Functional continuity of unital Bj-algebras with orthogonal bases

M. El Azhari

Abstract. Let A be a unital Bp-algebra with an orthogonal basis, then every
multiplicative linear functional on A is continuous. This gives an answer to a
problem posed by Z. Sawon and Z. Wronski.
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I. Preliminaries

A topological algebra is a complex associative algebra which is also a Hausdorff

topological vector space such that the multiplication is separately continuous. A
locally convex algebra is a topological algebra whose topology is determined by
a family of seminorms. A complete metrizable locally convex algebra is called a
By-algebra. The topology of a By-algebra A may be given by a countable family
(Ills)i=1 of seminorms such that [|z[; < [lz]i+1 and [lzyli < [J@/livallylita
for all ¢ > 1 and z,y € A. A multiplicative linear functional on a complex
algebra A is an algebra homomorphism from A to the complex field. Let A be a
topological algebra. M*(A) denotes the set of all nonzero multiplicative linear
functionals on A. M(A) denotes the set of all nonzero continuous multiplicative
linear functionals on A. A seminorm p on A is lower semicontinuous if the set
{z € A:p(x) <1} is closed in A.

Let A be a topological algebra. A sequence (e,)n>1 in A is a basis if for each
x € A there is a unique sequence (a,),>1 of complex numbers such that ¢ =
29 aney. Each linear functional € : A — C, e} (z) = ay, is called a coefficient
functional. If each e} is continuous, the basis (e, )n,>1 is called a Schauder basis.
A basis (ey,)n,>1 is orthogonal if e;e; = §;;e; where d;; is the Kronecker symbol. If
(en)n>1 is an orthogonal basis, then each e} is a multiplicative linear functional
on A. Let A be a topological algebra with an orthogonal basis (e)n>1. If A
has a unity e, then e = X8 ;e,. Let (zx)r be a net in A converging to 0,
since the multiplication is separately continuous, e,z = e} (x)e, — 0 and so
el (z) =, 0. Then each orthogonal basis in a topological algebra is a Schauder
basis. Let f be a multiplicative linear functional on A. If f(e,,) # 0 for some
no > 1, then f(z)f(en,) = f(xen,) = fle), ()en,) = e, () fen,) forallz € A
and therefore f = e}, € M(A). This shows that M(A) = {e;, : n > 1}.

Here we consider unital By-algebras with orthogonal bases. These algebras
were investigated in [3] where we can find examples of such algebras.



II. Results
Proposition IL.1. Let (A, (||.|[;)i>1) be a unital By-algebra with an orthogonal
basis (e, )n>1. Then there exists € A such that the sequence (e}, (x))n>1 is not

bounded.

Proof. Suppose that sup,, |e},(x)] < oo for all x € A. For each z € A, let

|z[| = sup,,>1 [y, (z)], ||| is a lower semicontinuous norm on A since (e,,)n>1 is a
Schauder basis. Let 74 be the topology on A determined by the family (||.|;)i>1
of seminorms. We define a new topology 7 on A described by the norm ||.|| and

the family (|.]];)i>1 of seminorms. The topology 7 is stronger than the topology
74. By Garling’s completeness theorem [1, Theorem 1], (4, 7) is complete. The
topologies 74 and 7 are homeomorphic by the open mapping theorem. Then
there exist i9 > 1 and M > 0 such that ||z|| < M||z|;, for all z € A, hence
1 = lef(en)] < llen]] < Mllenli, for all n > 1. This contradicts the fact that
en —n 0.

Let A be a unital By-algebra with an orthogonal basis (e,)n>1. Sawon and
Wronski [3, Theorem 2.1] proved that if there exists x = 322 ;t,e, € A such
that ¢, € R, t, < tp41 for n > 1 and ¢, — oo, then every multiplicative
linear functional on A is continuous. In the proof, the authors used without
justification that f(z) € R for every f € M*(A) ~ M(A). This fact is not
evident as shown in the following result.

Proposition I1.2. Let A be a unital By-algebra with an orthogonal basis
(en)n>1. If @ = X2 tne, € A such that ¢, € R, t, < tpqq for n > 1 and
t, — 0o, then f(x) € R for all f € M*(A).

