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Abstract

In this paper, the Arnoldi-type process and symmetric Lanczos-type
process for solving large scale quadratic eigenvalue problem (A\2A +
AB+ C)z = 0 are given. One decomposition theorem about the matri-
ces A, B and C' is obtained based on the Householder transformation.
The advantage of the Arnoldi-type process and symmetric Lanczos-type
process is that they can preserve the matrix structure and properties of
the original problems. Finally, some numerical examples are presented
to show the efficiency of the proposed methods.

Keywords: Quadratic matrix polynomial, Krylov subspace, Arnoldi-type pro-
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1. Introduction

To find a scalar A € C and nontrivial vectors x € C™ satisfying the following
equation

(1.1) (MA+AB+C)z =0

is known as the quadratic eigenvalue problem (QEP). Here, A, B,C € C™*™ is
called as the coefficient matrices, A is called as the eigenvalue, nonzero vectors
x is the associated eigenvectors of the QEP, (A, x) is known as eigenpair or Ritz
pair, A and z are called as Ritz value and Ritz vector, respectively. The studies
on the QEP have attracted more and more attentions recently. In general, there
are mainly two methods for solving the QEP, namely lineralization method and
direct projection method [17].

Linearization method is to transform the QEP (1.1) into an linear form (M —
AN)y = 0 equivalently, where M, N € C?*"*2" 4 € C?". The possibility of
lineralization was proved in [5, 17], and the properties of lineralization method
were studied in [3, 13, 14, 16]. But the drawback of linearization method is the
double size of the problem (1.1), and make the condition number and backward
error larger. Meanwhile, the essential spectral properties of the original problems
may not be preserved.

Krylov subspace based on matrix A € C™*" and vector v € C" is of the form

Ki(A,v) = span{v, Av, A%v,--- , A*"1u}.
Krylov subspace method is often used to solve matrix computational problem,

such as linear system and eigenvalue problem [1, 2, 6, 7, 11, 12, 15, 18]. The
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main advantage of Krylov subspace techniques is that it can transform large scale
problem into small size problem and find the desired eigenvalues.

By building one orthogonal bases Vj, and projecting the original problem (1.1)
into the problem V;*(A2A + AB + C)V, V@ = 0 with smaller size, the projection
method can be applied to the QEP directly. The advantage of the projection
methods is the spectral property of the original problem can be guaranteed by
preserving the structure of the coefficient matrix, such as the symmetry or skew-
symmetry or positive-definiteness or semipositive-definiteness. In order to obtain
a projected lower-dimensional matrix polynomial to approximate the original one,
a Krylov-type projection process was applied to the coefficient matrices B and C'
simultaneously [12, 7]. However, in the method, the coefficient matrix A should be
the unity matrix I, or should be transformed to the unity matrix I by displacement
inverse transformation, which makes the computation more complex. Therefore, in
this paper, the Krylov-type projection process was applied to all three coefficient
matrices A, B and C simultaneously, in which the coefficient matrix A can be
projected directly, and need not be unity matrix or transformed.

This paper is organized as follows. In Section 2, an Arnoldi-type process and
a symmetric Lanczos-type process for solving the large scale QEP (1.1) are pre-
sented, and the matrix A is different from the investigations in [12, 7], where A
is the unity matrix I. In Section 3, the residual upper bound for approximate
Ritz pairs are given out. In Section 4, combining the orthogonal basis generated
in Section 2 with the refined idea, we give out the refined Arnoldi-type algorithm
for solving quadratic matrix polynomial. Finally, numerical examples are given to
illustrated the efficiency of given algorithm in Section 5.

Throughout this article, we use following notations. || - ||2 denotes 2-norm.
denotes the transpose and -* denotes the conjugate transpose. I, refers the n x n
identity matrix, e; denotes its jth column. MATLAB-like notations are adopted:
the ith to jth entries of v consists v(;.j), the intersection of rows 7 to j and columns
k to [ of the matrix X consists the submatrix X;.; r.1), X(. 1) refers all rows and
kth to Ith columns of X, X(;;.) refers ith to jth rows and all columns of X.

