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Abstract

In this thesis we investigate conditions for the existence of solitons for the
Ricci flow. The Ricci flow, first introduced by Richard Hamilton, changes a
Riemannian metric over time, in a way that the metric satisfies the partial dif-
ferential equation dg/0t = —2Ric(g). “Solitons” for this flow are solutions of
the equation where the metrics at different times differ by a diffeomorphism of
the manifold. The soliton condition, sufficient for an initial metric to give rise
to a soliton, is Ly} = —€ Ric(}). We use the techniques of exterior differential
systems to show that this condition is involutive, and gives an elliptic equa-
tion in harmonic coordinates. However, globally-defined solitons are harder to
obtain on compact manifolds than locally-defined solitons: using techniques
from Hamilton’s earlier papers, we show that the only solitons on compact
three-manifolds are metrics of constant curvature. For compact manifolds of
higher dimension we investigate the possibility of deforming an Einstein met-
ric to a soliton, and we calculate the first-order deformation space explicitly
in the case of symmetric spaces of compact type. Using warped products and
ODE techniques, we also construct some examples of non-compact, complete

solitons.



Acknowledgements

I would like to thank my advisor, Robert Bryant, for the many hours he spent
answering my questions and sharing his insights with me. I am most grateful

for his unstinting support during my five years of graduate education.

I have also been aided in my dissertation research by advice from Steve
Altschuler, Richard Hamilton, Tom Ilmanen, and Lang-Fang Wu. For helpful
discussions along the way, I should also thank Bill Allard, Lucas Hsu, J.M.

Landsberg, Bob Mclean, Tim Murdoch and Mark Stern.

I would like to thank the faculty and staff of the Duke University math
department for their support. I am also grateful for the excellent computer
facilities provided by the department, and for the help of Yu Yunliang in this

area.

Finally, my graduate career would not have been possible without the fel-
lowship of my friends at Duke, and the support of my family and Sharon

Strong.

i



Contents

Abstract

Acknowledgements

Introduction

1 Background for the Ricci Flow

2 Local Analysis of the Soliton Equation

3 Solitons on Compact Three-Manifolds

4 Deformation Theory of Compact Solitons

5 Constructions of Complete Solitons via Warped Products
Bibliography

Biography

11

ii

10

14

34

43

59

78

81



Introduction

What is the Ricci flow?

The Ricci flow is a way of evolving a Riemannian metric over time. The

evolution is specified by the partial differential equation

dg
—_— = —2

which is known as the “heat equation” for Riemannian metrics. There are
situations — most notably, metrics with positive Ricci curvature on compact
three-manifolds — where this name is justified, and the behaviour of the flow is
indeed similar to that of the ordinary one-dimensional heat equation f; = f,.:
if the initial metric gy has its curvature concentrated in a ‘lump’ in one place,
the Ricci flow smoothes out the lump, so that as time approaches infinity
the curvature is uniformly distributed. However, the nonlinear second-order
operator Rc, which yields the Ricci tensor of the metric g, is not elliptic,
so the Ricci flow is not strictly parabolic. The way in which it fails to be
parabolic is understood well enough that it has been termed weakly parabolic

(see [17], § 5,6).



What is it good for?

Ever since Riemannian geometry was introduced in the nineteenth century,
curvature has been used to study the topology of manifolds. Of course, the
classic result in this area is the Gauss-Bonnet theorem: if M is a compact

orientable surface without boundary then the formula

1

relates a curvature integral to the Euler characteristic x(M), a topological
invariant of M. Now, introducing a metric on a manifold adds an extra level
of complication, since the space of all available metrics is extremely large. We

can try to understand this complication by considering questions like

Is there a “nicest” metric we can put on M, that is, one where the

curvature is as simple as possible?

How does the topology of M influence the curvature of metrics

on M? In particular, how “nice” a metric can we get?

For example, if M is a two-dimensional torus the Gauss-Bonnet formula shows
that M cannot have a metric of strictly negative or strictly positive curvature.
On the other hand, the uniformization theorem says that an arbitrary complete
metric on any surface (compact or not) can be multiplied by a smooth function
to obtain a very nice metric, one of constant curvature.

Sometimes if a manifold admits a metric that is nice enough, we can com-
pletely determine its topology. For example, if M is a simply-connected surface

admitting a complete metric of constant negative curvature, then M must be



the upper half-plane. Even if M is not simply-connected, we can lift the con-
stant negative curvature metric to its universal cover M, which then must be
the upper half-plane. Furthermore, the deck transformations for this covering
must be isometries of M, so they must lie in SL(2,R). It follows that any
hyperbolic surface M must be a quotient of the upper half-plane by the action
of a subgroup of SL(2,R). In this sense, the upper half-plane is a model space

for hyperbolic surfaces.

In the next dimension up, Thurston [28] has conjectured that three-manifold
topologies can be classified by a generalization of this argument. In brief, one
hopes to show that every compact three-dimensional manifold can be sliced
up into pieces, each of which admits a metric nice enough so that its universal
cover is one of eight homogeneous model spaces. The goal, in essence, is to
be able to use our understanding of nice geometries to investigate questions in
topology.

The Ricci flow comes in as a way of obtaining nice geometry. In general,
one starts with a metric gy on M that satisfies some rather general curvature
condition C, and proves that as the Ricci flow runs, the metrics g, converge to
a limiting metric which satisfies a more restrictive — “nicer” — condition C’.

For example, it is known that:

e If M is a compact three-manifold and gy has positive Ricci curvature,
then g; converges to a metric of constant positive sectional curvature [17].

Thus, M must be a quotient of S* by standard isometries.

e If M is a compact orientable surface, then g; converges to the constant
curvature metric appropriate to the topology of M — regardless of the

initial metric go [19],[10].



e If M is a compact four-manifold and the Riemann curvature tensor of g,
when viewed as a quadratic form on the space of two-forms on M, is posi-
tive semi-definite, then g; converges to a metric which is locally isometric

to one of S*, CP¥, S3 x R, S? x S2, or S? x R¥, with the standard metric

in each case [18]. Thus M must be a quotient of one of these spaces.

o If M is a compact complex manifold and gy is a Kahler metric with
non-negative holomorphic bisectional curvature, then g; remains Kéahler
and has positive holomorphic bisectional curvature for large enough ¢. It
follows by algebro-geometric arguments that M is biholomorphic to CP*
25].

Strictly speaking, the above results for compact manifolds apply to the nor-

malized Ricci flow

dg

2
i —2 Re(g) + ET(Q)Q,

where 7(g) is the integral of the scalar curvature divided by the volume. This
normalization is rigged so that, while the metric changes, the volume of the
manifold is constant. (Without this normalization, S™ with constant curva-
ture +1 shrinks to a point in time 1/2(n — 1). On the other hand, for any
Einstein metric the right-hand side of the above equation is zero, and the nor-
malized Ricci flow leaves the metric fixed.) Since the two flows are equivalent
up to re-scaling and reparametrizing in time (see Chapter 3), one usually works
with the curvature evolution equations for the unnormalized flow and proves

convergence results for the normalized flow.

However, given an arbitrary initial metric on a compact three-manifold, the

normalized Ricci flow may develop singularities in finite time. For example,



it is believed! that if we give the three-sphere a metric so that the lateral
S?’s pinch in tightly in the middle, in finite time the Ricci flow will collapse
one of the S?’s to a point. (See Figure 0.1 for the analogous picture in two

dimensions; this phenomenon has been shown to occur for the mean curvature

Figure 0.1: A neck pinch

flow for embedded surfaces in R¥ [16].)

The most ambitious conjecture for the Ricci flow is that the singularities
that develop are due to the topology of M?3. Indeed, it is conjectured that
the singularities split M? into less complicated pieces, and that away from the
singularities the Ricci flow is converging to one of the homogeneous geometries
proposed in the Thurston programme. To make progress along these lines, we

must try to understand the singularities of the Ricci flow on three-manifolds.

What are Ricci solitons?

In this subject it has become customary to call a solution of an evolution

equation that evolves along symmetries of the equation a soliton; another term

!This is claimed in the introduction to [22] but no references are given for the appropriate
numerical studies.



used is self-similar solution (cf. [11]). To illustrate what we mean by “evolving
along symmetries”, consider the ordinary one-dimensional heat equation f; =
fzz- It is not too hard to see that the following vector fields are infinitesimal
symmetries of the equation — that is, each one generates a one-parameter

group of transformations that transform solutions to solutions:

0
X1 =— translation in space
Ox
0 D
Xy = It translation in time
0
Xy =f— scaling in
3 af ing in f
0 0 .. .
Xy =x— + 2t— scaling in space and time
ox ot

(Note that by no means do these exhaust the symmetries of the heat equation;

—x2 /4t

Vit

e

see [26], §2.4.) For the fundamental solution f(x,t) = , we see that

FOz, M%t) = A2 f(,1)

for any A > 0, so this solution is a soliton that evolves along the vector field
X = X4 —2X3. (In fact, X is tangent to the graph of f(x,t).)

Another well-known evolution equation is the curve-shortening flow

%—f =KN,

for X (t) a one-parameter family of immersed plane curves with curvature x and
unit normal vector N. The symmetries of this flow are the rigid motions of the
plane, translation in time, and simultaneous dilation in space and time. Among
the soliton solutions are the “spirograph” curves of Abresch-Langer [1], which

evolve by rotation and dilation, and the “Grim Reaper” cosz = e™¥, which

evolves by translation in the y-direction.



Figure 0.2: (a) some Abresch-Langer curves (b) the Grim Reaper

0
The Ricci flow 22 = —2 Re(g) on a manifold M is an equation of tensors,

ot

so all the diffeomorphisms of M are symmetries of the Ricci flow. We define a
Ricci soliton to be a solution where the metric g; at time ¢ is the pullback of
the initial metric go by a diffeomorphism ¢;. It follows (see Chapter 1) that the
¢¢’s belong to a 1-parameter group of diffeomorphisms generated by a vector
field X. Then ¢; is a Ricci soliton solution if and only if for some complete
vector field X

Ly} =—€ Re(}).

We call this the Ricci soliton equation for an initial metric go; if g satisfies
this, then as the Ricci flow runs, g; evolves along the vector field X. Notice
that the metric g; will be no nicer than our initial metric; in effect, the Ricci

flow is changing the coordinates but not the geometry.

Why should we care about Ricci solitons?

If we imagine the Ricci flow as the flow of some vector field on the space of

metrics, then solitons may act as attractors for this flow. In fact, in the case of



two-dimensional spheres and spherical orbifolds, the flow is known to converge
to a soliton. Given this tendency, it becomes important to classify the possible

soliton metrics on a given compact manifold.

We are also interested in solitons on non-compact manifolds for the fol-
lowing reason. We can attempt to understand how singularities for the Ricci
flow form by defining a sequence of re-scaled solutions. Suppose (pg, ) is a
sequence of points and times along which the norm of the curvature of g(t)
achieves its maximum at each time and is going to infinity as & — oco. For

each k, re-scale so that the norm of the curvature is bounded at py:

ge(t) = Meg(Ti + /M)

The re-scaling and translation in time makes each g () a solution of the Ricci
flow with bounded curvature at time zero. The boundedness of the product of
the maximum norm of the curvature and the time until blow-up is invariant
under these re-scalings. If it is bounded we say the singularity is “rapidly-
forming”; if it is unbounded we say the singularity is “slowly-forming”. In
the latter case, if the metrics gx(0), which have uniformly bounded curva-
ture as k — oo, converge to anything, that metric must be a solution to the
Ricci flow for all time. The belief is that they converge to complete Ricci
solitons. If this is true, then we can understand the singularities of the Ricci
flow by understanding the solitons. (That a sequence of metrics on a com-
pact manifold can converge to a non-compact soliton is not an unreasonable
notion: it has been shown that, near a singularity, re-scaled solutions to the
curve-shortening flow approach one of two soliton solutions, either the compact
Abresch-Langer curves in the “rapidly-forming” case, or the Grim Reaper in

the “slowly-forming” case [2].)



What is in this thesis?

In Chapter One, we review some standard material for the Ricci flow, par-
ticularly the curvature evolution equations and the notion of expanding and

shrinking solitons.

In Chapter Two, we investigate the local solution space for the Ricci soliton

equation using the techniques of exterior differential systems.

In Chapter Three, we prove that the only solitons on compact three-manifolds

are metrics of constant sectional curvature.

In Chapter Four, we investigate the solution space for the Ricci soliton equation
on compact manifolds by computing the deformation space of “trivial” compact

solitons — i.e., Einstein metrics.

