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ABSTRACT: In this paper new results concerning three dimensional real hypersurfaces in non-flat complex space forms
in terms of their stucture Jacobi operator are presented. More precisely, the conditions of 1) the structure Jacobi oper-
ator being of Codazzi type with respect to the generalized Tanaka-Webster connection and commuting with the shape
operator and 2) n-invariance of the structure Jacobi operator and commutativity of it with the shape operator are studied.
Furthermore, results concerning Hopf hypersurfaces and ruled hypersurfaces of dimension greater than three satisfying
the previous conditions are also included.

1 INTRODUCTION

A complex space form is an n-dimensional Kéhler manifold of constant holomorphic sectional curvature c. A complete
and simply connected complex space form is complex analytically isometric to a complex projective space CP™ if ¢ > 0,
or to a complex Euclidean space C™ if ¢ = 0, or to a complex hyperbolic space CH™ if ¢ < 0. The complex projective
and complex hyperbolic spaces are called non-flat complex space forms, since ¢ # 0 and the symbol M, (c) is used to
denote them when it is not necessary to distinguish them.

A real hypersurface M is an immersed submanifold with real co-dimension one in M, (¢). The Kéhler structure (J, G),
where J is the complex structure and G is the Kéhler metric of M,,(c), induces on M an almost contact metric structure
(¢, &,m, g). The vector field € is called structure vector field and when it is an eigenvector of the shape operator A of M
the real hypersurface is called Hopf hypersurface and the corresponding eigenvalue is o = g( A&, ).

The study of real hypersurfaces M in M, (c) was initiated by Takagi, who classified homogeneous real hypersurfaces
in CP™ and divided them into six types, namely (A1), (A2), (B), (C), (D) and (F) in [16]. These real hypersurfaces
are Hopf ones with constant principal curvatures. In case of CH™ the study of real hypersurfaces with constant principal
curvatures was started by Montiel in [9] and completed by Berndt in [1]. They are divided into two types, namely (A) and
(B), depending on the number of constant principal curvatures. The real hypersurfaces found by them are homogeneous
and Hopf ones.

The last years many geometers have studied real hypersurfaces in M,, (c) when they satisfy certain geometric condi-
tions. More precisely, the structure Jacobi operator of them plays an important role in their study. Generally, the Jacobi
operator with respect to a vector field X on a manifold is defined by R(-, X)X, where R is the Riemmanian curvature of
the manifold. In case of real hypersurfaces for X = ¢ the Jacobi operator is called structure Jacobi operator and is denoted
byl = Re = R(-£)E.

One of the geometric conditions concerning the structure Jacobi operator that has been studied is that of Codazzi type.
Generally, a tensor field 7" of type (1,1) on M is of Codazzi type when it satisfies

(VxT)Y = (VyT)X, where X, Y € TM.

In [14] the non-existence of real hypersurfaces in complex projective space whose structure Jacobi operator is of Codazzi
type is proved. In [18] and [19] the previous result is extended for the case of three dimensional real hypersurfaces in
non-flat complex space forms and for real hypersurfaces in complex hyperbolic space. In these cases it is also proved the
non-existence of real hypersurfaces satisfying the Codazzi-type condition for the structure Jacobi operator.

Another topic that has been of great importance is the study of real hypersurfaces in M, (c) in terms of their general-
ized Tanaka-Webster connection. The notion of generalized Tanaka-Webster connection was first introduced by Tanno in
[17] in case of contact metric manifolds in the following way

VxY =VxY + (Vxn)(Y)E = n(Y)Vx& — n(X)pY.
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In [2], [3] Cho extended Tanno’s work by defining the notion of generalized Tanaka-Webster connection for real hyper-
surfaces M in M, (c) in the following way

VOV = VxV 4 g(pAX, Y)E — n(Y)pAX — kn(X)eY,

where X, Y are tangent to M and k is a non-zero real number. Denote by F)((k)Y = g(eAX,Y)e—n(Y)pAX —kn(X)eY
which is called the k-th Cho operator corresponding to a vector field X . The above relation becomes

VY = vy + FPy. (1.1)

The importance of the above connection lies in the fact that studying real hypersurfaces in M,,(c) which satisfy
geometric conditions such as parallelness or Codazzi type with respect to the generalized Tanaka-Webster connection leads
to different results to those obtained with respect to the Levi-Civita connection. More precisely, in [15] real hypersurfaces
in M, (c), n > 3, whose shape operator is of Codazzi type with respect to the generalized Tanaka-Webster connection
are classified in contrast to the fact that there are no real hypersurfaces in M, (c) whose shape operator is of Codazzi type
with respect to the Levi-Civita connection.

Motivated by all the above the following question raises naturally.

Question: Are there real hypersurfaces in M, (c) whose structure Jacobi operator is of Codazzi type with respect to the
generalized Tanaka-Webster connection?

First of all, the structure Jacobi operator is called of Codazzi type with respect to the generalized Tanaka-Webster
connection, when the following relation is satisfied

vy = (vPnx, (1.2)

for any X, Y tangent to M .
In this paper we study three dimensional real hypersurfaces in M (c) when the structure Jacobi operator satisfies
relation (1.2) and also commutes with the shape operator, i.e.