T

2. New Arnoldi-type process and symmetric Lanczos-type pro-
cess for (\2A+AB+C)zx =0

For solving one special kind of quadratic matrix polynomial
(NI —AB - C)x =0,

an Arnoldi-type process and a symmetric Lanczos-type process were presented in
[12] and [7], respectively.

In this section, based on orthogonal transformations of coefficient matrices A,
B and C simultaneously, we propose an new Arnoldi-type process and symmetric
Lanczos-type process for solving the QEP (1.1).

2.1. Decomposition theorem for the coefficient matrices A, B and C.
By using Householder transformation, the following decomposition theorem for
the coefficient matrices A, B and C were derived.
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2.1. Lemma. There exists an unitary matriz Q € C™ ™ with Qe; = ey satisfying
Q" AQ = Hy = (hasij), @"BQ = Hy = (heyij), Q" CQ = He = (hesiz)
where hq5 =0 fori > 37, hy; =0 fori > 35+ 1, heyy =0 fori > 35 + 2.

Proof. Split

N

ar | Aa

where a1 = (a21,a31, ..., an1) ", a2 = (a12, a13, e l1p) " R
There exists an unitary matrix Q1, € C"~DV*(=1) gatisfying Q¥,a1 = aje;.
Let Q14 = diag(1l,Q14). Then, we have

a1 x b11 xr
Qi AQ=| a1 |z |, Q1,BQia=| b2 |z
0 | X by | X
Similarly, there exists an unitary matrix le € O0(n=2)x(n=2) gatisfying Q’{bbl =

Bier. Let Qqp = diag(la, le). Then, we have

b11 x C11 x
bo1 | co1 | x
* * _ * * _
leQlaBQlanb - ﬁl T ) leQlaCQlanb - 31 T
0 | X ca | X
In the same way, we can find an unitary matrix Q1. € C'("=3)%("=3) gatisfying

Qiec1 = mer. Let Qe = diag(I3, Qi) and define Q1 = Q1,Q15Q1.. Then, we
have

a1l
QTAQl = aq
0

’ QTBQl = ) QTCQI =

NI

According to the above transformation, the first columns of the matrix A, B
and C' have been transformed into the desired forms. Then, we transform the
second columns of the matrix A, B, and C into the desired forms in the same way.

Split the matrices

then there exists a unitary matrix an e Cn=9x(n—-14) satisfying Q;aag = apeq.



Let Q2, = diag(1y, an). Then we have

T T | x bi1 | =z | x

a | T | @ bo1r | = | x

A 0 T | x . 153 T | T

Q2aQ1AQ1Q2a = 0 a0 x ) QQanBQ1Q2a = 01 z T
0| s | 2 0 |bs2| @

0 0 | X 0 | by |

Find an unitary matrix Qg € C(=3)*(n=5) gatisfying Q;bbg = fPser. Let
Qo = diag(I5, Q). Then, we have
[ b
b2y
B

Q5,Q5,Q1BQ1Q2,Q2 = | 0
0

0

8 8 8 8

S
ar
[

C11
21
C31
;o Q5,Q5,Q1C0Q1Q2,Q2 = | M
0
0
0

8 ]I 8888

=

0

Find an unitary matrix Q3, € C~9*("=6) gatisfying Q}.co = 72e1. Let
QZC = diag(167 Q2C) and define Q2 = QQaQ2bQ2c~ Then, we have

- z | x|z ]
O1 T | T Pz |
Q;QIAQIQQ = 0 a T ,Q;QIBQlQQZ 0 x xT R
0 0?2 T 0 | bs2 |
2
0 62 xT
| 0 0 | X 0 0 x|
f x|z |z ]
T | x | T
T | x| T
* Yk T €T
QBRCAQ = | ||
0 Cg2 X
0|y |z
| 0 0 | X

The following proof can be continued in a similar way. At the jth step, the jth
column of matrices A, B and C has at most 3j — 1, 35 and 3j 4+ 1 nonzero entries at
the top respectively. The reduction can be completed by setting Q@ = Q1Q2 - - - Qr,

where k < n/3.
Obviously, we have

Qe1 = Q1Q2 - Qrer = e1,
where Ql = Qlanlem QQ = QZ&QQbQQm Tty Qk = Qkankac- O

Based on the above discussions, we can get the following another description of
the decomposition theorem for the coefficient matrices.