In Chapter Five, we construct new examples of non-compact, complete Ricci
solitons in the form of a warped product of a Einstein manifold over R* with

a radially symmetric metric.



Chapter 1

Background for the Ricci Flow

Curvature Evolution and the Uhlenbeck trick

The unnormalized Ricci flow implies the following evolution equation for the

curvature tensor:

19)
aszkz = ARjjui + 2(Bijr — Bijit + Bikji — Bijk)

— (R’ Rpjii + R Ripiy + RiP Rijpi + RiPRijip),

where the Laplacian is simply the trace of iterated covariant derivatives and
Bijii = Ri?j*Rprq. There is a trick, introduced in [18] and attributed there to
Karen Uhlenbeck, that simplifies the quadratic terms on the right-hand side.
Namely, assuming g obeys the Ricci flow, one constructs a gauge transformation
w:TM — TM so that h = u*g does not vary with time.! In terms of a local
frame for T'M, suppose that h;; = ufuégkl; then the components of u must

obey

9 i
auj =g kRklug.

!This idea is motivated nicely in the first part of [20].

10
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If Rz‘jkl denotes the pullback of the curvature tensor via u, then

9 - B B ~ B ~
aRijkl = ARiji + 2(Bijii — Bijik + Bikji — Bujk) (1.1.1)

where the covariant derivatives in A are taken using the pullback of the Levi-

Civita connection.

Expanding Solitons and the Harnack Inequality

In the Introduction we mentioned that the symmetries of the Ricci flow on
M include the full group of diffeomorphisms of M. There is also a dilation
symmetry: if g;(¢) satisfies the Ricci flow, so does ¢ga(t) = Agi(¢t/\) for any
nonzero constant A. If g5 = g; for all A > 0 then the metric is an expanding

solution for the Ricci flow:

g(t) =t g(1). (1.1.2)

It follows that ¢(t) shrinks to a point as ¢ \, 0. If we plug (1.2) into the

equation for the flow we get

9(1) = 2-9(t) = ~2 Re(g(1)) = ~2 Re(g(1);

so, g(1) is an Einstein metric with negative Ricci curvature.

We define an ezxpanding soliton to be a solution of the Ricci flow where

g(t) = t¢ig(1),

for some family of diffeomorphisms ¢, t > 0, with ¢; = id;. Note that we do

not assume ¢ is a one-parameter group.
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Proposition 1.1 If g(t) is an expanding soliton then there is a vector field X

such that

g(1) + Ly }(00) = —€ Re(}(o0)). (1.1.3)

If g(1) has no Killing fields then X is uniquely determined, complete, and ¢y is
the flow of X up to reparametrization. Conversely if (1.3) holds for a complete

X then g(1) gives rise to an expanding soliton.

On M x RT define the family of smooth maps

Py(p,t) = (st © d)t_l(p)? s+t)

for s +t > 0. In particular ®4(p,1) = ¢sy1(p,s +1). For s > 0, &, is a
diffeomorphism and it is easy to check that ®, o &, = &, ,,,. Let X be the

corresponding vector field on M x R*. It is clear that X = % + Xy, where Xy

is tangent to the fibres of the projection my onto R™. Let X; = (7T1|Mx{t}>*)~(.
If 4 is the inclusion of M as M x {1} in M x R*, then ¢, = m o ®;_; o i. For

any covariant tensor w on M

a * * 3k a * *
agbtw =1 aq)t—l(ﬂlw)

=10 (Lpmow)
= ¢;5k (‘CXu (,U)
If g(t) is to satisfy the Ricci flow, then

0

~2 Re(g(t)) = ¢7g(1) +t7-679(1)

which implies

—2 Re(g(1)) = 9(1) + Lua, }Hoo) VU > 1.
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To get the first statement of the proposition, we can let X = X;. If g(1) has no
Killing fields then tX; = X and the flow ¢, of X is ¥y = ¢, so X is complete.

Similarly, to prove the converse we can let ¢, = o+ for ¢, the flow of X.

Remark 1.2 By similar calculations, we can show that g(t) = ¢7g(1) is equiv-
alent to the Ricci soliton condition Lx }(1) = —€ Re(}(/)) (i.e. we may assume

that ¢, is a 1-parameter group) and that a shrinking soliton
g(t) = —tg(~1), t<0

is equivalent to Ly } + } = +€ Re(}) for g = g(—1). Shrinking solitons only
exist up finite time; for example, under the Ricci flow the standard metric on

S™ shrinks to a point in finite time.

Remark 1.3 One reason that expanding solitons are interesting is that they
constitute borderline cases for the Harnack inequality for the Ricci flow[20].
This asserts that when g(t) follows the Ricci flow and has positive semi-definite
curvature operator, a certain quadratic form on TM & A*T'M is positive semi-
definite. If W' and UY = —U’" represent the components of a vector and

bivector with respect to some local frame, then the assertion is that

RijuUsiUM + 2(ViRjx — V; Ry U W* + M;;W'W7 > 0,
(1.1.4)

where

1 1
Mi; = ARy = ViV R = Rig R + 2R BY + - Ryj.

Now, if we have an expanding soliton, then at each time

1
79 +2 Re(9) = Lyw) }
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for V(t) = —¢,} X(t). Setting U =V AW makes the left-hand side of (1.4)
zero for all W. Thus, erpanding solitons show that the Harnack inequality

obtained by Hamilton is optimal.



Chapter 2

Local Analysis of the Soliton Equation

If we wish to classify Ricci solitons, it is helpful to start with the following

questions:

How large is the space of Ricci soliton metrics, modulo diffeomor-

phisms? For example, do they lie in a finite-dimensional space?

Are there any integrability conditions implied by the soliton condi-

tion that may help us classify solitons?

In this chapter we will use the techniques of exterior differential systems to
answer these questions. In particular, it will turn out that the soliton condition
is involutive, and, modulo diffeomorphisms, the n-dimensional soliton metrics
depend locally on n? + n arbitrary functions of n — 1 variables. Prior to this
analysis, it was not known how large this space was. We will also investigate the
differential relations between a soliton metric g and the corresponding vector

field that are implied by the Ricci soliton condition.

15
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The meaning of involutivity

A system of k-th order PDE

, ou® OFu®
Fp(x’,ua,w,...,m):(), ’[’:k, p:17'
for s unknown functions u® of z',... , 2" determines, and is in fact equivalent

to, a submanifold R in the space J*(R%,R™) of k-jets of functions from R*
to R~. In fact if 2, u®, p¢, P, -+, pf are the usual coordinates on JE(R® R™)

then R is cut out by the functions
Frz',u®p®, ...,p}) =0, p=1...r

A solution of the PDE corresponds to an integral manifold N C R of the
contact system on J¥(R*,R™). We can also define the prolongation R+ C

JIHe(R* R™) of R = R as being cut out by the functions F* and their
DFE?

xt’

total derivatives i =1...n; similarly we can define RU+€) RU+3) etc.

The “forgetful functors” m; : JHRX R™) — J<(R%,R™), which remember
only the l-jet, are submersions, and of course m(RUT>)) ¢ RM. However,
there is no guarantee that RU+>) submerses onto RV via m;. Put another
way, there is no guarantee that an [-jet solution can be extended to an (I + 1)-
jet solution of the PDE.

To give a simple example, consider the following PDE for functions u and
v of x and y:

u, = v+ fi(z,y)

Uy = fQ(x7y>

These define a smooth manifold R ¢ J7°°(R¥, R¥) of codimension two. R(€)
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is cut out by these equations and their derivatives

Uzy =V + Or f

Ugy = Vy + Oy f1

Ugy = amf 2

Uyy = Oy f2
which imply that v, + 8, f1 = 0, fa, i.e. R lies over a submanifold of codi-
mension three in J'(R*, R").

Another example is the PDE for isometrically embedding a Riemannian
surface in Euclidean 3-space. Let g;; be the metric with respect to local co-
ordinates x', 2% on the surface. The PDE for the map (u',u? u?) into R¥
is

Y oot =gy  a=1,...3 ij=12

Differentiating by x* gives, after a little manipulation,

Z Oiu“é?jkua = %(&ngj + 8jgik - &gjk) (2.2.1)

and differentiating again gives

Z(auua iet® + OuOpu®) = 30,(0kgi; + 059k — 0igjn)-

«

Let [i, k| stand for the left-hand side of (2.1). Then skew-symmetrizing in k
and [ in the last equation gives the Gauss equation

D (Onutdapu® — (2u)?) — g7 ([i, 11][5,22) — [1,12][5,12]) = K (11922 — g2),

«

an extra condition on the 2-jets of the u® that we obtained by differentiating
twice and equating mixed partials. In this case R(€) submerses onto R but

R3) does not submerse onto R(E).
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When a system of PDE becomes involutive at the k-jet level, each R+
submerses onto R for [ > k, and the rank of the submersion can be calculated
(see [7], Thm IV.4.4). In fact, involution implies that not only is there no
obstruction to extending a kth degree Taylor polynomial to a formal power
series solution, but (in the case when the functions F* are analytic) the power

series will converge on a small neighbourhood in R*.

Ellipticity of the soliton condition

In light of Proposition 1.1, we will consider a slightly generalized soliton con-
dition

Lx}=€Re(})+\} (2.2.2)

where A is some constant. In this section, we will show this is an elliptic

equation.

As it stands the condition is underdetermined; and, since it is invariant
under diffeomorphisms, the solution space is at least as big as n arbitrary
functions of n variables. To get a determined equation, and mod out by the
diffeomorphism group, we adjoin the condition that the local coordinates z°
be harmonic functions with respect to the metric!. This is actually a trace
condition on the Christoffel symbols: g“T}; = 0. Since any new harmonic
coordinate is a solution of an elliptic equation, the space of diffeomorphisms
that preserve this condition is finite-dimensional. Putting this together with

(2.2) we get a system that is, by a naive count, determined, first order in X,

!This fairly well-known trick is originally due to DeTurck; see [5], Chapter 5.
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and of mixed second-order and first-order in g:
gij Ffj =0
(2.2.3)
(Here X; denotes components of the metric dual of X.) Although the principal
symbol of this system is degenerate, it turns out to be elliptic in the generalized
sense of Douglis-Nirenberg [12]. This implies that g and X will be analytic in
these coordinates. Since any other harmonic coordinates 3 satisfy an elliptic

equation, they will also be analytic functions of the coordinates. We conclude

Theorem 2.1 If M has a metric g satisfying (2.2), then M has the structure

of a real analytic manifold with respect to which g and X are analytic.

Rather than calculating the Douglis-Nirenberg condition, we will calculate the
characteristic variety of the corresponding differential system. In fact, this is
essentially the same calculation, and it will allow us to set up the machinery

for the involutivity calculation.

The soliton system and its characteristic variety

Let x'... 2" be local coordinates on an open set U C R*, and let w’ be short-
hand for d(z). Let Q = w!' A... Aw™, and let W(i,...i,) be the wedge product of
the w’s such that
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for example, we) = w3 Aw! when n = 3 and w4 = —w? Aw? when n = 4. It

is easy to verify that

Wik A W' = Gjwmy — Gw()
Wijky A WP = 0 w(jky — OFWik) + 0pw(i)

We will now set up our exterior differential system. Let U be an open set
in R*, let S, denote the open set of positive definite symmetric n x n matrices
gi; and let C be a n(”;l)—dimensional vector space with coordinates I, = I} ;.
Let g% denote the inverse of g;;, and let R C C' be the codimension-n subspace
cut out by g¥TF = 0. Let f; and f;; be coordinates on R* and R*". On
U x S; x R define the forms
¢ = F; W
Vi = dg' _‘_gik¢i + ghigi
P = do + 6}, A
© = i

A metric on U can be thought of as a section of U x S, equivalently a n-
dimensional submanifold which submerses onto U, equivalently one on which
the n-form €2 does not vanish. If we have a section of U x S, x C' on which

. are the Christoffel symbols of the metric,

the forms 7" vanish, then the T

CD; = %R;-klwk A w', and one can show that the Ricci tensor appears naturally
in the (n — 1)-form

DY N wipij) = Rjw) — 2RIw).