AlX = 1AX (1.3)

for any X tangentto M .
More precisely, the following Theorem is proved.

Theorem 1.1 Every real hypersurface M in Ms(c), whose structure Jacobi operator satisfies relations (1.2) and (1.3), is
a Hopf hypersurface. Furthermore, if o # 2k then M is locally congruent

i) to a real hypersurface of type (A)

ii) or to a Hopf hypersurface with A& = 0, which in case of CP? it is a non-homogeneous real hypersurface, considered
as a tube of radius r = 7 over a holomorphic curve.

Furthermore, in this paper three dimensional real hypersurfaces in M»(c) whose structure Jacobi operator is n-invariant
are also studied. The condition of n-invariance implies that the structure Jacobi operator satisfies the following

g((Lx)Y,Z) =0, X.Y.Z€D, (1.4)
where £ denotes the Lie derivative on M . More precisely, the following Theorem is proved

Theorem 1.2 Every real hypersurface M in Ms(c), whose structure Jacobi operator satisfies relations (1.3) and (1.4), is
a Hopf hypersurface. Furthermore, M is locally congruent

i) to a real hypersurface of type (A)

ii) or to a Hopf hypersurface with A& = 0, which in case of CP? it is a non-homogeneous real hypersurface, considered
as a tube of radius r = 7 over a holomorphic curve,

iii) or to a real hypersurface of type (B). In case of CP? it is a tube of radius r € (0, 1) around the complex quadric Q'
and in case of CH? it is a tube of some radius r around the canonically (totally geodesic) embedded 2-dimensional real

hyperbolic space.

This paper is organized as follows: In Section 2 basic relations and results about real hypersurfaces in M,,(c), n > 2,
are given. In Section 3 the proof of Theorem 1.1 is provided. Furthermore, in this Section some Propositions for Hopf
and ruled hypersurfaces, whose structure Jacobi operator is only of Codazzi type with respect to the generalized Tanaka-
Webster connection, are proved. In Section 4 the proof of Theorem 1.2 is given. Finally, in this Section Propositions for
Hopf and ruled hypersurfaces, whose structure Jacobi operator satisfies only the condition of n-invariance, are included.
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2 PRELIMINARIES

Throughout this paper all manifolds, vector fields etc are assumed to be of class C°° and all manifolds are assumed to be
connected. Furthermore, the real hypersurfaces M are supposed to be without boundary.
Let M be a real hypersurface immersed in a non-flat complex space form (M, (c), G) with complex structure J of
constant holomorphic sectional curvature c. In case of CP™ we have ¢ = 4 and in case of CH™ we have ¢ = —4.
Let N be a locally defined unit normal vector field on M and £ = —JN be the structure vector field of M. For a
vector field X tangent to M relation
JX =X +n(X)N

holds, where ¢ X and n(X)N are respectively the tangential and the normal component of JX . The Riemannian connec-
tions V in M,,(c) and V in M are related for any vector fields X, Y on M by

VxY =VxY + g(AX,Y)N,

where g is the Riemannian metric induced from the metric G.
The shape operator A of the real hypersurface M in M, (c) with respect to N is given by

VxN=—-AX.

The real hypersurface M has an almost contact metric structure (¢, &,7,g) induced from J of M, (c), where ¢ is the
structure tensor which is a tensor field of type (1,1) and 7 is an 1-form on M such that

9(@X,Y) = G(JX,Y),  n(X)=g(X,§) = G(JX,N).
Moreover, the following relations hold
PX=-X+nX)E, nop=0, =0, ¢ =1,
9(PX,9Y) = g(X,Y) =n(X)n(Y), g(X,9Y) = —g(pX,Y).
The fact that J is parallel implies V.J = 0. The last relation leads to
Vx€=pAX,  (Vxp)V =n(Y)AX - g(AX,Y)¢. 2.1

The ambient space M,,(c) is of constant holomorphic sectional curvature ¢ and this results in the Gauss and Codazzi
equations are respectively given by

R(X,Y)Z = [g(Y, 2)X = (X, 2)Y +g(¢Y, Z)pX 22)
—9(pX, 2)pY —29(0X,Y)0Z] + g(AY, Z)AX — g(AX, Z)AY,

(VxA)Y = (Vy X = ZIn(X)pY —n(¥)eX - 29X, Y)e],

where R denotes the Riemannian curvature tensor on M and X, Y, Z are any vector fields on M .
Relation (2.2) implies that the structure Jacobi operator [ is given by

IX = E[X — n(X)€] + aAX — n(AX)AE, 2.3)
for any X tangent to M and o = n(A¢&) = g(AE,§).
The tangent space Tp M, for every point P € M , can be decomposed as
TpM = span{{} & D,

where D = kern = {X € TpM :n(X) =0} and is called (maximal) holomorphic distribution (if n > 3). Due to the
above decomposition, the vector field A¢ can be written

A¢ = af + BU,

where = [pV¢£|and U = —%wvgg € ker(n) is a unit vector field, provided that 5 # 0.

