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Abstract

We consider a more general nonlinear parabolic partial differential equations system
with non homogeneous Neumann boundary conditions. Under some growing conditions
on the non linear term we establish some Carleman type estimates for the solution of the
considered system.
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1 Introduction

Carleman estimates, introduced in 1939 [1] as exponnential weighted energy inequalities for
proving existence and uniqueness of solutions of linear elliptic PDEs, have since been used with
or without succes to some controllabilty of PDEs systems. Particularly, it is well known that
they play an important role for establishing null controllability for parabolic and hyperbolic
PDEs. That is why, a larger number of papers is devoted to Carleman estimates and their
applications. See [4], [5], [3], [7], [10] and the references therein. In addition, it can also be
noted that Carleman estimates have particularly been proved to be useful for the resolution of
inverse problems of some PDEs [6], [11], [12].

Carleman estimates, specifically for problems with inner control depending whether of boundary
condition type, have been proposed in the literature [5], [8] and [9]. It should be noted however
that Carleman type estimates are not easy to obtain. Difficulties can arise when considering
PDEs with nonlinear terms or for problems associated with non homogeneous boundary con-
ditions.

In this paper, we are then concerned with a problem of establishing Carleman estimates for
a nonlinear parabolic equation with non homogeneous Neumann boundary condition. To this
end, we first establish some preliminaries results in section 3, then we prove in section 4 some
useful results concerning Carleman estimates.

2 Problem formulation

Let Q be a bounded domain of R?, (d = 2 or 3) whose boundary is denoted by I'. For given
time parameter 7" > 0, we consider a non linear parabolic partial differential equation

O — V.AVY + F(¥)) =0 in Qp = (0, T) x Q (2.1)
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with following Neumann boundary condition
AVYpn=gon Xr=(0, T)xT (2.2)

and initial condition
¥(0) = 1)y in Q. (2.3)

Here, A denotes a linear operator from R? to R? that satisfies elliptic property:
3C > 0 such that &' A¢ > Cl¢)* V¢ € R (2.4)
Furthermore, we shall assume that the operator A is symmetric, that is
EAn =n'AE YV n, € € R (2.5)

F is a given non linear scalar function of class C! while g and 1), are given functions with some
regularities properties. We shall also assume that

(u—v)(F(u) — F(v)) >0 Yu,v€R (2.6)
and

F(0) = 0. (2.7)

In this paper, we would like to establish some Carleman type inequalities that will be useful to
the following controllability problem: find ¢ solution of the following system equations

—Op+ V.AVo + F(p) =vxe in Qr = (0, T) x Q (2.8)
AVon=gon Xy = (0, T) xT (2.9)
o(T) = o7 in Q (2.10)
such that
©(0) =0 in Q. (2.11)

For a given non empty w C 2, we would like to establish an observability inequality. In fact,
difficulties in establishing Carleman type estimates lies in the presence of the nonlinear term
F(¢) so that additional conditions to this term is required. Also, it should be noticed that the
observability inequality is well known to be very helpfully for establishing the controllability of
the problem (2.8)-(2.11).

3 Preliminary results

Let us consider a function n° of class C?(Q) that satisfies

n° >0 inQ
IVn°(z)] #0 Ve Q~w (3.1)
" =0 onT

where w’ C Q. One can refer to [7, 2] for the existence of n°. In addition, we consider following

weight functions:
alt,r) = (T —t)) " (62/\||77°||oo _ 6A(W||oo+n°(sc)>) (3.2)



and
E(t,7) = (KT — 1)) Ml 462 (3.3)

with A > 0 and where ||.|| denotes a uniform norm. Also, for the sake of simplicity, we shall
sometimes set

A'()=V.AV(.). (3.4)
We easily derive following formulas:

VE = XV(1'), Va=-XV(1°), AVa = - AV(1"),
Alla) = =NEV0").AV(1°) = ANA (n°),

;gf = 2T e T T - 1) e,
5;=:%a@—>>2MMM—T@@—wy%”W“ (3.5)
2 —2((T =) e+ T (T — 1)),
g; = 2((H(T = 1)) + (2t = T)2) (H(T — 1)) 7> A loet?),
8(525) = 4(T -7 €& 2T (HT — 1) €