If we want the f; to be the components of the dual of X, we should also require

that the following forms vanish on a section of N = U x S; x R x R* x R*",
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the space of 1-jets of solutions to (2.3):
o; = df; — fjcbf - fijwj
Op = OV Awiij) + 2y + fin)9" Wiy — 29" fijwr)

Note that the (n — 1)-forms ©; encode the soliton condition. To the forms
v oy, 0; we need to add their differentials. If we define
Tijg = dfij - fik¢§ - fquﬁi:C

then
dy? = WY  mod{y"}
do; = —71; ANw? — f,®  mod{y"”, o}

dO; = 2¢"" (Tijwey + Tiiwe — Tipwey)  mod{y?, oy, U}

(In fact, if the vanishing of ©; corresponds to prescribing the Ricci tensor, then
the vanishing of dO; corresponds to the second Bianchi identity ¢/*(V,;R;x —
2ViR;;) =0.)

At a point z € N, an integral n-plane of this system is an n-dimensional

subspace of T, N to which the forms

restrict to be zero. We will only consider those integral n-planes E which
satisfy the independence condition Q|g# 0. Even so, at every point of N there
are integral n-planes. This is because such an integral element is in fact a 2-jet
of a metric and a 2-jet of a vector field satisfying (2.3). We can always find
a metric on a small neighbourhood with prescribed curvature at one point by
using power series. We can then obtain harmonic coordinates with the same

1-jet as our given coordinates in a neighbourhood of that point.
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Given an integral n-plane E C T, N we can obtain a coframe w?, ¥, W;k,
0, 0i; for the larger space U x Sy x C' x R* x RX" at z, with T = Tk,
7y, = dI'), mod W', 0y; = 7;; modw’, such that
( gjkW;'k’TzN: 0
U = (¢*rh, + g% rd) AW
do; = oy ANw? + frh AW (2.2.5)

0, = gkaFI];l Awh A W(ijk)

L d@l = 29jk(0'ijw(k) —+ ajz-w(k) — ijw(i))

and 7%, 07; vanish on E. We will refer to this as a torsion-absorbed coframe.
On any other integral n-plane at x the 1-forms of (2.4) vanish and 7}, = sé-klwl,
oy = tijkwk, where the s;'-kl and ?;;, must satisfy some homogencous linear
equations dictated by (2.5). Thus, the space of integral n-planes naturally
forms an affine bundle over N; we will calculate the rank of this bundle later.

A hyperplane in E is characteristic if it is contained in more than one
integral n-plane. The characteristic variety Zg is the set of directions in P(IE*)
that cut out characteristic hyperplanes, and the complex characteristic variety
=% is cut out by the same equations considered over C. There is a simple-

minded algorithm for calculating the characteristic variety by duality.

Proposition 2.2 Let E be an integral n-plane of an arbitrary exterior differ-
ential system and let w', 7@ be a coframe with 7| g= 0. Given a nonzero & € E*
(expressed as a linear combination of the w's), for each form 1 in the system

of degree at most n there is an expansion

YAE=) mf Aw' L
I



23

where for each multi-index I, W}b 1s some linear combination of the m® and we
leave off wedge products of two or more w%’s. (If the system is linear there
will be none of these anyway.) Then £ is in the (deprojectivized) characteristic
variety exvactly when the span of all the 1-forms ﬂ}b, taken over all algebraic
generators Y of the system of degree at most n, is a proper subspace of the span

of the 7.
The hyperplane &+ is characteristic when its polar space
H(¢") = {v € T,N|(v21)|er= 0,V generators ¢}

is larger than F (cf. Defn. III.1.5 and V.1.1 in [7]). The condition on v is

equivalent to

((vap) A E)|E= 0;
since 1 vanishes on F this is equivalent to

(v (¥ A E))|p= 0.

Using the above expansion for ¢ A £ yields

H(Y) = {v e TuNvan? =0,Yy, I}.

Proposition 2.3 If ¢ € E* ® C is characteristic for & an integral n-plane of
(2.4), then g&€&; = 0. Since g;; is positive definite this implies there are no

real characteristics.

Let & = g7, [§]* = " &xém, and

_ D P
Pijk = GipT s, + JjpTip-
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(Note that ¢/*n%, = 0 implies ¢/*pjr; = 2¢’"pijr.) The forms that cut out
H(&4) comprise v, 0;, and the 1-forms
%‘jlm = ﬁlpz'jm - fmpijz
ok = &r(oi + flﬂ-ij) — &lou + fimly,)
0i; = " (prij — pije + szgij) - fﬂfk
a; = (03 + 05:)& — g ot

which arise from wedging & with ¥%, do;, ©;, and dO; respectively. One can

calculate that if

1
Bij = 5(9@‘ +0ji + ¢ (Wirjm + Vjrim)) = —piin€* + 959" prmi"

then
Vijim€™ + &(Bij — %gij’gklﬂkl) = —1¢1%piji;
also,
& (0ije — Ojik — Orig) + & — &y = € (04 — 0ji) mOd{W;k}
and

1 A
€k(0ijk+0jik)+5(&0{7+§jai) = ¢ (0s54050) — g " oum&i&;  mod{m’,, oij—0i}.

This shows that if |£]* = gijﬁifj # 0, the span of the 1-forms ¥;jim, oijk, 055, i

is the same as that of iy, 0y, and H(¢+) = E.

Testing for Involutivity

First we will calculate the rank of the bundle of integral n-planes over each

point of N.
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Proposition 2.4 At each point of N the space of integral n-planes of (2.4)

n+1\> , [n+1 OES
—n — n — n.
2 2 2

To obtain an integral n-plane, set 7r§»k = g Spjklwl) Oij = tijkwk, where

has dimension

the t;;; have no symmetries but s;j,; = sij;, which we abbreviate by saying
sy € V ® S?V ® V. When we substitute into (2.5), the resulting linear

equations for the s;;,; and ¢, are

9" siji = 0 (2.2.6)
Sijki + Sjikt — Sijik — Sjik = 0 (2.2.7)
tit — Lk = _fpgpj(sjikl — Sjilk) (2.2.8)
gjk(sé‘u - Sé‘il) - gjl(sfzz‘ - 5’?1‘1) + glm(sgmj - Sijm)éf =0

(2.2.9)
9" (tij + tjiw — tjgi) =0 (2.2.10)

where 5%, = g”sp;p. The linear map in (2.7) can be factored as

VoStVeoV =5 S2VeVeV 3 sV oAV

where the first map is symmetrization on factors 1 and 2. The kernel of the

second map is clearly S?V ® S?V; so, to solve (2.7) set
Sijkt = bijkt + bikji — bjrar

for by € S*V @ S?V. Then (2.6) and (2.9) become
(2bij01 — bjra)g’* =0 Vi, I (2.2.11)

P Vit — Ging” 9" by = 0 Vi, k (2.2.12)
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For any a;; € S2V (i.e. such that gYa;; = 0), biju = (n — 2)aijgu + 29;a
is a solution of (2.11). Substituting this in the left-hand side of (2.12) yields
n(n — 2)a;;. Meanwhile b = 2ng;;gr + (0 — 2)(gagjr + gjgix) also satisfies
(2.11) and substituting this into (2.12) yields (n? +n —2)(2 —n)gix. Together,
these two calculations show that the kernel of the linear map in (2.11) surjects
onto S?V under the linear map in (2.12). Thus the dimension of the space of
sijn satistying (2.6), (2.7), (2.9) is ("1)” —n? = ("11).

On the other hand the linear map on the ¢, in (2.8) is clearly surjective
with kernel V' ® S2V and it is easy to show that this kernel surjects onto V'
under the linear map in (2.10). Thus given a solution s;;; of (2.6), (2.7), (2.9),
the dimension of the solution space of the remaining equations for the t;;; is
n(”'z"l) —n.

Using the algorithm contained in Prop. II1.1.15 in [7], we will calculate the

Cartan characters si,---s, of (2.4) with respect to the flag
0OCE C---E,,CE,—E,

where F; C E is annihilated by the forms w®, k > j. If we use pijx =

9ipTyy, + GipTiyy, as before, the structure equations (2.5) become

20 piji = 97 pini (2.2.13)

Uy = pijpw” (2.2.14)

do; = oy Aw’  mod{pix} (2.2.15)
(—1)"220; = ¢ ¢ piriwjm) — 79" Prmreo i) (2.2.16)

dO; = 2¢°% (o0 + 0wy — TirWE)- (2.2.17)
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When n > 3, we can inspect the 2-forms in (2.14), (2.15) to calculate the
characters s1, -+, s,_3. For m <n — 2 we find

n+1
S+ -+ Sp=m 9 + mn

where the first term comes from the p;jz, & < m, and the second from the

n+1

9 ) + n, but we must also take into

oik, kK < m. By the same count s, o > (
account the extra polar space annihilators that occur as coefficients of w,—1 )
in (2.16).

To simplify the relation (2.13), assume that g;; is the identity matrix; later,
it will turn out this assumption is not important. To simplify notation in
subscripts, let 6 stand for n — 1 and 7 stand for n, and let a circumflex over
repeated indices represent a summation where the index runs over values less
than 7. Now solve the relation (2.13):

 spisi— by P<T
Pitr = _9 7
Ppr Prps = 1.

Using these equations, the coefficient of w(g7) in ©; is congruent to

Pi6T — Pi76, <6
pree + Pest — 2Pp7, 1 =6
2pp6 — 2p666 + pjjo, =T

modulo the p;;;, for k& < 6. With these extra annihilators, we get

n+1
Sp—2 = 9 +n-+n.

From our calculation in the proof of Prop. 2.3, s,, = 0 and

1
51+---—|—sn1:codimE:n(n;— )—n+n2
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n+1
2

<n+1>2 ) (n+1) (n+1)
S1+ 289 + 383+ -+ ns, = -n" — +n —n.

SO Sp_1 = 2( ) Now we compute that

2 2 2

Since the space of integral elements of (2.4) satisfying the independence con-
dition form a smooth affine bundle over N with rank precisely this number, by
Cartan’s Test (II1.1.11 in [7]) we conclude that our arbitrary integral n-plane £
at a point where g;; = 0;; is ordinary. However GI(n) has an obvious action on
the fibre of NV over U, under which any g;; can be taken to the identity matrix.
Since the structure equations (2.5) are GI(n)-invariant, we can conclude that
every integral n-plane is ordinary. Thus the system is involutive. In particular,

applying the Cartan-Kéahler Theorem (II1.2.3 in [7]) we conclude

Theorem 2.5 Through every point in N there exists a smooth analytic integral
n-manifold of the system (2.4) satisfying the independence condition 2 # 0. In
particular, every 1-jet of a vector field and 1-jet of a metric satisfying gijf‘fj =0
is the 1-jet of an analytic soliton metric defined on a small neighbourhood in

U.

Note that all local solitons are obtained this way, since by Prop. 2.3 they will
be analytic.

We can now improve on Prop. 2.3 by noting that involutivity and our
calculation above imply that the codimension of the characteristic variety =%
is one and the degree is s,y = 2("}") (see Cor. V.3.7 in [7]). Since we proved

that =% is contained in the irreducible quadric hypersurface gi&&; = 0, we

n+1)‘

deduce that Z% must be this quadric counted with multiplicity ( )

The classical inference that soliton metrics in harmonic coordinates depend

on $,-1 = n(n + 1) arbitrary functions of n — 1 variables comes from the
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mechanism in the proof of Cartan-Kahler used to create a sequence of problems
to which the Cauchy-Kowalevski theorem applies. After going through the
involutivity calculation, one should attempt to find out just what the arbitrary

functions are. In fact, the author has calculated that if the vector field X is

assumed to be the coordinate vector field then the components g;; of the

T

metric, and their first derivatives in the z,, direction, can be specified along the
hyperplane z,, = 0 transverse to X; this would account for n(n + 1) arbitrary

functions along the hyperplane.

Counting identities and the system with fixed

metric

When an exterior differential system becomes involutive we know that all its
prolongations will also be involutive, and there is a simple way of calculating
the Cartan characters of successive prolongations. This in turn enables us to
calculate the rank of the bundle of integral n-planes for each prolongation.
This gives a count of identities satisfied by solutions, in the following way.
In terms of our earlier discussion of involutivity, if we know the rank of the
submersion RUI+>) — R we can calculate the codimension of RU+>) in the
space of “free” (k + 1)-jets. We will think of this as the number of identities
the (k + 1)-jets of solutions satisfy. Finally, RU*>°) is the bundle of integral
elements of the contact system on RV, since a possible tangent plane to an
integral manifold passing through a point of RUD (i.e. a k-jet of a solution) is

a (k + 1)-jet of a solution.