e 8 8 8 8 8
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2.2. Theorem. Given q1 € C™ with ||q1]l2 = 1, there is an unitary matriz Q €
C™ ™ with Qey = q1, such that

(21)Q"AQ = Hy = (hayj), Q"BQ = Hy = (hyij), Q" CQ = He = (heyij)
satisfied hq5 =0 fori > 37, hy; =0 fori>3j5+1, heyj =0 fori > 35+ 2.

Proof. There exists an unitary matrix Qg € C™*"™ with Qge; = ¢1. Then, applying
Lemma 2.1 to Q§AQo, Q5BQo and Q§CQo to get an unitary () € C™*™ with
Qe = e such that

Q*(Q3AQ0)Q = Ha, Q*(Q5BQ0)Q = Hy, Q*(Q5CQ0)Q = H.

have the desired forms. Then, the proof is completed by letting @ = QOQ. (|

2.2. A new Arnoldi-type process for (\2A + AB + C)z = 0. According to
Lemma 2.1 and Theorem 2.2, the reduced matrices H,, Hp, H. of coefficient
matrices A, B and C' can be obtained, but they are of little use in the numerical
computation when A, B and C are large and sparse. Therefore, a new Arnoldi-type
process for the QEP (1.1) were presented in this section.

Rewrite (2.1) as

AQ =QH,, BQ =QHy, CQ = QH..

Inspecting the jth column, we see

3j-2
(2.2) Agj = Z Qihayij + @35-1ha:35-15,
i=1
3j-1
(2.3) Bg; =Y qilugij + g3ihussij,
i1
37
(2.4) Cq; = Z Gilei; + @3i+1he;354+1,5-
i=1
From (2.2) and since q1,q2,- - ,gs; is orthogonal, we have
haij = ¢ Ag; for i<3j-2,
3j-2
hasj-15 = ||Agj — Z dihasij||
=1 2
3j—2
gj-1 = (Agj— Z Gihasij) [ hazj—1,55
i1

where assume that hg3;-1,; 7 0.



Similarly, assuming hy.3;,; # 0, the formula (2.3) implies

hei;j = q;Bg; for i<3j—1,
3j—1
hesi; = ||Bg — Z qihvsij||
i=1 2
3j—1
@ = (Bgj— Y aihwij)/hozs s
i=1
In the same way, assuming hc;3;+1,; 7 0, the formula (2.4) implies
heij = q;Cq; for i< 3j,
35
heizjt1, Cqj — ZQihc;ij )
=1 2
3j
i1 = (Caj =Y diheij)/hesjs -
i=1

Above derivation leads to a process that gs;—1, g3, g3j+1 can be constructed
from g1, go, ---, g3j—2. After k steps of construction, we can obtain g1, g2, - - -,
q3k+1 such that

AQ¢ 1y = Qeusk—nHaa:3k—1,1:8) BQ(1:k) = Q. 1:30) Ho(1:3k,1:8)
CQriry = QruskrnHesrriin-
Figure 1 shows the computed parts of H,, H, and H. when k = 6, and the
entries marked by unfilled circles are not computed yet.
From the computed entries, the projections of A, B and C onto span{Q. 1.r)}

can be obtained. The entries marked by unfilled circles in Figure 1 are computed
by
ha,ij = (]fA(Jja hb,ij = q;kquv hc,ij = (JfCCIj,

for 1 <i<3k+1and k+1 < j < 3k + 1, which give the projections on
span{Q(.,1:3k+1)}- In above analysis, it is assumed that hg;3;5-1,; # 0, ;355 # 0,
hesj+1,; 7 0. When hqi; = 0 or hyy; = 0 or he;; = 0, the process can be
continued by continuing the next step directly, although there is no new g-vector
can be generated.