The following Theorem is necessary in the proof of our Theorems. It was proved by Okumura in case of CP"™ ([12])
and by Montiel and Romero in case of CH™ ([10]) and it provides the classification of real hypersurfaces in M, (c) whose
shape operator commutes with the structure tensor field ¢.
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Theorem 2.1 Let M be a real hypersurface of M, (c), n > 2. Then Ap = @A, if and only if M is locally congruent to a
homogeneous real hypersurface of type (A). More precisely:

In case of CP™

(A1) a geodesic hypersphere of radius r, where 0 < r < Z,

(As) a tube of radius r over a totally geodesic CP*,(1 < k < n —2), where 0 < r < .

In case of CH™

(Ao) a horosphere in CH™, i.e a Montiel tube,

(A1) a geodesic hypersphere or a tube over a totally geodesic complex hyperbolic hyperplane CH™ ™1,

(As) a tube over a totally geodesic CH* (1 < k <n — 2).

The above real hypersurfaces are called real hypersurfaces of type (A).
Finally, we mention the following Theorem which in case of CP"™ is owed to Maeda [8] and in case of CH™ is owed
to Montiel [9] (also Corollary 2.3 in [11]).

Theorem 2.2 Let M be a Hopf hypersurface in M, (c), n > 2. Then
i) o is constant.
ii) If W is a vector field which belongs to D such that AW = AW, then

o} Aa ¢
(A= 5)Ach = (7 + i)(pVV. (2.4)
iii) If the vector field W satisfies AW = AW and ApW = voW then
/\u:%()\+y)+£. (2.5)

Remark 2.3 In case of real hypersurfaces of dimension greater than three the third case of Theorem 2.2 occurs when
a? + ¢ # 0, since in this case relation \ # S holds. Furthermore, the first of (2.1) and the structure Jacobi operator for
X =W and X = oW becomes

V& =AW and V,w& = —vW, (2.6)
w = (2 +a\NW and lpW = (2 + av)pW. 2.7)

2.1 AUXILIARY FACTS ABOUT THREE DIMENSIONAL REAL HYPERSURFACES IN COMPLEX
SPACE FORMS

Let M be a non-Hopf real hypersurface in My (c) and {U, pU, £} be a local orthonormal basis at some point P of M. Then
the following Lemma holds

Lemma 2.4 Let M be a non-Hopf real hypersurface in Ms(c). The following relations hold on M
AU =~U + §oU + BE, ApU = 6U + ppU, A =al + BU (2.8)
Vi€ = —6U +y¢U, Vou§ = —pU + 0¢pU, Ve = BeU,
VuU = k1pU + 6, VouU = ropU + €, VeU = k3pU,
VupU = —r1U = 7§, VeupU = —koU =6, VepU = —r3U — B,
where «, 3,7, 0, i, K1, K2, K3 are smooth functions on M and 8 # 0.

Remark 2.5 The proof of Lemma 2.4 is included in [13].
The structure Jacobi operator for X = U, X = U and X = £ due to (2.8) is given by

U = (Z Yy — U +adpU, 1pU = adU + (2 +ap)eU and I€ = 0. (2.9)
The Codazzi equation for X € {U, pU} and Y = & because of Lemma 2.4 implies the following relations
UB—&y = «d—20Ks (2.10)
& = ay+ Pk +52+,LU£3+£—’Y,M—’YI£3—B2 (2.11)
Ua—¢8 = —386 (2.12)
En = «ad + Bro — 20K3 (2.13)
(U)o = af+ fBrz —38u (2.14)
(@U)B = ay+ Bk +26% + ¢ 2vu + ap (2.15)

2
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and for X = U and Y = U

Us—(pU)y = pk1—k1y— By — 20k — 20 (2.16)
Up—(pU)s = ~ko+ B0 — Kop — 20K (2.17)

Furthermore, combination of the Gauss equation (2.2) with the formula of Riemannian curvature R(X,Y)Z =
VxVyZ —VyVxZ — V|x y)Z, taking into account relations of Lemma 2.4, implies

Uky — (pU)k1 = 20% —2ypu — ki — K3 — K3 — piki3 — ¢, (2.18)
(pU)ks —Eka = 2Bp — pky + 0kg + K3k1 + Bra. (2.19)

Remark 2.6 In case of Hopf three dimensional real hypersurfaces we consider a local orthonormal basis {W, oW, £} at
some point P € M such that AW = AW and ApW = voW. So relation (2.5) holds. Moreover, relations (2.6) and (2.7)
hold.

3 PROOF OF THEOREM 1.1

Let M be a three-dimensional real hypersurface in M (c) whose structure Jacobi operator satisfies relations (1.2), (1.3)
and « # 2k. More analytically, relation (1.2) due to (1.1) is written

Vx(Y) + FPy) —1vxy —1IFPY = vy (1X) + FP (1X) - 1Vy X —IFP X, 3.1)

where X, Y are tangent to M .
We consider the open subset N of M such that

N={P € M: B#0 inaneighborhood of P}.