We are interested in identities that result from imposing the soliton con-

dition in addition to the harmonic coordinate condition, so we will base our
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comparisons on the latter. The system for a metric g;; with respect to which
the coordinates are harmonic lives on U x S, x R and is generated by the
1-forms

Yii = dgij - pijkwkv

where p;j, = gipdfgk + g;pdl¥, mod w' and we have the dependence relation

gjk(Qpijk — piki) = 0.

It is easy to calculate that this system is involutive with characters s; = ... =
Sp_1 = (";rl), Sy = (";1) —n. These characters will let us count the dimensions

of the free k-jets relative to the soliton condition.

In the following table, the entry in the kth row, £ > 0, is the dimension
of the bundle of k-jets of solutions over a (k — 1)-jet solution. To obtain the
number of identities at each level we subtract the number in the third column

from the sum of the numbers in the first two columns.

g;; with harmonic ~ vector  solution to (2.3)  # of
coordinates field X identities
0-jets ("3) n ("37) +n —
1-jets n("t) —n n? n(" —n+n?
2-jets (n;rl)Q _n? n(n;l) n(n+1)(rf+3n—6) (n;rl) +n
3—j€tS nz(n27112)(n+4) n(n—g&—Q) n(nfl)(n341r27n2+6n712 n(n—zi-l) + n2—n

4—jets n? (n2—1)517§+2)(n+5) n (n+3) n? (n—l)(n-tfg) (n?+3n—2) (n+1) 2 +n ('IQZ)

It is easy to see that the 2-jet identities must be
Xij + Xji = Rij + A gij,
which is second-order only in g, together with

9F (X + Xjie — Xji) = 0,
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which is implied by the second Bianchi identity for the covariant derivative
of the Ricci tensor.?2 Moreover, involutivity implies that the identities on the
3-jets will be obtained by differentiating the identities on the 2-jets just once
— i.e. no further identities will appear by differentiating twice and equating
mixed partials.

Suppose, however, that we only want to know what identities there are
that are first-order in X, and we do not care how many derivatives of g are
involved. Then what we should do is start with a fixed metric g, and find out
what integrability conditions arise from (2.2), which is now an overdetermined
equation for X.

To this end we will define a differential system on the orthonormal frame
bundle F of g, with canonical forms w’ and Levi-Civita connection forms (;53-
satisfying the structure equations

dw' = —QS; AW
¢ =~
dol = —¢j, A ¢ + @'
@; = %Réklwk At
On F x R* x R(:) define the forms
m=dX; — (X;0] + (R + Aoy + Aij)e’), Ay = —Ay

Then —dn; = Xjfbg + (Rijpw"® + ;) A w? mod 1, where

Ty = dAij; — Aik¢§ - Ak:j¢?

2If we assume that X is a divergence, i.e. f;; = R;; + A g;; for some function f, then this
identity simplifies to 4
ijRg + VR =0,

which would determine f up to a constant if the Ricci curvature were non-degenerate.
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and R;;, = VR, is the covariant derivative of the Ricci tensor.

We are looking for n-manifolds along which Q # 0 and the 1-forms 7;
vanish. The Cartan system for this Pfaffian system is {w’,n;, m;;}. When we
try to find integral n-planes we can ignore the 1-forms (;5; in our coframe which
do not appear in this system. (Strictly speaking, the Pfaffian system drops to
the quotient F/O(\), but we will continue to work with forms on F.) It turns

out that there is a unique integral n-plane at each point, given by

7Tij|E: (R]%] — Rkji — XpRp )wk.

kij
Thus we should add the corresponding 1-forms
Hij =m; + (XpRZU — Rkij -+ Rkﬁ)wk

to our system. Now the 6;; must be closed modulo the system {n;, 6;;}; other-
wise, there will be no integral n-planes satisfying Q|gz# 0. In this way, calcu-
lating df;; gives us integrability conditions.

The expression of this integrability condition has the following interesting
geometric interpretation. Let © be the sheaf of germs of Killing fields on a
Riemannian manifold, and let Dy be the first-order linear differential operator
taking X to the symmetric bilinear form X;; + Xj;. In the case where the

metric has constant curvature Calabi [8] defined a fine resolution of ©
0— 06— a2 et P2 22

where ®° is the sheaf of sections of TM, ®! is the sheaf of symmetric bilinear

forms, and ®F is the sheaf of sections of the kernel of the map

A2T*M @ N*T*M — T*M @ AF 7 M
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which anti-symmetrizes on the last £+ 1 factors. (In particular the symmetries
of the Riemann curvature tensor imply that it lies in ®2.) Gasqui and Gold-
schmidt have also achieved resolutions of © in the case of locally symmetric
[14] and conformally flat spaces [15].

For our purposes, define D; : ®! — &2 as follows: if s € ®! has components
545, let

D1(8)ijr = Sitjr — Sjtik — Sikjt + Sjkit + Siply — 85 R,
where s;j;; are the components of the second covariant derivative of s. (It is
clear that D;(s) is a section of A*T*M ® A*T*M; to see that D;(s) € @2,
calculate
D1 (8)ijmw’ A WP AW = (Sak — Sikj1 — SjpRb;) W A W A W

— (s — Soi1r — (5. RP _pP Goa koAl
= (Sijrt — Sijie — (8jp Ly + Siplty)) W AW Aw =0

using the first Bianchi identity, R?kle A wF Aw!=0.) This D; coincides with
Calabi’s operator in the constant curvature case. Do Dy is not zero in general,
but it is only first-order in X:

Do DO(X)ijkl = Q(Xp(Rij - Riijl) + kaRZ'j - Xleiij)

+ (Xi - Xpi)Ré‘?lk + (ij o ij)R]z‘le-
Now, the soliton condition (2.2) can be written as

and the integrability condition for the exterior differential system with ¢ fixed
is

Dy(Dy(X)) = Dy(2 Re 4+ g)
which is first-order in X but fourth-order in g. The author has calculated

that the soliton system for 1-jets of X and 4-jets of ¢ satisfying the above
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two conditions in involutive. Hence these exhaust the identities implied by the

soliton condition that are first-order in X.



Chapter 3

Solitons on Compact Three-Manifolds

The work of Hamilton [19] on the Ricci flow on S? might be summarized as
1. prove long-time existence
2. prove convergence to a soliton
3. classify solitons on S?

The last step is easy in two dimensions since the vector field X must be con-
formal and a divergence. The only vector field available forces the metric to
have an S' symmetry, and then it comes down to classifying the solutions to
an ODE.

In this chapter we extend the classification of solitons to compact three-
manifolds. We show that, in fact, the only solitons are constant curvature

metrics.

Solitons and Breathers

In general, a “breather” is a solution to an evolution equation that is periodic

over time. For our purposes, it means a solution to the normalized Ricci flow

35
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that is periodic, up to diffeomorphism; that is,
gr = ¢"go

for some fixed period T" and diffeomorphism ¢. It follows that breathers, like
solitons, have uniformly bounded curvature and volume. It will turn out that
in dimension three the Ricci flow does not admit any non-trivial breathers

either.

Proposition 3.1 Any soliton or breather on a compact connected manifold is
either Einstein with nonpositive Ricci curvature, or has positive scalar curva-

ture.

The scalar curvature obeys

OR 2
—=A 2Rt |2 + = — 3.1
5 R+ 2|Rt| +nR(R T) (3.3.1)

where ‘Rt’ is the traceless part of the Ricci tensor. Consider a point in space

and time where R is at a global minimum. If R < 0 there, then AR > 0 and

OR
e 0 force Rt = 0 and R = r there; hence R is constant over M at this

time. By applying the same argument at each point of M at this time, we the
metric is Einstein. Otherwise, R > 0 always.

Assume R has minimum value zero; using (3.1), we know that AR < 0 at
this point. Let 2 be the open set where AR < 0 at this time. If € is not
empty, then R can only achieve its infimum — zero — on the boundary of
2, and by the Hopf maximum principle the outward normal derivative of R is
negative there. This contradicts dR = 0 there. Then (2 is empty, and since R

achieves its maximum somewhere, R is constant — in fact, identically zero —
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by the maximum principle, and the metric is Einstein by the same argument
as above.
It follows that solitons and breathers have a positive lower bound for the

scalar curvature. Now we can apply the main result of this chapter :

Theorem 3.2 If g, obeys the normalized Ricci flow on a compact M3 and has
scalar curvature bounded below by a positive constant Ry for all t > 0, then

there exists a function ¢(t) > 0 such that

Re(ge) > —o(t) g

and tlim o(t) =0.

The proof of this theorem will depend on applying a maximum principle to
the curvature tensor. We will actually run the unnormalized flow on the same
initial metric, since the corresponding evolution equations for the curvature
are simpler and we know how to go back and forth between the two flows. We
will show that as the manifold shrinks to a point, the minimum as well as the
maximum of the scalar curvature approach infinity. This is important since
we will construct a pinching set — that is, a set defined by inequalities on the
curvature that are preserved by the flow — that forces the lowest eigenvalue

of Rec at a point to go towards zero as R — oo at that point.

Theorem 3.3 If g, obeys the normalized Ricci flow on compact M3 and has
Rec > 0, and average scalar curvature r bounded above for all t > 0, then g,

converges to a metric of constant positive curvature.

In [18], Hamilton has shown that either the Ricci curvature becomes positive

immediately, or M splits locally as a product of a one-dimensional flat factor
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and a surface with positive curvature, and this splitting is preserved by the
flow. In the former case, we know g; converges to constant positive curvature.
To rule out the latter case, consider the evolution equation for r under the

normalized flow:

d dyg 1
T RF@——/<E>RC_§RQ>A@-

(Here we have fixed the volume to be one.) We can calculate the integrand on

the right pointwise by diagonalizing the Ricci tensor. We obtain
< 2rg/n —2Re,Rc—Rg/2 >= —rR/3

and d/dt r = r?/3. This would mean 7 increases without bound, contradicting

our assumption.

Corollary 3.4 There are no three-dimensional solitons or breathers on a com-

pact connected M? other than constant curvature metrics.

The metrics g; must have » bounded, and by the proposition above, R > 0
or else the metric is Einstein, i.e. constant curvature. If R > 0 then, by our
main result, the lower bound for the lowest eigenvalue of the Ricci tensor goes
to zero from below as t — oo. But since the minimum over M of the lowest
eigenvalue is a periodic function of time, it must have been at least zero to
begin with. Now Theorem 3.3 completes the proof. In the remainder of this

chapter we will prove Theorem 3.2.

Controlling the Scalar Curvature

Suppose s is the time coordinate under the normalized flow, and let g; on M™

be the unnormalized flow with the same initial data. Then g, and ¢, differ by
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a change in scale and a reparametrization in time: if 1 () = vol(g;)~%™ then

gs is given by

s = /Otd)(t)dt
et

gs = )Gt

We assume g, evolves with scalar curvature bounded above Ry, > 0. Con-

sider the evolution equation for the volume of g;:

%109; vol(g:) = —r(g) = —(gs)(t) < —Rovol(g,) .

n

Since the integrals of the ordinary differential equation d/dt logv = —Ryv=2/
go to zero in finite time, we know that vol(g;) hits zero at some finite time
T. (Note that g; remains smooth until time 7" since g5 is smooth.) Since
R(g:) > ¥ (t) Ry, the scalar curvature of g, goes to infinity everywhere on M at

time 7.

Some Three-Dimensional Geometry

On a three-dimensional oriented inner product space V', the volume form gives
us an isometry between V and A%2V. Under this isometry, an orthonormal basis
(e1, €2, e3) is carried to (ex A es,e3 A eg,e; A eg). Given any quadratic form on
A%V, we can find an orthonormal basis of V' so that the form is diagonalized in
the corresponding basis for A?V. What this means for Riemannian geometry
is that at every point p of a three-dimensional Riemannian manifold (M, g)
we can choose an orthonormal basis for 7, M that diagonalizes the curvature
tensor; that is,

Raso3 = my, Rzi31 = ma, Ri212 = mg
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and all other components are zero.

The m; are the eigenvalues of the curvature operator. It is easy to check

that in this frame the Ricci tensor is also diagonalized. We will assume
my < mg < mg;

then my + mo < my + mg < mo + mg are the eigenvalues of the Ricci tensor,

and R = 2(my + my + mg).

The Maximum Principle

Rather than evolving a metric g on the tangent bundle, we will use the “Uhlen-
beck trick” (see [18]), that is, evolve a gauge transformation on T'M so that
g pulls back to be a fixed metric h. If we diagonalize the curvature tensor
Rm with respect to g at a point, we also diagonalize the its pullback Rm with
respect to h. Since the metric on V' = A?T*M is fixed, the following maximum

principle applies to Rm.