According to the above mentioned analysis, the new g-vectors can be generated
as the following steps. Let IV be the number of g-vectors already generated, and
N =1 at the beginning of the process. At the first step, the matrix A is applied to
q1, and if a new g-vector is generated, N = N +1, otherwise, IV is invariant. Then,
the matrix B is applied to g1, and if a new g-vector is generated, N = N + 1,
otherwise, N is invariant. In sequence, the matrix C' is applied to ¢;, and if a
new g-vector is generated, N = N + 1, otherwise, N is invariant. After the above
steps, if N = 1, the process can be terminated since the subspace span{qi} is the
invariant subspace about the matrices A, B and C, otherwise, the matrices A,
B and C should be applied to g2 in the same way. In general, at the jth step,
let gi,q2,--- ,qn be the N g-vectors have been generated, and qi,q2,---,q;-1
been the j — 1 g-vectors have applied by the matrices A, B and C, and if N =
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20

Figure 1. The sparsity of the matrix H,, Hp and H.

j — 1, the process can be terminated since the subspace span{qi,qq, - ,qn} is
the invariant subspace about the matrices A, B and C, otherwise, the matrices
A, B and C should be applied to g; in the same way. The process continues until
N = j—1 or a preselected k number of steps is completed, in which N must satisfy
N < 3k + 1. In order to utilize fully the information presented by the generated
subspace span{Q(:,1 : N)}, the fully projected matrices Hy1.n 1:n5), Hp(1:n,1:3)
and H.(1.n,1.n) are computed in our later numerical examples. Based on the above
analysis, we have the following algorithm:

Algorithm 1: New Arnoldi-type process
. Given ¢ with [|g1]]2 =1
.N=1
.For j=1,2,---,k do
If j > N, break
q = Ag

—_

oL o o



6. Fori=1,2,--- ,N do
7. hasij = @7 4; ¢ = G — Gihaij
8 End do

9. hanir; = [l
10. If ha;N—&-Lj >0

11. N:N+1,QNZQ/ha;Nj
12.  End if

14. Fori=1,2,---,N do

15. hoij = q;4; 4 = 4 — qihpyij
16.  End do

17 hyv+a,; = |1dll2
18.  If hyn41,; >0

19. N=N+1, gv =q/hpn;
20. End if

21. d = Cq]'

22, Fori—=1,2,---,N do

23. heij = 4; ¢ 4 = q — qiheij
24. End do

25.  heng; = [1dll2
26. Ifhenyr; >0

27. N=N-+1, qN:Lj/hc;Nj
28.  End if
29. End do

In the practical numerical computation, the following statements should be
made for Algorithm 1. In practical implement of line 10 to line 26, an appropriate
error, e.g., ha;N—i—l,j > TL&HAHQ, hb;N+1,j > TLEHBHQ, hc;N-‘,—l,j > n5||C||2 can be
permitted, where ¢ is the machine roundoff unit.

Denote a; = value of N at line 12 at step j, 5; = value of IV at line 20 at step
j,v; = value of N at line 28 at step j with ag = B9 = o = 1. Then,

aj Bj Vi
qu — Zha;ijqiﬂ Bq] = Z hb;ijqi7 qu = th,z]Qz
i=1 i=1

i=1
Thus, when the above process is completed, we have
AQ(:,l:k) = Q(:,l:ak)Ha(l:ak,ltk)

(2.5) BQ(.1:k) = Q:.1:80) Hu(1:8,,,1:k)
CQ(:,lzk) = Q(:,l:’yk)Hc(lz’yk,lzk)
However, if the j-loop BREAK out at line 4, an invariant subspace of A, B and
C' is obtained as follows
AQ(:,l:N) = Q(:,l:N)Ha(lzN,l:N)
BQ(:,I:N) = Q(:,l:N)Hb(l:N,l:N)
CQ(:,I:N) = Q(Z,lZN)HC(IZNJJN)
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Moreover, the nonzero entries of the jth column of H,, H, and H, is contained
in the first o, 8; and ; entries respectively. «;, 5; and «; can increase at most
by 3 at each step.