On N relation (2.8) holds. Moreover, relation (1.3) for X = ¢ implies that [U = 0 and due to the first of (2.9) we
have ad = O and ay + § = 2. Suppose that o # 0. Then § = 0 and relation (2.8) becomes

AU = U + ¢ and AU = uepU.

Relation (3.1) for X =U andY = ¢ and X = U and Y = U due to the above relation, relation (2.9) and Lemma
2.4 implies respectively

(k3 — k)(g +ap) =0 and m(g + ap) = 0.

Suppose that x3 # k then the first relation implies that § + oy = 0 and the second of (2.9) yields loU = 0. So we
have that [ = 0 which due to Proposition 8 in [4] is impossible. For the same reason as in the previous case the second
relation implies that k1 = 0. So the following relations hold

K3 =k, K =0 and §+a,u7é0, (3.2)

since [U = 0 and Proposition 8 in [4]. Differentiation of § + ay = 3% with respect to U taking into account relations
(2.14), (2.15), (2.16) and (3.2) implies vk + yu = c. On the other hand, relation (2.11) because of the first two relations
of (3.2) and ay 4+ ¢ = 2 implies that

uk = yp+ k. (3.3)

Combination of the last two relations yields p = 7 and this results in Uy = 0. The last one due to (2.17) implies
(v — p)k2 = 0.If kg # 0 then v = p and substitution of the latter in (3.3) leads to p1 = 0. Then since p =  this results
in ¢ = 0, which is impossible. So relation k5 = 0 holds.

Relation (2.18) due to k1 = k2 = 0, vk +yp = cand p = 7 implies that v = —3k. Differentiation of the latter with
respect to U due to (2.16), (3.2) and the relations for v and y yields ¢ = % On the other hand, relation (2.19) because

of (3.2), ko =0 and u = % leads to ¢ = —%2. Combination of the two relations for ¢ leads to a contradiction.
So on N relation o = 0 holds and this results in § = B2 and lpU = 9U.
Relation (3.1) for X = U and Y = ¢ and for X = U and Y = U due to the above relations and Lemma 2.4 implies

:‘ig:k and 51:0.
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Relation (2.14) because of the first of the above relations implies p = % Furthermore, relation (2.13) yields 6 = 0, thus
relation (2.11) due to the previous relations results in v = %. Moreover, differentiation of § = 3 2 taking into account the
relations for ~, p and relation (2.15) implies ¢ = % Substitution of the previous relations for vy, i, x3 and ¢ in (2.18)

results in £ = 0, which is impossible.
Thus, N is empty and the following Proposition is proved

Proposition 3.1 Every real hypersurface in My(c) whose structure Jacobi operator satisfies relations (1.2) and (1.3) is
Hopf.

Due to the above Proposition, relations of Theorem 2.2 and remark 2.3 hold. The inner product of relation (3.1) for
X =WandY = & with oW due to (2.6) and (2.7) implies

a(A—v)g(VW, W) = ar(A —v).

Suppose that (A — v) # 0 then since g(VeW, W) = g(VW, €) = 0 we have VW = koW and taking into account
the second of (2.1) we obtain VW = —sW.
The inner product of Codazzi equation for X = £ and Y = W with oW and for X = { and Y = W with W due
to the above relations and (2.6) implies
AR — VK —al+ v =

)

A —VK+av — v =—

=l oo

Combination of the above relations due to A # v results in & = 2x which is a contradiction.

So on M we have that (A — v) = 0. If @ = 0 in case of CP? we have to cases: 1) if A\ # v then M is locally
congruent to a non-homegeneous real hypersurface considered as a tube of radius 7 = 7 over a holomorphic curve, 2) if
A = v then M is locally congruent to a geodesic hypersphere of radius r = 7. In case of CH 2 M is a Hopf hypersurface
with A¢ = 0 (for the construction of such real hypersurfaces see [5]).

If o # 0 then A = v. The latter implies that
(Ap —pA)X =0

for any X tangent to M . So due to Theorem 2.1 M is locally congruent to a real hypersurface of type (A) and this
completes the proof of Theorem 1.1.

Remark 3.2 The structure Jacobi operator is parallel with respect to the generalized Tanaka-Webster connection when
it satisfies
vy =o,

forany X, Y tangent to M. The above relation implies that the structure Jacobi operator satisfies relation (1.2). Thus M is
locally congruent to one of the above mentioned real hypersurfaces. Thus, as a consequence of the Theorem 1.1 we obtain

Corollary: Let M be a real hypersurface in Ms(c) with o # 2k whose structure Jacobi operator is parallel with respect
to the generalized Tanaka-Webster connection and also satisfies (1.3). Then M is locally congruent to

i) a real hypersurface of type (A)

ii) or to a Hopf hypersurface with A€ = 0, which in case of CP? is a non-homegeneous real hypersurface considered as
a tube of radius v = 7 over a holomorphic curve.