Theorem 3.5 (Hamilton [18]) Let V be a vector bundle on a compact mani-
fold M and h be a fixred metric on V. Suppose g is a metric on M and V a
connection on V' compatible with h, both possibly varying in time. Let ¢ be
a vector field on V tangent to the fibers. Assume X is a closed subset of V,
convex in each fibre, invariant under parallel translation at all times, and such
that solutions of the ODE ds/dt = ¢(s) for sections of V' remain inside X.

Then solutions of the heat equation 0s/0t = As + ¢(s) also remain inside X .

Fortunately, when we diagonalize the curvature, the right-hand side of the

ODE that corresponds to the Uhlenbeck-normalized evolution equation for
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curvature is also diagonalized. Now we can write down a system of ODE for

the eigenvalues of the curvature:
o2
mi = mj + Mmams
o2
Mg = My + M1Ms3

. 2
mz = M3 + M1Mmo.

Since the right-hand side is homogeneous in the m;, dilation in space and time is
a symmetry of this system. This means that the integral curves of this system
in R*¥ project onto a well-defined set of trajectories on the unit sphere (see
Figure 3.1). We will just be interested in the behaviour of the ODE restricted
to the wedge defined m; < my < mgz and m; + ms + m3 > 0. There, the
integral curves are attracted either to the line m; = msy = mg3 or to the line

m1:m2:0.

The Pinching Set

Our set X will be given by m; + my > —2f(z) for a positive function f of
2z =my + myg + m3 = R/2. Since X is defined in terms of eigenvalues relative

to h it will be invariant under parallel translation. We will require
1. f"(2) <0, in order for X to be convex in each fibre;
2. X to be preserved by the ODE; and
3. lim, ., f(2)/2=0.

This will then force (my +mg)/R, which is a dilation-invariant quantity, to be

at least zero as R — oo.
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To compute condition (2), note that

d :
%(ml +my+2f(2)) = (m1 +ma)z — mams + 2(2° — (my + ma)ms — mamy) f

Along the boundary of X given by m;+my = —2f(2) we need this derivative to
be nonnegative. Assume f’ > 0; then for a fixed z the derivative is minimized
when ms = my. Then our condition for f becomes

m? —myz A
22 —2myz+3m?2  2f2+ (2 + f)?

[z

By making df /dz larger than necessary we get a simpler ODE for f. Choose

f
f+z

f=

Solutions of this ODE are invariant under the dilation f — Af, z — Az; and,
once f is positive it is an increasing function of z. Thus we can choose f so
that infy; mq +me > — f(inf ) 2) for the initial metric go, so that the curvature
of g lies inside X.

To see that f” <0, let p=2z/f. Then

dp 1 p
dz  f4+2z p+zp

Since p is monotone increasing, f* = 1/(p 4+ 1) is decreasing. Finally, by
separation of variables logp + p =log z + C, so lim, ., p = oo; thus f/z — 0.

This ends the proof of Theorem 3.2.
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Figure 3.1: Trajectories on the unit sphere: the projection is
my — Mo my + mso 2 ) .
r = LY = — —; the large triangle is Rc
V3(my + my + ms3) my +mg +m3 3

> 0, and the small triangle is Rm > 0.



Chapter 4

Deformation Theory of Compact
Solitons

In this chapter we investigate the deformation theory of compact Einstein man-
ifolds as compact Ricci solitons. Since Einstein metrics are a kind of trivial
compact soliton, the first-order Einstein deformations are a subspace of the
first-order soliton deformations. We show that there is a complementary sub-
space, consisting of genuine soliton deformations, which is isomorphic to a
certain eigenspace for the Laplacian. This isomorphism enables us to calculate
this subspace for any compact symmetric space, and draw some conclusions

about higher-order integrability for these deformations.

Notation and Conventions

M will always be an oriented compact manifold, g a metric on M. On the
complex A*(7*M) of differential forms, the adjoint of d is § and the Laplace-
Beltrami operator is A = dd + dd. On sections of @*T*M the rough Laplacian
is V*V, where —V* takes a covariant derivative and traces on the last two

indices. (In this chapter only we take the “geometer’s sign convention”, so that

44
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the ordinary Laplacian and rough Laplacian have non-negative eigenvalues.)
The operator div is the restriction of V* to sections of S?(T*M), so it takes a
symmetric bilinear form s;;w’ ® w? to —g’"s;;xw', W' being some coframe. Its
adjoint, div*, takes aw’ to £(a;; + aj;)w’ @ w’, so that div: o = 3L+ g. For a

1-form « we have the identity da = — tr, div" a and the Weitzenbock formulas

Aa — V*Va = Re(a)

1 N
(§5d + dd)a — divdiv' a = Re(a)

where Re represents the Ricci tensor raised to be an endomorphism of 7M.

(So, for example, Re is a scalar on an Einstein manifold.)

The Ebin Slice Theorem

The set of all metrics on manifold M may be thought of as an open subset
in the infinite-dimensional vector space of sections of S*T*(M). Of course
the diffeomorphisms of M act on this set by pull-back, and we regard as being
geometrically distinct only those metrics that do not differ by a diffeomorphism.
In order to talk about the metrics near, but distinct from, a given metric g, we
need a transversal to the orbits of the diffeomorphism group. This is what the
slice theorem gives us, up to the isometries of g.

Let M/ be the Banach manifold of H*-metrics on M, i.e. metrics defined
almost everywhere on M whose first s derivatives are square-integrable with
respect to some fixed norm. If we identify metrics that are a.e. the same, then
the Sobolev embedding theorem gives M/ — CI(S€T*) for s > k +n/2. The

space D!+ of H**!-diffeomorphisms acts on M.
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Theorem 4.1 (Ebin [13]) Assume s > n/2+ 2. Let g be an H*-metric on
M and I, the group of H*"'-isometries of g. Then there exists a canonically

defined submanifold &% of M/ such that

1. for any ¢ € I, $(6%) C &°
2. if v € DI s such that v(&%) N &* is not empty, then v € I,

3. there is a neighbourhood U of the coset I, in DHOO/I} and a lift of U
into DIT° that makes U x &° homeomorphic to a neighbourhood of g in

M.

Moreover, the tangent space to &° at g is the kernel of div,.

Remark 4.2 Let MJf C M/ be the set of metrics of a fized volume c. Then

there is also a smooth slice &2 C M/ through g, whose tangent space at g is

ker divy (ker [ tr, where [trh = [, tryhu,.

The slice theorem gives us a reasonable facsimile of the moduli space of
metrics near g. Since the slice & is the same as the moduli space up to the

action of a finite-dimensional Lie group, it is a kind of local pre-moduli space.

The Soliton Pre-Moduli Space

From now on let g be a fixed Einstein metric on M with Einstein constant ¢,
and let &, be the slice through g. It has been shown (see [5], p.351) that the
set of Einstein metrics in an open neighbourhood of ¢ inside & lie in a finite-
dimensional smooth submanifold Zg of G and in fact form a C-analytic set —

that is, a set which is locally defined as the zero locus of a finite number of
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real-analytic functions. Zg is constructed in such a way that its tangent space

at g is the space of first-order Einstein deformations of g.
To a similar end, on &, x H°*(T*IM), where H*'(T*M) is the space of

Hs1 differential 1-forms, we define
. .k r -
Sol(g,&) = Ein(g) — div, £ = Re(g) — 9 div, &.
Then compact solitons near g are exactly the zero locus of Sol.

Theorem 4.3 There is an open neighbourhood U of (g,0) inside & x H**(T*IM)
and a smooth finite-dimensional submanifold Zs C U such that the zeros of Sol

mside U form a C-analytic set that lies in Zg.

We will construct Zg by an implicit function argument. In order to use
the Banach space implicit function theorem we will have to find a vector space
onto which the differential of Sol at (g,0) surjects. Suppose h € T,&, and

n € H*~1(T*M); this differential turns out to be
Sol,(h,n) = F(h) — div} n

where, as calculated in [5] and [23], F is an elliptic operator defined by
1_, 1_, .

and

R\I/l’l(h)w == Rikjlhkl.

Because F' is elliptic we have the decomposition H*2(S?*T*) = im F &
ker F*. Since H*(S?T*) = kerdiv®imdiv’ = 7,5, ® RI @ imdiv* as an
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orthogonal direct sum — under the L? inner product — and F(div*¢) =

div* div(div* €), F(g) = —eg, then
H*2(S*T*) = (F(T,&,) + im(div* div)) & RO @ ker F*,

where, again, the direct sums are orthogonal. (When ¢ = 0, the RO term
is absorbed into ker F* = (im F)1.) Let m; be orthogonal projection onto
the first direct summand and 75 be orthogonal projection onto the remainder,
which is finite-dimensional. Then 7 o Sol has surjective differential at (g,0) €
S, x HHTM), and by the implicit function theorem its zero locus Zg is a

smooth submanifold near (g, 0).

The tangent space to Zg at (g,0) consists of (h,n) such that

divh = 0, /tr h=0, F(h)=div'y (4.4.1)

Define the Bianchi operator! 3 : I'(S*T*) — I'(T*) by
B(h) = 2div(h) + d(tr h).

Then fo F = (A — 2¢) o div, so the above equations imply F(div*n) = 0.
By a Weitzenbock formula, § o div’ = A — 2¢, so 7 is a 2e-eigenvector for
the Laplacian. Since for any given 7 the solution space for F(h) = div*n is
finite-dimensional by ellipticity, it follows that the tangent space to Zg at (g, 0)
is finite-dimensional.

Finally, m o Sol|z, is clearly analytic in ¢ and ¢, and its image lies in a
finite-dimensional vector space, so its zero locus inside Zg is a C-analytic set.

When F(h) =0, h is just a first-order Einstein deformation of ¢, and when

div*n =0, n is dual to a Killing field of g. Hence we will call such solutions of

'We give this operator this name since the second Bianchi identity for the Ricci tensor can
be expressed as S(Re(g)) =0
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the first-order soliton deformation equations (4.1) E-K deformations. If these
are the only first-order soliton deformations of g, we say ¢ is relatively infinites-
imally non-deformable (RooND). If there are actually no soliton metrics near g

that are not Einstein, we say g is relatively rigid.

It may happen that g is RooND but not relatively rigid, i.e. there may be a
curve through ¢ in the space of solitons but is tangent to the space of Einstein
deformations at g. However, there are special cases where an inference can be

made:

Proposition 4.4 If an FEinstein metric g admits no Einstein deformations

and is RooND, then it is relatively rigid. In particular, S™ is relatively rigid.

By assumption the only solutions to (4.1) are h = 0 and 7 being dual to
a Killing field of ¢g. In particular Zs has the same dimension as the space of

Killing fields, and thus Zg is filled out by Killing fields.

For S™ sitting in n + 1-dimensional Euclidean space, the Einstein constant
is ¢ = n—1 and the eigenvalues of the Laplacian on functions are 0, n, 2(n+1),
etc. (see, for example, I11.4 in [9]). Then by Prop. 4.6 below, the only soliton
deformations of S™ are E-K deformations. By Theorem 12.30 in [5], these must
have try h = 0. Since S™ has constant curvature, F(h) = V*Vh; so F(h) =0
implies A is parallel. Since the holonomy of S™ acts irreducibly on the tangent
space of any point, and h is traceless, h must be zero. We should point out
that rigidity of S™ as a soliton also follows from the pinching results obtained

for the Ricci flow in [21] and [24].
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The First-Order Deformation Space

Theorem 4.5 Suppose (M, g) is a compact Einstein manifold with Einstein
constant €. When ¢ < 0 the only first-order soliton deformations are E-K
deformations. When € > 0 and n > 2 the space of solutions (h,n) of the first-
order soliton deformation equations (4.1) at (g,0) splits as an orthogonal direct
sum of the E-K deformations and deformations of the form

e(n —2)

h:v2f+€fg7 n=- 9

df
where f is a 2e-eigenfunction on (M, g).

As seen in the proof of 4.3, the deformation equations imply (A —2¢)n = 0;
since 6 commutes with the Laplace-Beltrami operator, d7 is a 2e-eigenfunction.
Now let <, > indicate the L? inner product for tensors. Then by a Weitzenbock

formula,

1 1
5 < (A—2¢)n+don,n >= 5 < on,on > .