From which, it is not difficult to see that there exists a positive constant C' ( C' may denote
different constant ) such that for ¢ € (0, T') and for sufficiently larger value of A, we have

O 8§ 0*¢
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< ¢ <ce ()] < CN? :
e < C¢?, =0 52 < e, C¢” and |A'(a)] < CX¢ (3.6)
We now define a sufficiently regular function that is
(t, ) = ey (L, x) (3.7)
for some non negative real s to be chosen later. Such a function obviously satisfies
lim 31, ) = lim G(t, ) = 0. (3.8)

Then, after some calculations, one can see that 1 is solution of (2.1) - (2.3 ) if and only if 1 is
solution of the following equations system:

ajqur 871# 4 e—saF< so@) = PV (a) AV (@) + 25V (@) AV () in (0,7) x O

ot _ -
s (o) + A (qp)
(3.9)
sPAV (@) n + AV (12) n = e*g onXp (3.10)
$(0) = 4(T) = 0. (3.11)
We rewrite the equation (3.9) as follows
L(Y) + G®) =01n (0,T) x Q (3.12)
by setting 5
L) = 58—?1; — s (o) — s*)V (a) AV (a) (3.13)
and 93
G() = % 4 e () — 257 (0) AV (a) - A (7). (3.14)

Next, we shall set (f,g) / /fg

We now establish some preliminary results. Our first result is:
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Proposition 3.1. Assume that 0 < A < Xy and 0 < s < sq for given \g and sy. Then,

under hypotheses (2.5) and (2.6) there exists a positive constant C' such that for every ¢ €
C ([0, T]; L*(Q))N L2 (0,T; HY(Q)) and g € L* (1) we have

(L@, 2 ~Cs¥ [ [ e el - o (/OT [eeewry [1] sZe-%aivw)
_Os3\ (/T/ 536—2saw2+/T/536—2sa|v¢’2>
C’s4/\5/ /54 —2sa2 _ C’S5>\3/ /55 ~2say2
—Cs2)2 / [ e eur () = CsX? / | gemmewr @)
—Cs*N\? | e |y |g|dodt
_OsPN3 / 3622 dor .
o (3.15)

To prove the proposition 3.1 we need following lemmas.

Lemma 3.1. Under hypotheses of the proposition 3.1, there exists a positive constant C' such
that

<L($),?f> > O (sA+s\?) / / €202 — O(s + s2)2) / / B2, (3.16)
Proof. Replacing L(1) by its expression (3.13) one writes
o~ T o9y
w2y = s [N [T 52 ) - [T [ 329 () AT (o).
Knowing that %g% U(t,x) = th_r)x% Y(t, ) = 0 and integrating by parts over (0, T) one obtains
AT gy A IO R o Y (a))
’ 8 8752 3 ot 1) '
We replace A’ (a) and V(«) by theirs expressions in formulas (3.5) to obtain
_ o ~, SN\ 0&
(@), %2y = / /atg 2—*/ /Qw >Av< %)

‘?/0 [ 5 )+ 55 [ 5 (9a) v ().

Using inequalities in (3.6) yealds that there exists a positive constant C' such that

.2 2 o[ [P clornes) [ e [T [ F (0 () av ()
We remark that
2>\2 /2/12 ") AV (1)) :52,\2/:/91;25?5 (v () AV ()

and using again inequalities in (3.6), we obtain:

82/\2/0T/§21/~12€Z§ (V (n()) AV (770>)‘ < 082/\2/()T/§21/~12§3'
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Consequently, it follows
L) > (o) [ [eF-cern [ [
ot T o Jo 0o Jo
for some positive constant C. The lemma is then proved. ]

Lemma 3.2. Under hypotheses of the proposition 3.1, there exists a positive constant C such
that

(L@),eF (2d)) > ~Cls+520) [ [ @eir (eng)
s\ / / Ecm D ().

(3.17)

Proof. We have

Oda ~

(L@ ek (eog)) = s [ / S F ()
—s/ /we “F (e4) A (a)
/ / Do F (4 V () AV (a).