3.1 REAL HYPERSURFACES IN M, (c), n > 2, WHOSE STRUCTURE JACOBI OPERATOR SAT-
ISFIES RELATION (1.2)

3.1.1 HOPF HYPERSURFACES IN NON-FLAT COMPLEX SPACE FORMS

Let M be a Hopf hypersurface in M, (c), n > 2, whose structure Jacobi operator satisfies relation (1.2) and o # 2k.
Relation (3.1) also holds. We consider two cases

CaseI: o® + ¢ # 0.

In this case relations of Theorem 2.2 and remark 2.3 hold. Thus, following similar steps to those as in the proof of three
dimensional Hopf hypersurfaces we obtain

a(A—v)=0. (3.4
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CaseII: o + ¢ = 0.

In this case the ambient space is CH™ and @ # 0. Suppose that A # § then ApW = vpW and (2.5) results in
5. The same steps as in the previous case lead to o = 2k, which is a contradiction.

Therefore, A = § is the only eigenvalue for all vector fields in D and M is locally congruent to a horosphere.
Therefore, due to Theorem 1.1, relation (3.4) and Theorem 2.1 we obtain

V=

Proposition 3.3 Let M be a Hopf hypersurface in M, (c), n > 2, whose structure Jacobi operator is of Codazzi type with
respect to the generalized Tanaka-Webster connection and o # 2k. Then M is locally congruent

i) to a real hypersurface of type (A)

ii) or to a real hypersurface with A = 0.

Due to remark 3.2 we also obtain the following Proposition

Proposition 3.4 Let M be a Hopf hypersurface in M,,(c), n > 2, whose structure Jacobi operator is parallel with respect
to the generalized Tanaka-Webster connection and o # 2k. Then M is locally congruent

i) to a real hypersurface of type (A)

ii) or to a real hypersurface with A = 0.

3.1.2 RULED HYPERSURFACES IN NON-FLAT COMPLEX SPACE FORMS

A ruled real hypersurface in M, (c), n > 2, is a real hypersurface such that D is integrable and its integral manifold is
M,,—1(c) (see [6] and [7]). Thus, the shape operator of a ruled real hypersurface satisfies the following relations

Af =af+ U, AU = 3¢ and AZ =0 for any Z orthogonal to span{¢, U},

where 3 # 0. The inner product of Codazzi equation for X = ¢ and Y € {U, pU} with U, U and Z € Dy, for
n > 3, which is the orthogonal complement of span{U, U, £} yields

B2 = Bri+ 2, where k, = g(VyU, oU), 3.5)
9(VyU,Z) = 0, forany Z € Dy, (3.6)
9(VeulU,oU) = 0, 3.7
9(VouU,Z) = 0, forany Z € Dy, (3.8)
(P08 = B+7. (3.9)

The following relations taking into account the second of (2.1) and relations (3.6), (3.7), (3.8), g(VyU,U) =
9(VuU,§) =0and g(V,pU,U) = g(V,uU, &) = 0hold

VUU = I€1<,0U, VUQDU = *IﬁU, vaU = V¢U<pU =0. (3.10)
Moreover, the structure Jacobi operator (2.3) becomes
£ =0, IU= (2 — YU and 1Z = gz, for any Z orthogonal to U and €. (3.11)

Let M be a ruled real hypersurface whose structure Jacobi operator satisfies relation (1.2). Relation (3.1) also holds.
The inner product of relation (3.1) for X = U and Y = £ due to the first of (2.1) and (3.11) with U and Z € Dy implies
respectively

k3 =g(VeU,oU) =k and g(VeU, Z) = 0.

So because of the above and the second of (2.1) we have
VeU = kU and VepU = —kU — BE. (3.12)

Moreover, relation (3.1) for X = U and Y = U yields (oU) = %5 So relation (3.9) due to the latter and (3.5) implies
B2 = 3C . Differentiation of the latter with respect to U implies (¢U)3 = 0. So relation (3.9) implies 32 + 7=0.
Comblnatlon of the latter with 3% = ‘34‘: results in ¢ = 0 which is a contradiction. So the following Proposition is proved
Proposition 3.5 There are no ruled real hypersurfaces in M, (c), n > 2, whose structure Jacobi operator satisfies
relation (1.2).
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4 PROOF OF THEOREM 1.2

Let M be a three-dimensional real hypersurface in Ms(c) whose structure Jacobi operator satisfies relations (1.3) and
(1.4). The last one implies

g(VxlY —=Viy X —IVxY +IVyX,Z2)=0, X,Y,ZeD. 4.1)
We consider the open subset N of M such that
N={P € M: §+#0 inaneighborhood of P}.

On N relation (2.8) holds. Moreover, relation (1.3) for X = ¢ implies that (U = 0.
Relation (4.1) for X = U and Y = U due to the latter and relations of Lemma 2.4 implies

kog(lpU,Z) =0, Z eD.