< div* n,div n >=< divdiv'n,n >=
Since ¢n integrates to zero, ¢ < 0 implies 0n = 0, which implies div*'n =
F(h) =0, and (h,n) is an E-K deformation.

Now assume ¢ > 0, and let A}\/ be the A-eigenspace for the Laplacian on
p-forms. Suppose § € AX is orthogonal to d(AL,); then 0 =< 0,d0f >=<
06,60 > and the previous calculation show that div*# = 0. Together with
Bodiv" = A —2¢, this shows that A2 = A, @kerdiv" as an orthogonal direct
sum. Thus we can always arrange that n = df by subtracting out the duals of
Killing fields.

Once n = df, tracing F'(h) = div* n gives (A — ¢) tr h = —dn. This implies

dn+etrh € AL. But by a theorem of Lichnerowicz (see 12.30 in [5]) the lowest
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positive eigenvalue of A on functions is at least ne/(n — 1), so —etrh = én =

2ef. Thus we are led to try a solution of the form
h=AV’*f+Bfg, n=df

for some constants A and B.

Next we calculate V*V (V2 f)%:
ki _H
9" fijie = 9" (frij + frjiny + Jrag + fuwgje + figen)
= gkl(fklij + (fPRZil)j + fPiRZjl + fkpRZz + (fPRZk)l)

= —V2Af +2eV2f — 2Rm(V2f) + fog" RY,,

Since on an Einstein manifold, ¢7' R;jx = £giy, is parallel, then 0 = ¢/™(R;jkm +
Rijimik + Rijim) shows ¢/ Rijim = 0. Then 0 = ¢"™(Ryjkim + Rikijm + Ritjim)
shows ¢/™ Rjjm is symmetric in k and [, which implies ¢/ Rk = 0.

Thus V*V(V2f) = 2Rm(V2f). We also calculate V*V(fg) = 2efg =
thvn( fg). If we plug the above guess into the deformation equations (4.1), we

get
divh=A(A—¢e)df —Bdf =0 — B=¢cA

trh = (—2cA+nB)f :>/trh:()

F(h) —div'n = —%(n —2)eAVAf — V3f

This determines A and B, and we obtain the form in the statement of the
theorem by rescaling f. The direct sum decomposition now follows from the

linearity of (4.1).

2Here, square brackets around indices indicates an alternating sum of the corresponding
tensor components
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By Richard Hamilton’s work [19], we know the only soliton on S? is the
constant curvature metric. Nevertheless for completeness we include the fol-

lowing

Proposition 4.6 On S™, n > 2, with the standard metric g of constant cur-

vature +1, the only first-order soliton deformations are E-K deformations.

By the proof of 4.5 we can assume n = df and tryh = —2f. So write
h =k — 2fg, where k is traceless. Then F(h) — div*n = 1V*Vk — Rm(k).
Since we have constant curvature, this is %V*Vk+k. Since the rough Laplacian
V*V can only have non-negative eigenvalues, £k = 0. Then 0 = divh = —%df
implies f = 0 as well.

Next we will consider some Einstein manifolds where the first-order defor-

mation spaces can be realized in a concrete fashion.

First-Order Deformations of Symmetric Spaces

Suppose M = G/K is a compact Einstein symmetric space with ¢ > 0. Then it
follows that G is a compact semisimple Lie group and a bi-invariant metric on
G such that the projection 7 : G — M is a Riemannian submersion must be a
negative multiple of the Killing form. (In fact, if we use the metric which is —1
times the Killing form B, the Einstein constant € on G (and M) is exactly 1/2.)

Under a bi-invariant metric the left cosets g KK in G are totally geodesic, so it
follows that the Laplacian on functions commutes with pullback via 7 (see [29]).
The group G acts on C*(M, C) and C*(G, C) by pullback: g f = (Ly-1)*f. If
we use the —B metric on G, the Laplacian exactly coincides with the Casimir

operator for C*(G, C) as a g-module.
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For compact symmetric spaces, there is a one-to-one correspondence be-
tween (G-irreducible components of) eigenspaces of the Laplacian on M =
G/K and irreducible G-modules that are “of class 1”7 with respect to K —
that is, modules which admit a line fixed by K. Indeed, let V be the module
and v € V a vector fixed by K, and let <,> be a G-invariant inner product

on V. Then to a vector w € V we associate the function
pu(gK) =< w,g-v >

which is well-defined on M. The map ¢ : V. — C*(M,C) is equivariant
and nonzero — since ¢, (K) =< v,v > — so is injective. The fact that the
G-modules V fill out all of C*°(M, C) follows from Theorem 8.1 in [29].

So, in order to enumerate symmetric spaces admitting non-trivial soliton
deformations, we should figure out what compact semisimple Lie groups have

irreducible representations with Casimir operator +1.

Lemma 4.7 (Koiso [23], 5.1, 5.2) If g is a simple complex Lie algebra of
compact type then the Casimir operator for any g-module V is greater than
1/8. Moreover, the Casimir operator is +1 if and only if V = g, the adjoint

representation.

Suppose G/K decomposes as a product of irreducible symmetric spaces
G;/K;. (We can pass to a finite cover, if necessary, to do this, and not lose
any eigenfunctions.) It follows from the first assertion of the lemma that a
G-module with Casimir +1 comes from at most two irreducible factors, and,
if two, neither can be of type II. If V = V; ® V5, where V; is an irreducible
G;-module, then one module, say V;, has Casimir operator at most ¢ = 1/2.

By the theorem of Lichnerowicz, the Einstein manifold G1/K; cannot have
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eigenvalue ¢, so V; cannot be class 1 with respect to K;. When one considers
how V splits as a sum of irreducible K-modules, it is clear that V' cannot have
a fixed line. Thus we only need to consider irreducible symmetric spaces; all
other symmetric space deformations with break up as sums of deformations on

the irreducible factors.

When (M, g) is a compact irreducible symmetric space of type I, AL, is
nonzero iff M is hermitian and the corresponding representation is the adjoint
representation. (This follows from the second assertion of the lemma: if g
has a line fixed by K, then that line must lie in the Lie algebra of K; so K
is not semisimple, which is equivalent, by Cor. 8.7.10 in [30], to G/K being
hermitian.) When (M, g) is of type II, AL, is nonzero only when M is G2, G
is G x Go, and V is tensor product of two copies of the seven-dimensional
Go-module (see p. 655 in [23]).

In [23], Koiso used these facts to calculate the space of Einstein deforma-
tions for symmetric spaces of compact type. In the table that follows, we show
how our results compare. For example, we obtain deformations for CP*, n > 2,
while Koiso shows that CP™ is rigid as an Einstein manifold. This is due to
the fact that for h to be an infinitesimal Einstein deformation, the trace of h
must be identically zero. However, in the case of products like CP* x CP¥,
Koiso overcomes this restriction by letting h = V2f, + ¢ fogo, where the f; are

2e-eigenfunctions from CP* and g, is the metric on CP*.
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Einstein- soliton-
space deformable deformable dimM  dim AL,
SU
SOEZ%’ n>2 yes no
2

S;)in?’ n>2 yes no

SUp+q) . :

ifp,g>2 ifp+qg>3 2pg pt+aq)?—1

S < V(0 v

SO(p+2)

2 p+2

SO(p) x S0(2) yes P (*2)

S0(p+a) o
SO(p) x 50O(q)
SO(2n)/U(n) no yes nin—1) (%)
Sp(n)/U(n) no yes nn+1) 2n*+n

Eg
32 78

SO(10)U(1) Ho yes
Es/F), yes 1no

b 54 135
EU (1) no yes
other type I no no
SU(n), n> 2 yes no
Go no yes 14 49
other type II no no

Higher-Order Integrability

We will begin to consider the higher-order integrability by reviewing some stan-

dard material on integrability and obstructions to integrability (see also [5], p.348f).

Suppose we have a smooth curve g(t) through ¢ = ¢(0) in a Banach space

and F is a smooth map to another Banach space. Let

hie = (=) ()] e=o
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d

E¥(hy, ... h) = (—
g( 1, k) (dt

)" E(9)li=0

(The second definition makes sense since the right-hand side only depends

on the first k derivatives of g(t).) Note that EY is polynomial in the h; and

k
linear in hy. A formal power series g + > Ehk at ¢ is said to be a formal

solution to E(g(t)) = 0 if E(g) = 0 and EF(hy,...ht) = 0 for all k. A first-
order deformation h; is formally integrable if it can be extended to a formal
solution.

If the differential E; = E'g1 is surjective then formal integrability is auto-
matic for any h;. This is because we can calculate that E(hi,...h;) =
E}(hi) + P}, where Py depends only on hy,... hg_y. (In particular, P? is
a quadratic in h;.)

If E; does not surject, then suppose some linear operator B,, depending
smoothly on g, kills the image of Egl. If we have solved Eg(hl, ... hj) =0 for
j <k, then By(P¥(hy,... ,hy—1)) = 0. Thus the quotient ker By/im E is the

obstruction space for extending our power series solution.

e In the case of deformations of complex structures, B is 9 : A% (THOM) —
A%2(TYOM), By is 0, and the obstruction space is isomorphic to H?(M, ©),

where O is the sheaf of germs of holomorphic vector fields.

e In the case of deformations of Einstein metrics, the obstruction space is

isomorphic to ker Egl, the space of first-order Einstein deformations.

Proposition 4.8 In the case of soliton deformations of Einstein metrics, the
complement of the image of T,M/ x HI=>(T* M) under the differential of Sol
18

(im Sol,)* = EID &3"(d(AL,)) & R9,
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where EID s the space of Einstein deformations of g, 5% is the adjoint of (3,

and RO are the multiples of g.

In [23], Koiso shows that im(Einlg\kerR ) ® EID = ker 8 ker [ tr. Since
[ troSol =0 then [ tro Soliq = 0, so we can’t have multiples of ¢ in the image.

Since Ein;(g) is at most a multiple of g, we can use Koiso’s result to see that

L
(im Sol')* = (EID ® (kerﬁ m ker / tr) ) ﬂ ker div +Rd.

Now, (ker 8(ker [tr)* = im 3* + RO since  is an underdetermined elliptic
operator. Since § = 2div+d o tr, then * = 2div* +g¢d. It is easy to see
that im §* is disjoint from the multiples of g: if 5*(£) = cg, then tracing gives
(n — 2)6¢ = cn, which implies dé§ = 0 = 06 =0 = c=01ifn # 2, or
¢ = 0 immediately if n = 2. Furthermore, divof*(§) = (A — 2¢)£. Since on an
Einstein manifold we have A2 = kerdiv* &[(AL,) and 3*(kerdiv®) = 0, the

above decomposition follows.

As was just observed, we can at least take B, = f trg. If it happens that
EID is zero then d(AL,) is the obstruction space; for example, second-order
integrability depends on whether or not P?(hy) has any component in d(Af,)

— which we cannot hit.

In the case of symmetric spaces, the above table gives many examples where

the space EID is zero. Moreover, the quadratic P;, restrictied to first order

deformations h; coming from V = AL_, will be a G-module map from S*V to

sections of S*T*M. If S*V has no component isomorphic to V, then P?(h1)
must be orthogonal to d(AL.). By checking how S?V decomposes as a direct

sum of irreducible G-modules, we obtain
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Proposition 4.9 Any first-order soliton deformation is integrable to second
order in the case of SO(p + 2)/SO(p) x SO(2), SO(2n)/U(n), Sp(n)/U(n),
EG/SO(].O)U(]_), E7/E6U(1), and GQ.

This argument does not apply to the complex Grassmannians because, for
G = SU(n), n > 3, the module S?g always has an irreducible component
isomorphic to g. This does not necessarily imply that the deformations are not
integrable to second order. That has to be checked. The case of CP* is the
most tractible, since the gradient of a 2e-eigenfunction is a holomorphic vector
field, and the holomorphic sectional curvature is constant. However, even this

calculation might prove to be rather long — cf. [23], p. 650-652, 663-667.

On the other hand, suppose M is one of the symmetric spaces to which
the above proposition applies, and let V' be the G-module giving rise to the
2e-eigenfunctions. Since we have to solve the equation —FEj](hy) = P, (h1),
and E; is linear, we can assume that hy is drawn from submodules of the
space of sections of S?T*M isomorphic to the irreducible components of S?V.
Now, sz(hl, hy) is a sum of a cubic term in h; and a bilinear term in h; and
hy. If V ® SV has no components isomorphic to V, then P7(hi, hy) will be
orthogonal to the obstruction space and we can integrate to third order. In

fact, we can assume that hs is drawn from V ® S?V. The induction step can

be stated as

Proposition 4.10 Let M and V be as above. If E;f(hl, ooy hy) =0 and hy is
drawn from V, hy from S?V, hy from V & S?V, and so forth, and (2" 'V) ®
S2?V has no components isomorphic to V', then there is an hyy1 drawn from

(@ 1V) ® S*V such that EX*'(hy, ...  hiya) = 0.