From hypotheses (2.6) and (2.7) one can see that e**¢F (esaw) > 0 and, thanks to (3.6), we
obtain the following estimation:

<C /0 ! /Q EgeF (7).

! . a—(X@Ze_so‘F (esaﬂ)

Thus, we deduce

/ / —@be_so‘F (e*4) > ~Cs /0 ! /Q EJeF ()
Consequently, using (3.5) and (3.6) one finally obtains
(L) e P () > ~Cls+s22) [ : [ e er (=)
T . -
s\ /O /Q edeF ().
Thus, we deduce the inequality (3.17). O

Lemma 3.3. Under hypotheses of the proposition 3.1, there exists a positive constant C' such
that

~25(L(), V (5) AV (@) 2 ~C (2N + 52 </ e ] v o) ‘2>

(22 + 8°0%) <//g3¢) +//§3]v ¢)2>.

(3.18)
Proof. We have

—2$<L(@E),V<i). () = —25/ /—wv

+25/ /@m' Y (a)

+23/ /w ¢) AV ().



Thanks to (3.5) and (3.6), one obtains the following estimation:

[ A= C \IAV )
C)\/D /ng’)\zp(]v

—@DV

IN

Applying Young’s inequality yealds

2o [ G E)ave = —ea([ fef+ [ [er @) o

Also thanks to formulas (3.5), we can write

/ ) [0V (@) AV @)V (8) AV (@) = - [ ' | €9V (1) AV (1) V () AV (i)

Applying Young’s inequality and formulas (3.6) one obtains

//W V($) AV (a) > CS3A3<//§3¢+//§3’V ) (i)

Otherwise,
25 /OT /Q DA (@) V (§).AV (@) = 252X / T/ﬂ ey ( ) AV () (V). AV )
1252)2 /0 /Q PV () AV (1°) A'(1°).

We apply again Young’s inequality and formulas (3.6) to obtain

252/0T/Q1ZA,<05)V(@),AV (a) > 052)\35/ /£¢2+/ /f ‘V " 23 y

_O2)\2 /0 /Q§2¢2+/0 /ng‘v %ZJ 7). i)

Combining (i), (4i), and (iii), we finally obtain
“25(L(W),V (§) AV (@) > —C (823 + 52A?) (/OT/Q?&%/OT/Q?\V(@Z)\Q)

—C (82X + 8°0) (/OT/Q@@H/OT/Q@\V(J)\Q).

This achieves the proof. n

Lemma 3.4. Under hypotheses of the proposition 3.1, we have

L@ (@) 2 o [ [ vl ~cten) [ [ evir
T - T ~12
—C(sA + 85X + sX3 4 520%) (/0 fed+ [ ] vl )
—Csv/E £[9] e’so‘|g|d0dt—C’(s+52)\2)/E & |¢] e > |gldodt
O\ [ dPdodt — CSPN? / 202 dodt.
S X
(3.19)



Proof. We have

—(L(&), - —s/ /*M@z +S/OT/Q¢A’ ) A ()

+s / / DA (§) V (@) AV (a).
The use of Green’s formula gives
(L), A () / /EV@Z)AV —SA/ /atszv
s —¢AV (¢) nds — s / / A (o) V. AV (¢>
s / / DAV (¥ ) + /Z () SAV (D) .ndodt
—s / / VAV (4 Vv (@)
[ [ §AV (3 v (a))

+5° [ V(a).A ()wAv (¢) ndodt.

We assume that this equality can be written in the form —(L(1)), A’ (@E)) = (a)+(b)+ (c)+ (d)
where

(a) = s//—VwAV —s//A’ ) VLAV () — //WAV (¢) ¥ (a) AV (a)

(b) = —s//¢Av —/\// S PAV (9
<c>:—s//¢Av a))

(d) = —s —wAV (w) ndodt + s /E A () AV (D) .ndodt + 5° / V (@) LAV (@) DAV () .ndo

X7 at X

And, we estimate each term of the above expression. From inequalities in formulas (3.6) and
knowing that the operator A is positive, we successively deduce

//—VwAV < c/ /€|V1/)|2

0) VAV ()| < (J/\Q/ /g\w\

< (JAQ/O /{ﬁ\v&f.

