 H{ ;O Srer =iy, |

|z =7 <1

Proof : We only prove that the right hand inequality. The proof for the left hand inequality
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is similar and will be omitted. Let f € T'Sy(a, A\, p, z0). Taking the absolute value of f we

obtain

()] < (a0 + [bu))r+ Y (] + [bel) 72

k=2

il =) > Bl o+ e

:(a0+|51’)r+{2—a(1+u)}¢(, ) = 1—a

< (ao + |ba|)r + 2{(2 j()l( );
I e R e e 1) PV

< (ag + |ba|)r +

ap(l —a)(2 = N) 1+ a(l—2u) )
2{2—@(1+u)}(1_ 1—a |b’“|>T

a(l—a) 1+a(l- 2)|k|){2_x}7,2.

S(ao+|b1|)T+<2—a(1+u) 2—a(l+p) 2

0.4 CONVOLUTION AND CONVEX COMBINATIONS

In this section, we show that the class 'Sy (a, A, i, 20) is closed under convolution and convex
combination. Now we need the following definition of convolution of two hormonic functions.

Let the functions f(z) and F(z) be defined by

o o
2) = agz — Z lax| 2 + Z b | ZF
k=2 k=1

and

F(z) =apz— Y |Agl 25+ Byl 7
k=2 k=1

we define their convolution

(f* F)(2) = f(2) % F(2) = aoz = Y lagAg[ 25 + ) b5 By| 2" (16)

Using this definition, we show that the class T'Sy(a, A, 1, z0) is closed under convolution.
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Theorem 5: For0 < f < a < 1,let f € TSy(a, A\, i, 20) and F € TSy (5, A, i, z0). Then

(f * F)(Z) S TSH<a7 )\,/,L, ZO) C TSH(/67>\7,M’ ZO)

Proof : Let

f(z) =apz — Z |lax| 2% + Z |bi| Z°
k=2 k=1

be in T'Sy(a, A, i, 29) and
F(2) =apz— Y _|Ael 2"+ | Byl 2
k=2 k=1

be in TSy (B, A\, i1, 20). Then the convolution (f * F)(z) is given by (16).We wish to show
that the coefficients of (f % F))(z) satisfy the required condition given in Theorem (2). For
F e TSy(B, A\ 1, z0) we note that |Ax| <1 and |Bg| < 1. Now, for the convolution function
(f * F)(2), we obtain

Z{k(l —ap) —a(l - M)}d)(k,A) x| + Z{k(l —ap) +a(l - W}WM) |by. By

11—« l—«
k=2 k=1

. {ku —ap) —a(l — p) } Sk W) Jae + 3 {k(l —ap) Fall _m}cb(k:,A) i)
> k=1

— 11—« l—«

< agp (Since f € TSH(aa )\7 H, Zo))-
Therefore (f * F')(z) € T'Su(a, A\, i, 20)-

0.5 A FAMILY OF CLASS PRESERVING INTEGRAL
OPERATOR

Let f(z) = h(z) + g(z) be defined by (1). Then F(z) defined by the relation

F(z) = ctl /Z t“"Th(t)dt + ctl /Z telg(t)dt (c>—1). (17)

z¢ z¢

Theorem 6 : Let f(z) = h(z) + g(z) € Sy be given by (8) and f € T'Sy(a, A, 1, 20),
0<a<l 0<A<1, and 0<p<1. Then F(z) defined by (17) is also in the class
TSH<a7 A, ZO)'
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Proof : From the representation (17) of F(z), it follows that

. c+1 . c+1 _
F(z):aoz—zc+k|ak]zk+z b | ZF
k=1

— c+k

Since f € T'Sy(a, A, 1, 29), we have

g{k(l—aq)_—aa(l )} ok \) |ak|+Z{ 1_+a04(1 “)}¢(k,A)|bk| o
(18)
Now

+§: {k(l - O"”lb)fao‘u —#) } Sk, \) (21;) X

l1—«

Si{k(l—au)—a(l )} 6k, A) |ak|+z{ —ap +04(1—M)}¢(k7>\)‘bk‘

Thus F(z) € TSu(a, A\, p, 20).
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