[ m

Proof. If f € M(A), f = e} for some n > 1, then f(z) =t, € R. If f
M*(A) \~ M(A), then f(e,) = 0 for all n > 1. Suppose that f(z) ¢ R, f(z) =
a + i with 8 # 0. Since ¢, — oo, there exists ng > 1 such that ¢, > o + |f|
for all n > ng. We define the sequence (s,)n>1 by $p = tp, for 1 < n < ng
and s, = t, for n > ng + 1. It is clear that y = X952 ;spe, € A such that
Sn > a+ |8, sn < Spy1 for n > 1 and s, — oo. Since f(e,) = 0 for all
n > 1, fly) = f(z) = a+if. We have f(|3|"'y) = |87 'a +i|B|~'5, then
7181~y — |8 Lae) = il 1. Set = = |8|"ly — |3 ae = T3, H52e,. The

Sn—& Sn—O 1 _

real sequence ( 1] Jn>1 18 positive increasing and B 9% then z7% =
Yoo, Sjﬁlaen € Aby [3, Theorem 0.1] and f(271) = —i|B|871, s0 f(2+271) = 0.
Setv=z+2"1= E%O:l(sr‘gla + Slﬁ_‘a)en and v, = 5% + slﬁ_‘a for all n > 1.
Since the map g : [1,00) = R, g(z) = =z + %, is increasing and the sequence
(%)nZl C [1,00) is increasing, it follows that (v,,)n>1 is a positive increasing

sequence and v, — 0o. By [3, Theorem 0.1], v~ = £, U%en € A and therefore

f(e) = f(v)f(v=1) = 0. This contradicts the fact that f is nonzero.



The following result is due to Sawon and Wronski [3, p.109], the proof is given
for completeness.

Proposition II.3([3]). Let (A, (||.||:)i>1) be a unital By-algebra with an or-
thogonal basis (e, )n>1. Then the set N of all positive integers can be split into
two disjoint subsets N7 and Ny such that by putting A; = span(e,)nen, and
Ao = span(e,)nen,, we have

(1) A=A & Ay;

(2) if f is a multiplicative linear functional on A such that f ¢ M(A), then
fra, =0.

Proof. By Proposition II.1, there is x = X2 ;t e, € A such that the sequence
(tn)n>1 is not bounded. Then there exists a subsequence (tx, )n>1 Of (tn)n>1
such that [ty | > n? for all n > 1. For each i > 1, there is M; > 0 such that
tnenlli < M; for all n > 1. Let ¢ > 1 and n > 1, n?|lex, |l: < |t |llex, |li =
Itx, ek, |li < M;, then |lex, ||; < n~2M;. This implies that 3% ey, is absolutely

convergent. Let Ay = span{er, : n > 1}, Ay is a unital By-algebra with an
orthogonal basis (ex, )n>1 and X2 nzey, € A since nz|leg, |; < n~2M; for
alli > 1and n > 1. Set Ny = {k, : n > 1}, Ny = N~ Ny and Ay = span{e, :
n € No}. Ay is a Byp-algebra with an orthogonal basis (e, )nen, and the unity
us = e — u; where uy = X% e, is the unity of Ay. Let © € A,z = ze =
x(uritug) = zus+aug € A1j+As, then A = A1 ®A,. If f is a multiplicative linear
functional on A such that f ¢ M(A), f/4, is a multiplicative linear functional
on A; such that f,4,(ex,) = 0 for all n > 1. Since 22 nie, € A, fra, is
continuous on A; by [3, Theorem 2.1] and therefore f,4, = 0.

Sawon and Wronski [3, p.109] posed the following problem:

Problem. Let A be a unital By-algebra with an orthogonal basis (e, )n>1. Does
there exist a maximal subalgebra A = span{e, : n € N;}(N, € N) of A for
which (1) and (2) hold?

Proposition II.4. Let A be a unital By-algebra with an orthogonal basis
(én)n>1- Then the following assertions are equivalent:

(i) A = span{e, : n € N} is a maximal subalgebra of itself for which (1) and
(2) hold;
(i

i1) every multiplicative linear functional on A is continuous.