0 /Q VAV (4) ¥V (a) LAV (a)

It then follows

@ > ~osn [ [evif ~cls s [* [ @vip ()

To estimate (b) ones first evaluate V (V () .AV («)) . In fact from (3.5), we have
V(V() AV (a)) = NV (EV(1°) AV (1°))
= 2>\2§V( )V (°) AV (n° + X2V (V (n°) AV (n°)))
= 22°V°)V (") LAV (n° + NV (V (n°) LAV ("))
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Thanks to Young inequality and for larger values of A one obtains

<C)\3</ /§¢2+/ /5 \w\)

‘/OT/Q&AV({&). V (a) AV (a

As done previously, we also have

V) §o</OT/Q§2zZ2+/OT/Q§2\v@Z\Q>

so that we can state

(1) = —C(sX +5)) (/OT [ea+ [ [ 52\w7\2) (i)

To estimate (c), we have to evaluate V (A’ («)) . Since
A'(a) = =NEV(1°).AV(n") = MA ("),

we have
V(A () = =X (V). AV(0")) V(') = NN ()Y (1°).
Applying again Young inequality ones finally obtains

(©) > —C(s)\ + s\?) (/ /gw%/ /g\w\) (i)

Also, we know from (3.10) that
AV (@Z) n=e g+ s\AV (770) non .

Then we have

—s —wAv (¢) ndodt = —s —we *ondodt — s\

. » fwmv( )ndadt

sr Ot

s /ET A (o) YAV (12) ndodt = 3/2 A (o) e **gndodt + s°X | A (a) VPAV (770) ndodt

T X

and

s /ZT V (a).AV (o) AV (i) ndodt = s° /2T V (@) AV (a) Ye**gndodt
+55A / V (0) AV (@) P> AV (1) ndod

X

so that we deduce the following inequality:

(d) > —C’s)\z/z £’$‘e_sa|g|dadt—0(s+32)\2)/2 52‘@E’e_so‘|g|dadt—032)\3/2 e dodt

N (i)
—Cs*\3 / £ dodt
Xt

Finally, (¢), (i), (#i7) and (iv) yealds



@+0)+ )+ @) > ~Cs¥ [ [ e|vif —cs+n) [ [ evip

—C(sA + sA? + A% + s°2%) (/OT/Q&Z? +/OT/Q£2 \V&f)
—CS)\Q/E 3 e—sa\g\dadt—0(3+32A2)/E & |¢] e *2|gldodt

—CPN | dodt — CPN | €2)2dodt.
S

X
This achieves the proof. n

Proof of the proposition 3.1. Firstly, replacing ¢ by its expression in (3.7) yealds

vy = |—se—wwa+e—saw\2
< eyl [Val + 25722 [y] [Va [V] + e [Ty[?
< ce%a( 2l [Val® + 25 || [Va| V| + Vo)

and thanks to Young inequality ones obtains

Vi < ce (2l [Vaf + [V P)
< Cee (SN VP + vyl

Secondly, from relations (3.13) and (3.14), we can write

~ - ~

(L)L G@) = (L), 20+ (L), e F (e20)) = 25(L(0), V (§) AV (a)) — (L(D), &' (5))

Thus, using inequalities (3.16) to (3.19) ones obtains

- T
(L), G)) =z =C (SA L e s)\g) /0 /9526_2m¢2
_(O's)\2 /()T/Qée_%a ’vwz
—C (54 822 + A% + )+ 520%) /OT /Q 2e2 |y

T
—C (83)‘2 + 5"\ 4 N+ PN + 54/\4> /0 /g)€4e_zsa¢2
—C(5+ 8*X2 + 82X + 5°)\3) /OT /Q E3e7 252
-C (52>\ + 83)\3) /OT/Q§3€—2sa |Vw|2
T
—C ("N X [ [ ey
T T

~Cls+s2) [ [ @ermour )= 0on? [ [ e opr ()
—C (s + 8A% + A% + 52)\2) /2 275 o] |g|dodt

—C ($PA+ 8207 4 8208 4 $20) / 36252 4o dt.
X



Since we have taken s and A large enough this inequality becomes
<L(1E),G(’LE > CS)\Q/ /E —2sa ’vzm 082)\3 (/ /52 725041/}2 +/ /£2 —2sa |vw’2>