Suppose that ko # 0 then lpU = 0 and this results in [ = 0, which due to Proposition 8 in [4] is impossible.
So on N ko = 0 and since (U = 0 the first of (2.9) implies

ad =0 and 2 tay =2 (4.2)

Suppose that a # 0 then § = 0. Relation (4.1) for X = U and Y = U due to (4.2), the second of (2.9), relations of
Lemma 2.4, ko = 0 and [U = [§ = 0 yields

Ulap)g(eU, Z) - m(% +ap)g(U, Z) = 0.

For Z = U the above implies that x1(§ + au) = 0. If k1 # 0 then (§ + au) = 0 and the second of (2.9) results in
loU = 0. The latter implies that ! = 0 and due to Proposition 8 in [4] we have a contradiction.

So k1 = 0. Differentiation of the second one of (4.2) with respect to U taking into account relations (2.14), (2.15)
and (2.16) implies

Y+ YK3 = cC. 4.3)

Since ko = 0 relations (2.13) and (2.17) implies

Eun=Up=0.

The Lie bracket [U, &]p is given by [U, &]p = U(Eu) — £(Up) = 0. On the other hand, because of Lemma 2.4 we obtain
U, €l = (Vu& — VeU)p = (v — k3)(pU) . Combination of the above relations results in (y — k3)(oU)p = 0.

Suppose that (U ) # 0 then v = k3 and relation (2.18) taking into account (4.3) implies yu = —c. Substitution
of the last one in (4.3) implies 42 = 2c. Moreover, relation (2.11) yields v = 0. So we conclude that ¢ = 0, which is
impossible. Thus, relation (¢U)u = 0 holds.

Relation (4.1) for X = Y = Z = U because of the latter implies u(oU)a = 0. Suppose that (U)o # 0 then
p = 0 and relation (2.11) results in yx3 = 0. So (4.3) leads to ¢ = 0, which is a contradiction. Thus (U)o = 0 and
because of (2.14) we obtain k3 = 3 — . Substitution of the last one in (4.3) implies (4 — )y = c. Differentiation of
the last one with respect to U because of (oU)u = (U)o = 0yields (4pu — «)(U)y = 0. If (pU)~y # 0 then 4 = «
and k3 = —pu. On the other hand, relation (2.19) since (U )ks = 0 implies k3 = p = 0 and relation (4.3) leads to ¢ = 0,
which is impossible.

So we have (pU)~y = 0 and (2.16) implies v = —2pu. Relation (2.11) because of the relations for v and 3 and (4.3)
implies p(11p — 3a) = 0. If 11 — 3 # 0 then 1 = 0 and this results in v = 0. So 32 = 4 and differentiating the latter
with respect to U taking into account (2.15) we obtain ¢ = 0, which is a contradiction.

So = 1 and kg = — 2. So (2.18) implies ¢ = 1= .
4 = 0 and this results in ¢ = 0, which is a contradiction.

Therefore, on N we have a = 0 and the second of (4.2) implies 5% = 7. Moreover, relation (2.14) implies k3 = 3.
Relation (4.1) for X = U, Y = U and Z = U yields k1 = 0. So relation (2.11) taking into account the previous results
yields p(4y — 3u) = 0. If u # 0 then v = % and relation (2.15) implies ¢ = 32, Thus, relation (2.18) yields p = 0,
which is a contradiction.

So p = 0 and this results in k3 = 0. Therefore, relation (2.18) implies ¢ = 0, which is a contradiction.

Thus, N is empty and the following Proposition is proved

Substitution of the relations for 7, k3 and c in (4.3) yields
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Proposition 4.1 Every real hypersurface in My (c) whose structure Jacobi operator satisfies relations (1.3) and (1.4) is
Hopf.

Due to the above Proposition we have that M is a Hopf hypersurface and relations of Theorem 2.2 and Remark 2.6
hold. Relation (4.1) for X = ¢W,Y = W and Z = W due to (2.7) implies

a(X=v)g(Vow W, W) = 0.

Suppose that a(A — v) # 0 then g(V,w W, W) = 0. Moreover, relation (4.1) for X = W,Y = oW and Z = W
implies g(Vw W, W) = 0. The inner product of Codazzi equation for X = ¢ and Y = W with oW because of (2.5)
implies g(V¢W, W) = §. Combination of the Codazzi equation with the formula for the Riemannian curvature for
X =W,Y =W and Z = W taking into account all the previous implies A\v = — 7 and because of (2.5) we have that
a(X\ + v) = —c. Thus )\, v are constant and since A # v we have that M is locally congruent to a real hypersurface of
type (B).

Let a(A —v) = 0. If « = 0 in case of CP? we have to cases: 1) if A # v then M is locally congruent to a non-
homegeneous real hypersurface considered as a tube of radius r = 7 over a holomorphic curve, 2) if A\ = v then M is
locally congruent to a geodesic hypersphere of radius r = 7. In case of CH 2 M is a Hopf hypersurface with A¢ = 0 (for
the construction of such real hypersurfaces see [5]).

If a # 0 then A = v. The latter implies that

(Ap —pA)X =0

for any X tangent to M . So due to Theorem 2.1 M is locally congruent to a real hypersurface of type (A) and this
completes the proof of Theorem 1.2.