When A, B and C' are Hermitian, H,, Hy, H. are also Hermitian. In this case,
their upper triangular parts need not be fully computed. Obviously, the following
simple recurrences holds:

ha;aj,jqaj = qu - Z ha;ijqia
1<i<aj,a;2>j

hop, 508, = Baj — Z hbsi54s,
1<i<B;,8: 27

hC;’Yj,jq’Yj = C'qu Z hC;ijQi-
1<i<y;,vi>J

Similar to Algorithm 1, we have the following Algorithm:
Algorithm 2: Symmetric Lanczos-type process
1. Given ¢ with [|q1]]2 = 1;

2 N=lLa=L3=n=4Ll,=L=1l.=1;
3. For j=1,2,--- ,k do

4. If j > N, break

5. §=Ag;;

6. if j >, thenl, =1, +1;

7. Fori=l,,---,N do

8. hasij = 4; 45 § = 4 — Qihasis;

9. Enddo

10. han1, = lldll2;

11. If ha;N+1,j >0

12. N:N+1, qN:(j/ha;Nj,Ozj:N;
13. End if
14. ¢ = By;;

15.  ifj > B, then I, =1 + 1;
16. Fori=1y,---,N do

17. heij = 4;q; 4 = q — qilwj;
18. End do

19 hpnay = [ld]2;

20. If hb;N+1,j >0

22.  Endif
23. (j:qu;

24. if j >, thenl. =1+ 1;

25. Fori=I.---,N do

26. heis = 47 @ 4 = 4 — qiheyis

27. End do

28. hent1, = 1G]23

29. If hc;N+1,j >0

30. N=N+1,qy = q/he;nj, v = N;
31. Endif
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32. End do

3. Analysis of residual upper bound of the algorithm for (\?>A +
AB+C)x=0

From above discussions, we know that the solution of the QEP (1.1) can be
approximated by the solution of

(N H,.n0.8) + AHy.nan) + Heon1.v)Q Tz = 0,

where Q. 1:n), Ha(1:N,1:8)s Hp1:5,1:5) and He1:n,1:8) be produced by Algorithms
1 or 2.
That is, if (0;,v;) is an eigenvalue and right eigenvector of

()‘QHa(lzN,lzN) + )‘Hb(lzN,lzN) + Hc(l:N,l:N))V =0,
then the eigenvalue and eigenvector of the QEP (1.1) can be approximated by
eigenpairs (0;, x;), where z; = Q. 1.n) V-

The above analysis points that an original quadratic eigenvalue problem can be
approximated by a projection quadratic eigenvalue problem, and the accuracy can
be calculated by the residual error. Therefore, in the following, the residual upper
bound for symmetric Lanczos-type process are derived. Corresponding results for
the new Arnoldi-type process can be derived similarly, the details were omitted
here.

3.1. Theorem. If the Ritz value and Ritz vector are obtained by Algorithm 2,
then the following inequality
167 A+ BO; + C)i|
(3.1) <N QU2(18: P Hagn11:am o) 12+ 103l [ Ho(v 41285 o3 |12
+||HC(N+1:'yN,p:N)||2)HVi(p:N)H2
holds, where p is the smallest integer such that v, > N and is equal to the value

of l. at step N + 1.
Proof. According to (2.5), we have

AQ(:,l:N) = Q(:,l:N)Ha(l:N,lzN) + Q(:,N+1:Q¢N)Ha(N+1:o¢N,1:N)7
BQ(:,I:N) = Q(:,I:N)Hb(lzN,l:N) + Q(:,N+1:BN)Hb(N-‘,—l:ﬁN,l:N)7
CQ(:,I:N) = Q(:,I:N)HC(I:N,I:N) =+ Q(Z,N+1:’YN)HC(N+1I"/N71:N)'

Then, we have
(0;A+0,B+Clxi = (07AQ(.1.n) + 0:BQ(1.n) + CQ1:n)Vi
= Quun (07 Houn1:n) + 0 v 1:n) + Heiin, 1.8 Vi
+(07 QN+ 1:0n) Ha(Nt ian ,1:8) + 0:Q( N+1:8 ) Hb(N+1:x,1:N)
FQ( N+ 19w He(N 1075, 1:N) Vi
= (07Q¢N+1an) Ha(N+ Lian piv) + Q0 N41:80) Ho(N 4185 piN)
+Q(:7N+12’YN)HC(N+1I’YN7P5N))V’i(p:N)'

Since the first pP— 1 columns of Ha(N+1:ocN,1:N)a Hb(N+1:BN,1:N) and HC(N+1:’YN,1:N)
are zeros, (3.1) can be obtained by taking the norm of above formula.
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From (3.1), it is easy to see that the eigenpairs (6;, z;) is good approximation
to original problem when v;(p : N) is small.