59

In view of the rapid growth of (®*'V) ® S2V, it seems unlikely that this
calculation would show integrability to any high order. If it turned out to do
so, it would be a remarkable fact in itself and would provide us with some

evidence for formal integrability of the soliton deformations for that space.



Chapter 5

Constructions of Complete Solitons via
Warped Products

Let (M™,do?) be a compact Einstein manifold with Einstein constant ¢ > 0.
Let df? denote the standard metric of constant curvature +1 on S*, k > 1.
On R™* x M, with radial coordinate ¢, consider the doubly-warped product
metric

ds® = dt* + f(t)?d6* + g(t)*do?, (5.5.1)

where f and g are some functions of the radial coordinate. We wish to construct
Ricci soliton metrics with this special form. Since M could be a symmetric
space, and S* has a lot of symmetry, it makes sense that the Ricci flow should
only move in the radial direction. Matters being so, let us assume that the
vector field X points in the radial direction, and is in fact the gradient of a
function A(t). Then it only remains to solve the equation V2h = Ric(ds?).

As we will see below, this condition leads to a system of second-order ODE
for f, g, and h. We will show that there exists a 1-parameter family of solutions
which give rise to complete Ricci metrics on R x M. In trying to find the

right solutions it will be helpful to “mod out” by the symmetries of the ODE;

60
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our problem will essentially be reduced to examining the trajectories of a vector
field in a phase space of dimension four (dimension three if £ = 1). We will
eliminate a large number of solutions using the following criteria for the metric

(5.1) to be smooth near the copy of M lying over the origin in R

Proposition 5.1 ([4], §8.9) Assume f, g are smooth positive functions de-
fined on an interval (0,7). Then ds* extends to give a smooth positive definite

metric on a neighbourhood of t = 0 if and only if

1. f(t) extends smoothly to an odd function of t with f'(0) =1

2. g(t) extends smoothly to a strictly positive, even function of t.

The ODE and its first integral

First we will derive the ODE from the structure equations for the metric (5.1).
Let w® be a local orthonormal coframe on M and let ® be a local orthonormal
coframe on S*. Then dt, fn®, gw' is an orthonormal coframe for (5.1). If the
matrix-valued Levi-Civita connection forms for w® and n® are W, N respec-
tively, satisfying dw = —W Aw and dn = —N An, then the structure equations

for the new metric are

dt 0 —f''n —g'w dt
dl\ fo | == fm N 0 |~ fn
qw gw 0 w gw

(In this chapter, let a prime denote differentiation by ¢.) These structure
equations give the Levi-Civita connection forms; after calculating the curvature

forms one can obtain the components of the Ricci tensor with respect to the
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(new) coframe:

RH = —ng?// — k’f?l/
> " 1 — 1\2
(ol e ()

N\ 2 " 3,

€ g g f'g
Ri=—-m-1(Z) —L —& Oii.
’ <g2 ( )(9> g fg> ’

Using the fact that h is a function of ¢ alone, we compute
V2h = h'dt? + ff'R'd0* + g¢'W do.

Hence V?h = Ric(ds?) amounts to

( h//_ _ g_”_kf_//
ng /
I f/g/ g 1- (f/)2>
- —h kE— Sl C A
f = =+ 1)( 7 (5.5.2)
2
g e q A
== _(n-— Z) — kil L
L9 4 (n=1) <9) fg g

In order to use Prop. 5.1 we have to know when solutions extend to smooth

odd and even functions of ¢. In this matter we have
Proposition 5.2 Suppose f, g, h are smooth solutions of (5.2) fort >0, and

lim f =0, lim g > 0, lim f' =1,

t—0t t—0t t—0t

1 — ()2 1 pr
and ¢'/f and (k — 1) ( f<2f) ) — hff are bounded for t near zero. Then

f, g, h extend to smooth odd, even and even functions, respectively, satisfying

(5.2).
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By hypothesis we can extend f, g, h to odd, even and even functions which
are C! at t = 0; then it is easy to verify that they are solutions for ¢ < 0
as well. If (5.2) is re-written as a first-order system, as ¢ — 0 the right-hand
side approaches a finite, nonzero limit. (For example, the t-derivative of f
approaches one.) If we think of our solution as a trajectory in a six-dimensional
space (with coordinates f, g, h, f’, ¢', h'), the trajectory approaches a point
where the vector field is nonzero. Thus our solution curve must coincide with
the smooth integral curve through this point guaranteed by standard ODE

theory.

The system (5.2) has a first integral which follows from the Bianchi identity.
Namely, if we substitute VA = Ric into the formula g*(hix — hir;) = hpRY,
and use the second Bianchi identity 2¢" R;x; = ViR for the Ricci tensor, we
get d(Ah) = d((h')?), where the Laplacian has non-negative spectrum. If we

eliminate the second derivatives using (5.2), this first integral implies

!

I'g
2k
nfg

N\ 2 / , ,
tan=1) (L) =2 soun L s Eey-pan () <

for some constant C.

From now on we will assume that € = 1, since we can still scale the Einstein

metric on M as much as we like using the function g.

Modding out by symmetries

In the ODE (5.2), t and h do not not appear. Thus the symmetries include
translation in ¢ and h, but we can also scale f, g and ¢ simultaneously by

the same positive factor. The following quantities are invariant under these
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symmetries:

/
/

r=4q, z:gi, y = gh' +nx + kz, w=2.

f f
(When k£ = 1, we can also scale in f independently of the other coordinates on
the jet space, so only x, y, and z are invariant in this case.) The ODEs implied

by (5.2) for the new coordinates are

( dx

1= 2
9 xy +
gcji—gz = 2(y — nx) — k2*

; (5.5.3)

z

- — — 1Dw?
g =@ —y)+ (k=D

dw

(937 — @2

The quantities z,y, 2z, w were chosen to simplify the first integral: it becomes
y? —na? — k2 —k(k — Dw?* = Cg* +n

In particular, the two-sheeted hyperboloid y* — na? — kz? — k(k — 1)w? = n is
a stable set for (5.3): integral curves that start inside the hyperboloid stay in
the hyperboloid.

Because of the factor g, (5.3) does not give a well-defined dynamical system

in x,y, z, w-space; rather, we have a Pfaffian system

dx dy dz dw

l—ay+a22  z(y—nr)—kz2 zx—y)+k—-Duw? wlx-—2)

Given an integral curve of this differential system, we can obtain a solution to
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the original ODE (5.2) by the quadratures

@ _ xdw
g Plzy)
gdx
dt = ,
P(z,y)
I — (y — nz — kz)dz
P(z,y)

where P(z,y) = 1 — zy + 2?, and we obtain f(¢) by f = g/w. (When k = 1
and w is not available, we have to integrate df /f = zdxz/P(z,y).)

In order for the corresponding metric to extend smoothly across the origin
in R™*, by 5.2 we need w — 00, z — 00, © — 0, and y — 0o as t — 0 on the

curve. In fact, we can compute that

y _ gl +ngd +kef'/f
w 9/f

In order to examine what happens to integral curves at “infinity”, we will

k.

change coordinates to
Y = ﬂ X = \/_f
) Yy
Z=viks W=VEkE-1)=
Yy Yy

In these coordinates we compute

)
5% = X(X2+ 2%~ 1) +aY?
4y
%% = Y(X?+ 2% — aX)
. (5.5.4)
ia = Z(X2+ 2% — 1) + pW?
AW
\ gﬁ — W(X?+ 722 — B2),
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where a = 1/y/n and 8 = 1/vk. We could again regard this as a Pfaffian

system in the variables X,Y,Z W, but instead we will choose a new time

dX dX
coordinate, and replace gt by —, etc. In these coordinates the stable

y dt ds
hyperboloid becomes the sphere X2 +Y? + Z2 + W2 = 1, and in fact we have

Liapunov function:

d%(X2+Y2+ZQ +W?—-1)=2(X*+Y?+ 22+ W? - 1)(X* + Z?).
Ricci-flat metrics and radially symmetric soli-

tons

We will motivate our main calculation by looking at integral curves of (5.3)
and (5.4) lying in stable sets of low dimension.

Setting b/ = 0 in V2h = Ric gives a Ricci-flat metric, and this corresponds
to y = nx + kz in our first set of invariant coordinates. It is easy to verify that
the intersection of the stable hyperboloid with the hyperplane y = nx + kz is
also stable. (To get a compact picture, we will usually think instead in terms
of the stable unit sphere in the XY, Z, W coordinates, and the hyperplane
X/a+ Z/B =1.) Now, when k = 1 we do not have the invariant coordinate
w; but the system we get in the invariant coordinates z,y, z is the same as the
restriction of (5.3) to the stable hyperplane w = 0. Thus when k& = 1 we can
intersect these three hypersurfaces to get a single integral curve that gives rise
to a Ricci-flat metric on an open subset of R* x M. (In fact, it is not difficult
to verify that on the two-sphere given by W = 0 and X? + Y? 4+ 72 = 1,
every integral curve is given by the intersection of the sphere with a 2-plane

through the critical points X = o, Y = £v1—0a?, Z =0, W = 0.) If we
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take the portion of the integral curve with ¥ > 0 and Z > 0, and integrate
the above quadratures, it turns out that ¢ — 0 near the “zenith” point X = 0,
Y =0, Z =1, while t — oo near the equator. In fact this gives the complete
Ricci-flat metric discovered by Bérard-Bergery ([4], §§9.5, 9.6) that is known
as the Riemannian Schwarzschild metric (cf. 9.118 in [5]).

Another stable set is the plane obtained by setting Z and W to zero. Integral
curves in this plane give product metrics on S! x M;, where M, is a warped
product of M over an interval. Since f is constant these metrics cannot close
up in accordance with Prop. 5.2, but we can look at the case when M = S™ and
g goes to zero at one end of the interval. The condition that the soliton metric
on M; can be smoothly extended to R*™ has been studied (for n = 2) by
Bryant [6]. The phase portrait for the system 5.4 restricted to the X, Y-plane

looks like Figure 5.1. Bryant showed that the separatrix that runs from the

Figure 5.1:

critical point with X = a and Y = v/1 — «? to the center of the disc gives rise

to a complete radially symmetric soliton on R¥. The dimension n appears only
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as a parameter in the system, and in fact the same separatrix gives a complete
soliton on R* for all n > 2.

Now consider how the integral curves for the Schwarzschild metric and the
radially symmetric soliton look in the same picture (Figure 5.2) in XY, Z-

space. Since the soliton curve has [ dt unbounded as it approaches the centre

Figure 5.2:

of the sphere, while the Schwarzschild metric closes up nicely as the curve
approaches the zenith of the sphere, it makes sense to look for a curve that
interpolates between these two desirable boundary conditions. At least in the

case k = 1, this was the motivation for what follows.

An interpolating solution

For simplicity we will deal with the case k > 1 first. By Prop. 5.2 we want
Y -0, X -0, f = \/m% — 1 and R — \/1—752 These values for
X,Y, Z W give a critical point of (5.4); if we linearize about this point, we
find the Jacobian of (5.4) has two positive and two negative eigenvalues. Thus
in the unstable manifold of this critical point there is a one-parameter family

of curves that should give rise to metrics that close up nicely near the origin
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in R,

Lemma 5.3 Assumek > 1. Let G denote the one-parameter family of integral
curves of (5.4) that lie in the unstable manifold of the point X =0, Y = 0,
Z =83, R= m, and lie strictly in the interior of the sphere X% +Y? +
72 4+ W? =1, and in the half-space Y > 0. Then curves in & give rise to
solutions of (5.2) that fulfil the conditions of Prop. 5.2.