4.1 REAL HYPERSURFACES IN M, (c),n > 2, WHOSE STRUCTURE JACOBI OPERATOR SAST-
ISFIES RELATION (1.4)

4.1.1 HOPF HYPERSURFACES IN NON-FLAT COMPLEX SPACE FORMS

Let M be a Hopf hypersurface in M, (c), n > 2, whose structure Jacobi operator satisfies relation (1.4). Relation (4.1)
also holds. We consider two cases.

Casel: o® + ¢ # 0.

In this case relations of Theorem 2.2 and remark 2.3 hold. Following similar steps to those of the case of three dimensional
real hypersurfaces we obtain

g(VewW,oW) = ko =0 and g(ViweW, W) =k, =0.

The inner product of Codazzi equation for X = £ and Y = W with oW due to (2.5) yields
_“
=5

The inner product of Codazzi equation for X = W and Y = W with any W; € Dy, if n > 3, which is the
orthogonal complement of the span{W, oW, £} yields

k3 = g(VeW, W)

vg(VweW, Wi) — Ag(Vow W, W1) = g(AVw W — AV i W, W7). 4.4)

Furthermore, the inner product of (4.1) for X = W, Y = oW and Z = W; due to relation (4.4) and relation (2.3)
for X = ViwpW and X = V W, since A\ # v leads to

g(VowW,Wq) =0, forany Wi € Dy .
Because of the latter and the fact that VW has no component on W and W we conclude that
VowW =v§ and VoW = 0. 4.5)

The inner product of (4.1) for X = oW, Y = W and Z = Wj due to relation (4.4) and relation (2.3) for X =
VweW and X = VW, since A # v leads to

g(VweW, Wp) =0, forany Wi € Dy .
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Due to the latter and the fact that V, oW has no component on W and W we conclude that
ViweW = =A¢ and Viy W = 0. (4.6)
The Riemannian curvature tensor is given by the relation
R(X,Y)Z =VxVyZ —VyVxZ —VxyZ. 4.7
Relation (4.7) for X = W,Y = oW and Z = W because of relations (4.5) and (4.6) yields
R(W, W)W = (Wv)§ + vAeW + (A +v)V . (4.8)
On the other hand from the Gauss equation for X = W, Y = oW and Z = W we obtain
RW, W)W = —(Av + c)pW. (4.9)
The combination of the inner product of the above two relations with W € Dy, implies
(A + 1)g(VeW, W) = 0.

Suppose that (V¢ W, W7) # 0 then the above relation gives A + v = 0. Combining the inner product of (4.8) and
(4.9) with W results in A\v = —g. Substituting the previous two relations in (2.4) leads to ¢ = 0, which is a contradiction.
Therefore, on M; we have that g(VgVV7 W1) = 0, which implies that V¢W has no component on Dy . Therefore, since

k3 = 5 the following relations hold
e} o)
VW = EgoW and VoW = —§W (4.10)

The combination of the inner product of relations (4.8) and (4.9) with W because of (4.10) implies 2A\v+§ (A +v) =
—c. The last one due to (2.4) results in A\v = —{. Substitution of the previous one in (2.4) implies a(A + v) = —c.
Therefore, the real hypersurface has at least three distinct constant principal curvatures. Substitution of the principal
curvatures in A\v = — 7 implies that only type (5) satisfies this relation.

If a(p — v) = 0 holds, which implies that either M is a Hopf hypersurface with o« = 0 or y = v. The last one results
in (Ap — pA)X =0, X tangent to M .

CaseIl: o + ¢ = 0.
In this case the ambient space is CH™ and @ # 0. Suppose that A # & then AW = vpW and (2.5) results in v = 5.
Following similar steps as in the previous case gives a contradiction

Therefore, A = 3 is the only eigenvalue for all vector fields in D and M is locally congruent to a horosphere.

Therefore, due to Theorem 1.2, relation (Ap — ¢A)X = 0 and Theorem 2.1 we obtain

Proposition 4.2 Let M be a Hopf hypersurface in M, (c), n > 2, whose structure Jacobi operator satisfies relation (1.4).
Then, M is locally congruent

i) to a real hypersurface of type (A)

ii) or to a Hopf hypersurface with A§ = 0,

iii) or to a real hypersurface of type (B), i.e. in case of CP™ a tube of radius r € (0,7 ) around the complex quadric
Q"' and in case of CH™ a tube of some radius r around the canonically (totally geodesic) embedded n-dimensional real
hyperbolic space.

4.2 RULED HYPERSURFACES IN COMPLEX SPACE FORMS

Let M be a ruled real hypersurface whose structure Jacobi operator satisfies relation (1.4) and also relation (4.1) holds.
Furthermore, the relations (3.5)-(3.11) are satisfied. Relation (4.1) for X = U, Y = U and Z = U due to (3.10) and
(3.11), results in k1 = 0. Combination of the Gauss equation for X = U, Y = U and Z = U due to xk; = 0 with the
definition of the Riemannian curvature R(X,Y)Z = VxVyZ — VyVxZ — Vvyvy-v,xZ implies ¢ = 0, which is
impossible. Thus we have proved the following Proposition.