4. Analysis of refined algorithm for (\24 + AB + C)x =0

As [10] defines, for each 6, the refined process is to seck an unit vector fi €
gKo({A, B,C}, q1) satisfies
4.1)(6*A+ 0B + O)jil|2 = min 02A+ 0B + O)pul|2,
(4-2IC Jiilz n€gKe({A,B,C},aq1),l|ull2=1 It Julz
and [i is called a refined eigenvector.

Since @y is an orthogonal basis of gK,({A, B,C}, ¢1), (4.1) is equivalent to seek
an unit vector Z € C¢ such that ji = Q,Z satisfies
(4.2) Z=arg min [(0?A+ 0B+ C)Qz|o.

2€CH || z]l2=1

It is easy to see that Z is the right singular vector of 82AQ, + 6BQ, + CQ,
associated with o, (02 AQ+0BQ,+CQy). Based on Algorithm 1 and refined idea
n [10], the following restarted refined Arnoldi-type algorithm can be presented:

Algorithm 3: New restarted refined Arnoldi-type algorithm

1. Given m required eigenpairs, an unit initial vector ¢; and a tolerance tol.

2. Run the Arnoldi-type process to generate an orthogonal basis Q¢ of gKy({4, B, C}, q1).

3. Compute W7 = AQ,, Wy = BQy, W3 = CQy.

4. Compute A, = Q;W1, By = Q;Wa, C; = Q; W3, and the eigenpairs of the
projection problem

(9?14@ +6;By+ Cy)z; = 0.

Then, select m Ritz values as approximations to the m desired eigenvalues 6;,7 =
1,2, ,m.

5. For each 6;,i=1,2,--- ,m, based on SVD, opin(02AQ, +0; BQ;+ CQy) and
eigenvector Z; associated with its smallest singular value can be obtained. Then,
the refined eigenvector is [i; = Q¢Z;.

6. Compute the relative residual error by

[(07A+ 60, B + C)fui 2
1021 Afzil |2 + 10i[ || Bfial |2 + | Cfail |27
If they are all below tol, then stop, else continue.

7. Construct a new initial vector ¢ from fi;,i = 1,2,--- ,m, and return to step
2. Here, g1 can be obtained as the following combinations:

B-qi =S (07A+ 0;B + C)fii||aRefi; = Qo™ (AP A+ 0B + C)fis || Rez;.

i=1,2,m.

5. Numerical examples

In order to show the efficiency of Algorithms 1 and 2, some numerical examples
are indicated in this section, the process is realized by Matlab 7.8 on Pentium(R)
Dual-Core CPU. In the following example, if [12, Algorithm 2.1] is used, it means
that we transform the QEP (1.1) into (A2 + MA™1B + A~1C)x = 0, where it is
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assumed that A is nonsingular. In the numerical examples, the relative residual
norm for an approximate eignpairs (6;,x;) are defined by

N (674 + 6,8 + C)ajll
1051211 Az;]|2 + 105111 Bx;ll2 + ||Caj] |2
5.1. Example. In this example, taking n = 10, k = 2.