We will begin by establishing the limiting value of X/Y? as we approach
the critical point along a curve in &. From the equation

dX

— = X(X?+7Z7-1 Y?
7 (X* + )+«

we see that X > 0 along this curve, since the last term is positive; similarly,

d
d—<(1+ﬁ2)X—ay2) = (X2+Z22-1)((1+8) X —aY D) +aY (Y (144))+aX —1)
s
shows that — < _@ for X,Y near zero, since the last term becomes
Y? 1+ 2

negative. Now that we know X/Y? is bounded in absolute value,

dids X X ([ X*4+7*—1 N «
d/dsY?  Y2\X2+272-aX) X2+72-—aX (5.5.5)
shows that X/Y? has the limiting value a//(1 + 3%).1
Since X ~ /(1 + 3?) Y2,
d X(YdX — XdY 2
dg _ X ) C ___vay. (5.5.6)

g Y(X2-Xja+Y?) B(L+3)

!This follows from a recursive form of I'Hépital’s Rule: if f'(z)/¢'(z) = q(z) f(z)/g(z) +
p(x), and f/g is bounded as * — a, and limg(x) is finite and different from 1, then

lim f/g = limp/(1 — q).
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So by integration we can obtain ¢ — ¢ > 0 as Y — 0 along the curve. Next,

dt YdX — XdY Q
g X?—X/a+Y?2 3?2 (5:5.7)

g a\/l—ﬁzgY I z

so we can arrange that ¢ — 0%. Since [ = = = , == =
w

ﬁQW r
V1- 7z and 99 =zw = BFXW
W f ay/1— 32y?

follow immediately except for the last one. We calculate that

all the requirements of Prop. 5.2

(k—1)g* (1_]0#) - gQ% = (k- D) (w® - 2%) —w(y — nx — kz) = nvw

gpwo Z -3 — — /1 -2
+(ﬁ (1 ﬁ)Z)( 2Y2)+ﬁ(ﬂw+ 1 5Z< 2 )

To see that (Z — 3)/Y? and (W — /1 — [32)/Y? are bounded as s — —oc on

the curves in question, we will have to work harder. First of all, for any A > 0,

%(Z_g_ﬂﬂ) = (X*4+Y?-1)(Z-p3-\Y?)

+ AV (20X — X2 - Z2 - 1)+ B(X*+ 22+ W? = 1),

and this shows that Z — 8 — AY?2 < 0 on these curves. Then Z — 3 < 0 implies
—+/1 =% <0, by examining the tangent plane to the unstable manifold

at the critical point. Then, when (Z — £)/Y? and (W — /1 — [3?)/Y? are

non-positive, there exist positive constants ki, ko, k3 such that for s < s,

( ds> <i2yzﬁ> —(1+X°+22—20X —B(Z+ 1)) <(ZX2;/25)

— B +V/T= 5?) (W_ ”1_62> 8%

a?Y? Y?



71

> (1— 5%+ Be™) (Z_ﬁ> — B(2y/1 = 32 — ™) (W_ ” 12_ﬁ2> — Bt

a?Y? a?Y

<—i) (W_ m) — (87 + 7% + X? — 2aX) <W_ m)

ds a?Y? a?Y?
Z -8\ X2
VIR (2 (%) + 33)

> 26° (W_O/l[iﬁj — V1= ((ﬁ—e’“s) (Z‘ﬁ) +k)

2y a?Y?2

Since the exponential terms die out as s — —oo, and the solutions of the linear
ODE for two variables (obtained by ignoring the exponentials) have (Z—(3)/Y?
and (W — /1 — 32)/Y? bounded for as long as they are both negative, we are

done.

Lemma 5.4 Let G be as in Lemma 5.3. Then as s — oo curves in the set S
tend to the center of the sphere X? +Y? 4+ Z? + W? = 1 exponentially, and

give rise to metrics with [ dt unbounded as s — .

Let L = X2+Y?4+Z2+W? then d/ds L = 2(X?+Z?%)(L—1), so L is strictly
decreasing for curves inside the sphere. But since L < 1, d/ds L > 2L(L — 1),
so L — 0 exponentially. Hence, curves approach the center of the sphere
exponentially.

First we will show that X/Y? is bounded on these curves, and has limiting

value «. Since

d X X
EW:OK—W(X2+Z2—QO[X+1)

we see that once X/Y? is non-negative it stays non-negative; combined with

the limiting value obtained in Lemma 5.3, this means X/Y? > 0. Since the
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curves approach the origin only exponentially, there exists a £ > 0 such that

X X
dis (ﬁ - a> < (W - oz) (e — 1) + ae™.

By solving the corresponding one-variable ODE, we see that X/Y? — « stays

bounded. We can apply the mean value theorem? to (5.5) to get

o 5 X 4 (1 X?2+7% -1 X
2(X2+ 72 —aX) | Y2 20X24+ 22 —-aX)) Y2

Multiplying through by X%+ Z% —aX and taking the limit shows lim X/Y? =

§—00

Q.

Next we need to know that Z/Y? is bounded: to see this, note that

ilog (ﬂ—W) =aX —BZ <e*
aY

for some k. It follows that /Y is bounded. Then since

d ( Z Z
%(W) =B+m(zﬁz—x2—z2—1)

we can show Z/W? is bounded by the same argument just used for X/Y?2.
This will enable us to find the limiting value of (X — a¥?)/Y* — i.e. the

next term in the power series of X. First we calculate that

(X2 +722—2aX).

Y4 Y?

d (X —aY?
ds Y4

> = (—1-3(X2+2%)+4aX) (X_—O‘Yz>_ﬁ

2In the proof of the recursive ’'Hopital’s rule, one applies the mean value theorem to get
f(e)(g(x) —gla)) = ¢'(c)(f(x) — f(a)) for some ¢ between = and the limiting value a.
Using the special form assumed for f'/g’, one gets

s =6{Lhra-aenf.

where 6{F} = F(z) — F(c). The rule then follows by letting z — a.
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When (X — aY?)/Y? > 0 there are constants C, ky, ko such that

d (X —aY? X —aY?
= — < (=1 —ki1s - 2 2 —kas
ds( vi >_( +e )( 7 )+a+ce

and when (X — aY?)/Y* < 0 we similarly have

d (X —aY? e [ X —aY? 9 ko
%(T)Z(_l—i_e 1)(T>+2a — Ce ™,

Solving the corresponding one-variable ODEs shows that (X — aY?)/Y* is
bounded. Finally,

dfds (X —aY?) (X —aY? —1 _o X(X?+ 7%
d/ds Y* B Y4 X2+ 272 —aX)) 2Y?2 4AYHX2+ 72 —aX)'

Applying the mean value theorem argument again, one obtains lim (X —

aY?) /Y4t =2a3.
Now we will check the quadratures (5.6) and (5.7). Using the last result,

we find that

and so there is a constant ¢ > 0 such that gY — ¢. Then

dt ay

[ —

g aY?

shows that t — co as Y — 0.

We will now turn to the special case k = 1; hence, we will restrict our
attention to the restriction of (5.4) to the hyperplane W = 0.

If we linearize (5.4) about the zenith of the sphere, the Jacobian has two

positive eigenvalues and one zero eigenvalue. The first two eigenvectors span
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the Y Z plane, while the zero eigenvalue corresponds to moving in the direction
parallel to the X-axis; in fact this is the tangent direction to circle of critical
points of (5.4), given by the intersection of the sphere with the Y = 0 plane.
On the other hand, the Center Manifold Theorem (see [3] §4.2) asserts that
there is a smooth two-dimensional unstable manifold S swept out by integral

curves X (s),Y(s), Z(s) that exponentially approach the zenith as s — —o0.

Lemma 5.5 Assumek = 1. Let & denote the one-parameter family of integral
curves of (5.4) that lie in the unstable manifold of the point X = 0, Y = 0,
Z =1, and lie strictly in the interior of the sphere X? +Y? + 72 = 1, and
in the half-space Y > 0. Then curves in & give rise to solutions of (5.2) that
fulfil the conditions of Prop. 5.2.

As in 5.3 we obtain X/Y? — a/2, g — ¢ >0, and t — 0% as s — —oc0. In
order to compute df / f, we will need to know that (Z—1)/Y? is bounded on the
curves we are interested in. Since the curves approach the zenith exponentially,

and using the fact that Z < 1, there exist ki, ko such that

d\ (Z -1 .y Z-1\ X?
(-8 (25) ot s 22 22 (Z50) -

> ekls (Z};]') _ ekzs

for s tending to —oo. By comparing with a one-variable ODE, we conclude

that (Z —1)/Y? is bounded below.

Now we have
df  Z(YdX - XdY) ay
[ aY(X2—-X/al+Y?) Y
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so that f ~ c¢1Y for some ¢; > 0. Since [’ = f—y, we can choose ¢;/c to
ag

Y

! X h 1-7 X
arrange that f’ — 1. Then since 99 _ 9 < ) and 97 = "% _ T

o f

the rest of the requirements of Prop. 5.2 can be verified immediately.

Lemma 5.6 Let G be as in Lemma 5.5. Then as s — oo curves in the set S
tend to the center of the sphere X2 +Y? 4+ Z% = 1 exponentially, and give rise

to metrics with f dt unbounded as s — 0.

The proof of Lemma 5.4 works here as well, except for getting Z/Y? to be

bounded. For this we just use

d Z Z 2 2 Z —ks

for some k and s large, and compare with the solution of the one-variable ODE.

Theorem 5.7 There exists a one-parameter family of smooth complete Ricci
soliton metrics of the form (5.1) on M x R where M is a compact Einstein
manifold of positive scalar curvature and k > 1. These metrics have positive
Ricci curvature away from t = 0. Metrics in a given family are not equivalent

under diffeomorphisms that preserve the submersion onto R W,

Existence and completeness follows from the previous four lemmas. Recall
that
Ric = V2h = W"dt> + ff'h d6* + gg'h'do?.

We calculate that gh'/y =1 — X/a — Z/3 and

%(1_)(/@—2/5) (X4 22— 1) (1= X/a=Z/B)+1—X>—Y*— 22— W,
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This shows that A’ > 0 for ¢ > 0, and from our calculations above we know
g = x > 0. To see that h” > 0, we calculate that
¢*h" X Z 2

2 2 2 2
e G XY (-2

Let @ stand for the quantity on the right; then

d 2
Q= (X2+Z2—1)Q+(X2+(@—1)22)(1—X2—Y2—Z2—W2)

+ 2(% —D)Y2Z? 4 2R*((1 - Z/B)* + X?)

shows that ¢) > 0 for ¢t > 0.

Given one of these metrics, the origin in the base R ™ is the point over
which the fibres have least volume. The coordinate ¢ measures distance in
R™¥ from the origin. The Einstein constant for the fibres is 1/g(t), and the
k-dimensional volume of the spheres in R ¥ at distance ¢ from the origin is
f(t) up to a universal constant depending on k. When Ric > 0, the value of
h'(t) is also recoverable from the curvature. Thus the geometric data uniquely
determine the integral curve of (5.4), and the last assertion of the theorem is

proved.

Remark 5.8 Since M can be an arbitrary Einstein manifold with ¢ > 0, we do
not have much control over the sectional curvature of the metrics constructed.
In particular, these solitons do not necessarily fall into the domain of Hamil-

ton’s Harnack inequality [20], which assumes non-negative curvature operator.

Remark 5.9 One might generalize our construction (at least in the k = 1
case) in the following way: rather than using M x R¥, let the underlying mani-

fold be a non-trivial complex line bundle over M, where M is now assumed
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to have an almost complex structure for which the Einstein metric is hermi-
tian and the Kahler form is closed. We assume the unit circle bundle has a
Yang-Mills connection, and warp this over an interval to get the metric on
the line bundle. (This is inspired by the construction of Page-like complete
Finstein metrics — see [5], §9.K.) The corresponding ODE for solitons lives
naturally in a five-dimensional phase space. Metrics that close up smoothly
near the origin of the fibre and are complete correspond to integral curves lying
in the intersection of the unstable manifold of one point in phase space and
the stable manifold of another point. If these manifolds intersect transversely,
their intersection is a single curve, giving the Ricci-flat metric obtained by
Bérard-Bergery [4]. So, it seems unlikely that new soliton metrics arise in this

way.

Remark 5.10 For the radially symmetric solitons on R*, n > 3, obtained by
Bryant, the largest eigenvalue of the curvature falls off like the reciprocal of
the distance from the origin and the volume of balls grows only like the radius
to the exponent (n + 1)/2. So these metrics do not satisfy the hypotheses of
Shi’s main theorem [27]. (They had better not, since Shi proves convergence of
the Ricci flow to a flat metric.) In fact, we conjecture that these solitons are
“attractors”, in the sense that if an initial metric on R™ has similar curvature
and volume growth, perhaps the Ricci flow converges to a symmetric soliton.
A first step would be to study the Ricci flow for radially symmetric metrics,

which comes down to a non-linear one-dimensional heat equation.
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