Proposition 4.3 There are no ruled real hypersurfaces in M,(c), n > 2, whose structure Jacobi operator satisfies
relation (1.4)



Structure Jacobi operator 11

Acknowledgments

Third author is supported by grant Proj. No. NRF-2011-220-C0002 from National Research Foundation of Korea and by
MCT-FEDER Grant MTM2010-18099.

References

(1]

(2]
(3]

(4]

(5]

(6]

(71

(8]
(9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]
[18]

[19]

J. Berndt: Real hypersurfaces with constant principal curvatures in complex hyperbolic space. J. Reine Angew. Math.
395, 132-141, (1989).

J. T. Cho: CR-structures on real hypersurfaces of a complex space form. Publ. Math. Debrecem 54, 473-487, (1999).

J. T. Cho: Pseudo-Einstein CR-structures on real hypersurfaces of a complex space form. Hokkaido Math. J. 37,
1-17, (2008).

T. A. Ivey and P. J. Ryan: The structure Jacobi operator for real hypersurfaces in CP? and CH?. Results Math. 56,
473-488, (2009).

T. A. Ivey and P. J. Ryan: Hopf hypersurfaces of small Hopf principal curvature in CH?. Geom. Dedicata 141,
147-161, (2009).

M. Kimura: Sectional curvatures of holomorphic planes of a rael hypersurface in P"(C. Math. Ann. 276, 487-497,
(1987).

M. Lohnherr and H. Reckziegel: On ruled real hypersurfaces in complex space forms. Geom. Dedic. 74, 267-286,
(1999).

Y. Maeda: On real hypersurfaces of a complex projective space. J. Math. Soc. Japan 28,529-540, (1976).
S. Montiel: Real hypersurfaces of a complex hyperbolic space. J. Math. Soc. Japan 35, 515-535, (1985).

S. Montiel and A. Romero: On some real hypersurfaces of a complex hyperbolic space. Geom. Dedicata 20, 245-261,
(1986).

R. Niebergall and P. J. Ryan: Real hypersurfaces in complex space forms. Math. Sci. Res. Inst. Publ. 32, 233-305,
(1997).

M. Okumura: On some real hypersurfaces of a complex projective space. Trans. Amer. Math. Soc. 212, 355-364,
(1975).

K. Panagiotidou and Ph. J. Xenos: Real hypersurfaces in CP? and CH? whose structure Jacobi operator is Lie
D-parallel. Note Mat. 32, 89-99, (2012).

J. D. Pérez, F. G. Santos and Y. J. Suh: Real hypersurfaces in complex projective space whose structure Jacobi
operator is of Codazzi type. Canad. Math. Bull. 50, 347-355, (2007).

J.D. Pérez and Y. J. Suh: A characterization of type (A) real hypersurfaces in complex projective space. Publ. Math.
Debrecen 83, 707-714, (2013).

R. Takagi: On homogeneous real hypersurfaces in a complex projective space. Osaka J. Math. 10, 495-506, (1973).
S. Tanno: Variational problems on contact Riemannian manifolds. Trans. Am. Math. Soc. 314, 349-379 (19809).

Th. Theofanidis and Ph. J. Xenos: Non-existence of real hypersurfaces equipped with Jacobi structure operator of
Codazzi type. Intern. J. of Pure and Applied Math. 65, 31-40, (2010).

Th. Theofanidis and Ph. J. Xenos: Real hypersurface of non-flat complex space forms equipped with Jacobi structure
operator of Codazzi type. Houston J. Math. 40, 97-107, (2014).

G. KAIMAKAMIS, FACULTY OF MATHEMATICS AND ENGINEERING SCIENCES, HELLENIC MILITARY ACADEMY, VARI, ATTIKI, GREECE

E-MAIL:gmiamis @gmail.com

K. PANAGIOTIDOU, MATHEMATICS DIVISION-SCHOOL OF TECHNOLOGY, ARISTOTLE UNIVERSITY OF THESSALONIKI, THESSALONIKI 54124,
GREECE
E-MAIL: kapanagi @gen.auth.gr

J. DE D10S PEREZ, DEPARTMENTO DE GEOMETRIA Y TOPOLOGIA, UNIVERSIDAD DE GRANADA, 18071, GRANADA SPAIN
E-MAIL: jdperez@ugr.es



	Introduction
	Preliminaries
	Auxiliary facts about three dimensional real hypersurfaces in complex space forms

	Proof of Theorem 1.1
	Real hypersurfaces in Mn(c), n2, whose structure Jacobi operator satisfies relation (1.2)
	Hopf hypersurfaces in non-flat complex space forms
	Ruled hypersurfaces in non-flat complex space forms


	Proof of Theorem 1.2
	Real hypersurfaces in Mn(c), n2, whose structure Jacobi operator sastisfies relation (1.4)
	Hopf hypersurfaces in non-flat complex space forms

	Ruled hypersurfaces in complex space forms