Vi

[ 0.3215 —0.0830 —0.1955 0.3294 0.1108 —0.1143 —0.8251 —0.0615 —0.0741 0.1662 17
0.3667 0.8872 —0.0975 —0.0782 0.1205 —0.0637 0.0635 0.1858 —0.0751 —0.0000
0.3786 —0.0977 0.5776 —0.0956 0.0446 —0.0399 0.1546 —0.2211 —0.2664 0.5975
0.1048 —0.0270 —0.3103 —0.0251 0.1232 0.9065 0.0510 —0.0729 —0.0879 0.1971
0.2096 —0.0541 —0.1274 0.8489 —0.0655 —0.0627 0.4561 0.0000 0.0000 0.0000
Q: 0.3977 —0.1026 0.5516 0.0701 0.0228 0.3065 —0.1258 0.2486 0.2253 —0.5470
0.4525 —0.1449 —0.2844 —0.2552 —0.7873 —0.0495 0.0506 0.0369 0.0456 0.0000
0.4120 —0.3608 —0.3342 —0.2781 0.5652 —0.2356 0.2410 0.1756 0.2173 0.0000
0.1572 —0.0406 —0.0956 —0.0867 0.1080 —0.0605 0.0648 —0.5558 —0.5927 —0.5266
L 0.0810 0.1715 0.0140 —0.0062 0.0177 0.0064 0.0021 —0.7104 0.6774 0.0000 |
[10° 0 0 0 O 0 0 0 0 0 ]
0 10* 0 0 0 0 0 0 0 0
0 0 102 0 0 0 0 0 0 0
0O 0 0 10> 0 0 0 0 0 0
4| 0 0 0 0 100 0 0 0 0 0
=t 0o o o o o0 W0 o o 0 0 |
0o 0 0 0 0 0 1072 0 0 0
0o 0 0 0 0 0 0 1072 0 0
o 0 0 0 0 0 0 0 1077 0
0 0 0 0 0 0 0 0 0 10°
A=Q'A40,
(5 6 7 8 9 01 2 3 4]
6 1 2 3 45 6 7 89
7232 45 78 9 4
8 32 01 2 3 456
p_|9 441332154
055 23432 15]/|°
1 6 73 239 9 4 2
2 78 41 2 9 3 21
389 5514213
|4 9 46 45213 2]
(3 3 2 1 9 5 4 3 8 9]
32145 9 7 8 3 2
21 93 2 15 4 3 2
1 43 2 2 954 31
c_ |95 22332154
591 9 3 6 5 4 2 3
4 755 25 3 2 1 2
3 8 441 4 2 3 0 4
8 3335210 33
9 2 2 1 43 2 4 30
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Let p = (1,1,1,1,1,1,1,1,1,1) T, k = 2 and take initial vector ¢ = p/||p||2,
the projection quadratic eigenvalue problem can be obtained by Algorithm 2. By
using the polyeig function, the modulo largest eigenvalue is —6.9702 x 107, and the
termination criterion is 1E-6, the residual error is 8.2930 x 10~7. Figure 2 plots
the relative residual norms for the solving method. However, by [12, Algorithm
2.1] and by polyeig function, the modulo largest eigenvalue is Inf or spill over. By
polyeig(C, B, A), the modula largest eigenvalue is —6.9700 x 107.

From the example, it is indicated that when the condition number of matrix A
is very large, the solution may spill over by [12, Algorithm 2.1]. In this case, we
can try to utilize Algorithm 2.

10 5 - - - - - S
o o o o o o o o o
[e]
107} .
0
S
s
T 10t :
=]
3
x
10°F o .
)\l=—6.9702><107
10_8 ! ! ! ! ! !
0 2 4 6 8 10 12 14

Figure 2. Residual errors of computed eigenvalues

5.2. Example. n = 50,49 = rand(n), Amin(AJ 49) = 3.3015 x 1076, 4 =
Ag Ag — 3.3014 x 107°1,,, cond(A) = 5.1352 x 1012, B = round(80 * rand(n)),
C = round(80 * rand(n)).

Let p = ones(50, 1), taking initial vector ¢ = p/||p||2 and k = 3, by utilizing
Algorithm 1, the lower-dimensional quadratic eigenvalue problem can be obtained.
By polyeig function, the modulo largest eigenvalue is 3.4187 x 10", and the ter-
mination criterion is 1E-5, the residual error is 9.1972 x 1076. Figure 3 plots
the relative residual norms for this solving method. However, by [12, Algorithm
2.1] and or polyeig function, the modulo largest eigenvalue is Inf or spill over.
Furthermore, by polyeig(C, B, A), the modula largest eigenvalue is 3.4188 x 10!!.
Although the polyeig is convenient, it cannot solve large scale eigenvalue problem.
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Figure 3. Residual errors of computed eigenvalues

5.3. Example. n = 100, Ay = rand(n), Amin(A4g Ag) = 2.2805 x 1075, A =
Ag Ag — 2.28 x 107°1,,, cond(A) = 4.9641 x 10*, B = round(160 x rand(n)),
C = round(160 * rand(n)).