Proof. (i) = (ii) : Let f be a multiplicative linear functional on A such that
f & M(A), fis zero on A by (i). Then every multiplicative linear functional on
A is continuous.

(#9) = (i) : It is clear that A satisfies (1). Let f be a multiplicative linear
functional on A such that f ¢ M(A), then f is zero on A since f is continuous,
hence A satisfies (2).



Proposition IL.5. Let (t,),>n, be a complex sequence, the following assertions
are equivalent:

( ) n= no‘t _tn+1| < 05
(#4) there exists M > 0 such that [t,| + 342} [ty — tni1| < M for all ¢ > p > ny.

Proof. (i) = (ii) : Let € > 0, there exists ny > ng such that X2 |t —tp1| <€
for every n > ny. let m > n > nq, [ty —tm| < |tn — tnt1]| + oo+ b1 — tm] < e
Then the sequence (t,,)n>n, converges, so there is My > 0 such that |¢,| < M
for all n > ng. Let g > p > no, [t + S22 [t — tny1| < Mo+ 302, [ty — tnga].
(i) = () s Letp > g and g = p1, S5y tn bl < [t byt <
M. Then the sequence (X5, |tn—tn+1])p>n, is positive increasing and bounded,
so it is convergent i.e. 322 |t — tp41] < 00.

n=no

n=ngo

Proposition IL.6. Let (A, (||.|[;)i>1) be a unital By-algebra with an orthogonal
basis (en)n>1. If (tn)n>n, s & complex sequence such that 52 |t, —t,41] < o0,
then 302, t,e, € A.

n=no

Proof. Let ¢ > p > ng, by using the equality t,, = tq—&—ZZ;}L(tk —tgs1) for every
p <n < g, we obtain that X¢_1t,e, = t,(ep+... + €4-1) —1—2?;( —trt1)(ep+
o). Let i 2 1, 158 tnenlls < [tqlllep it eq it SIob e —tasallept .t
exlli < (|tql +EZ;;\tk —trt1]) SUP,<k<q ||ep+ wtegll < Msuppgkgq llep+ ...+
ex||; by Proposition I1.5. Let € > 0, since e = X.2° je,, € A, there is ny > ng such
that [le, 4+ ... + exli < eM ! for ny < p <k, hence sup,<p<, llep + ... +exlli <
eM~! for n; < p < q. Then ||24z 1tne”||i < € for n1 < p < q. This shows that
Yo tnen is convergent in A.

Theorem II.7. Let (A, (||.|l;):>1) be a unital By-algebra with an orthogonal
basis (ep)n>1. Then every multiplicative linear functional on A is continuous.

Proof. By Proposition I1.6, z = 52 1n6n € A. Let f € M*(A) and a = f(x),

then flae —z) = 0. We have ae — 2 = 352, (a — 1)e, = B22,9%=1e,  Let

o« ={neN:n#al}l, 1fof1¢NandI—N\{oF1}if

a‘l € N. Let my = inf{n € N |a\n —1 > 0} and consider the complex

sequence (#)”>ma Let n > Mas Gp—1 — a(n«j].) (an 1)(a1(n+1) 1)° We

have |an — 1| > |aln — 1 and |a(n + 1) = 1| > |a|(n—|— H—-1=lan+ |a| — 1 >
1

|o¢|nf 1. Let n > my, |ajn — 1 > 0, hence T < AT and |a(n+1) 1‘
+1 1

|a|n 1° Consequently |om 1 oc(nn+l | lan—1[la(n+1)— 1| — (|o¢\n 1)2- Then

Y. an=gen € A by Proposition H6 and therefore X, ¢, —"~e, € A. If

ot ¢ Nie I, =N, (ae— )52, L~
a contradiction. If a=! € N, put n, = a~!, then (ae — T)Ynel, sijbn =
Yner,en, hence Yy,cr e, € Ker(f) since ae — x € Ker(f). If e,, € Ker(f),
then e = e,, + Xper,en € Ker(f), a contradiction. Finally f(e,,) # 0 and
therefore f = ej,

en = e, then ae — x is invertible,



Remark. Proposition II.4 and Theorem II.7 give an answer to Sawon and
Wronski’s problem.
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