Let p = ones(100, 1), taking initial vector ¢ = p/||p||2 and k = 3, by utilizing
Algorithm 1, the lower-dimensional quadratic eigenvalue problem can be obtained.
By polyeig function, the modulo largest eigenvalue is 2.3796 x 10° —12.764i, and the
termination criterion is 1E-5, the residual error is 9.7534 x 106, Figure 4 plots the
relative residual norms for this solving method. However, by [12, Algorithm 2.1]
or polyeig function, the modulo largest eigenvalue is Inf or spill over. Furthermore,
by polyeig(C, B, A), the modula largest eigenvalue is 2.3796 x 10°.

5.4. Example. n = 300, Ay = rand(n), A = A} Ay — 9.45 x 107°1,,, cond(A) =
2.4070 x 101, A\uin(Ag Ag) = 9.4594 x 107°, B = round(500 x rand(n)), C =
round(500 * rand(n)).

Let p = ones(300, 1), taking initial vector ¢ = p/||p||2 and k = 5, by utilizing
Algorithm 1, the lower-dimensional quadratic eigenvalue problem can be given. By
polyeig function, the modulo largest eigenvalue is —1.1874 x 10° 4 5.829¢, and the
termination criterion is 1E-5, the residual error is 9.9988 x 10~6. Figure 5 plots the
relative residual norms for this solving method. However, by [12, Algorithm 2.1]
or polyeig function, the modulo largest eigenvalue is Inf or spill over. Furthermore,
by polyeig(C, B, A), the obtained modula largest eigenvalue is —1.1874 x 10°.

5.5. Example. n = 500, Ay = rand(n), Amin(Ag Ao) = 3.9457 x 1075, A =
Ad Ag — 3.9 x 107°1,, cond(A) = 1.3698 x 10*, B = round(800 * rand(n)),
C = round(800 x rand(n)).
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Figure 5. Residual errors of computed eigenvalues

Let p = ones(500, 1), taking initial vector ¢ = p/||p||2 and k = 8, by utilizing
Algorithm 1, the lower-dimensional quadratic eigenvalue problem can be obtained.
By polyeig function, the modulo largest eigenvalue is 6.0500 x 102 +72.832i, and the
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termination criterion is 1E-5, the residual error is 9.8699 x 106, Figure 6 plots the
relative residual norms for this solving method. However, by [12, Algorithm 2.1]
or polyeig function, the modulo largest eigenvalue is Inf or spill over. Meanwhile,
by polyeig(C, B, A), the modula largest eigenvalue is 6.0500 x 10%.
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Residual errors

A,=6.0500 x 10° + 72.832i
10°o g

10° L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50

Figure 6. Residual errors of computed eigenvalues

5.6. Example. n = 1000, Ay = rand(n), Amin(A4g Ag) = 3.8766 x 107°, A =
Ag Ag — 3.1 x 107°1,,, cond(A) = 3.2212 x 10'°, B = round(1500 * rand(n)),
C = round(1500 * rand(n)).

Let p = ones(1000, 1), taking initial vector ¢ = p/||p||2 and k = 15, by utilizing
Algorithm 1, the lower-dimensional quadratic eigenvalue problem can be obtained.
By polyeig function, the modulo largest eigenvalue is —3.9828 x 107 —91.5274, and
the termination criterion is 1E-5, the residual error is 9.9989 x 10~6. Figure 7 plots
the relative residual norms for this solving method. However, by [12, Algorithm
2.1] or polyeig function, the modulo largest eigenvalue is Inf or spill over. By
polyeig(C, B, A), the obtained modula largest eigenvalue is —3.9828 x 107.
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