—CN? < /0 [ ge eyt + /O | g3e—28a|v¢12>
T T
—Cs*\d /OT/Q§46_250‘¢2 —035)\3/0 /§2T§56_28a1/12
—ost? [ [ @ermoup () = on? [ [ e ey ()
—ON [ €7 [ul lgldods
GEIC /E @y
This achieves the proof. O

Proposition 3.2. Assume that 0 < A < Ay and 0 < s < sqg for given \g and sy. Then there
exists a positive constant C' such that for every v € C ([0, T]; L*(Q)) N L? (0,T; H(Q)) we have

(@), L) 2 o[ RS [ [ gemy

033)\2/ /546—56% 033/\4/ /53 —say?,

(3.20)

Proof. We have

~ ~ 156

(L), L&) = L@ = IIS{T@D—MEA’(&)—821/7V(Oz)'AV(Oé) I

— 52/ /(a> 152+82/T/152 A () 2+s4/T/Q@52(V(04)-AV(a))2
—23/ / 1/JA' 23// a) AV («a)

+23//A’ )92V (@) AV (a).

(G

Also, for larger value of A, from the last inequality in (3.6), we can write

We know that

(A)” ~ O,

o N N ) ey R

As A is positive defined and satisfies the ellipticity property, we then obtain the following

inequality: . ,
34/0 /9122 (V () AV () > 034)\4/0 /95%2.

|<ov M e

thus

From (3.1), we have

71/12A/
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thus

—25/ / RN (a >—052A2/0T/Qg31;2

In the same way, ones successively obtams
5y2 [T 472
—25/ /—wv AV(a)Z—OsA/O /ﬂg@z)
T _ T -
S [ A(@) 9V (@) AV (@) = —Cs'a [ [ g
We finally deduce
- - T _ T -
I A A A A
242 3,72 342 472
—(O's2\ /OT/szf —Os/\/o /Q§¢
_053A4A /9532/}2‘

For larger values of A and s, we have

2N /0 ! /Q 97 — 5P\ /O ! /Q E392 > —CsP\ /0 ' /Q g3

The proof is then achieved by replacing zl; by its expression. O

and

4 The main result

The main result is given by the theorem below.

Theorem 4.1. Assume that hypotheses (2.4), (2.5), (2.6) and (2.7) hold. Then there exists a
non negative constant C' depending of ), w and T such that for every

pec([o, T L) L (0,T; H'(Q))
solution of (2.1), (2.2) and (2.3) with g € L* (Y1), we have

ot [ eemi i [ eni < oo ([ feemes [ ] eo )
+COs)? / / EIVY* + Cs*A! / / ey
Lo / | e v
+OsN / / ghe2s0y?
oo [ f e
O\ /0 /Q gremo? 4 CsPA3 /0 ' /Q gl
+C's2\2 /;/9526_25‘%}7 ()
+Os\? / / e3P F ()
+Os2A2 / 2e2 || |gldodt
OSN3 / e > dodt
(4.1)
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where C' may denote different constant.

Proof. Knowing that ~ N - .
IL@)” +2(L(), G () + | G@)|” =0
its follows

1L +2(L().G () <0
and combining inequalities (3.15) and (3.20) of propositions (3.1) and (3.2), we deduce

02 L@ +2AL@).C(8)) 2 0N /OT/Q»S%*W+/()T/952e—2sa|w|2>
—C's)\2/0 /Q§|V1/)|2_053)\4/;/9536—23%/)2
_(Os3)\3 /T/ 53672sa|v¢|2
—Cs*\ /(;T/Zf%%%/ﬂ _(Os5)\3 /OT/ £5 250y
—osN [ ' | eemeur @) —cont [ [ eeour ()
_O2)\2 i €272 || |g|dodt
_Os3\3 /ET e~ 22 dodt
+COs*A\* /Oj/S2526—5a¢2+034>\4 /OZ/Q§4€_SQ¢2
—083)\2/0 /Q§46—8a¢2 _083/\3/0 Afge_sa¢2'

This finally implies the inequality (4.1) and the proof is achieved. O

From the above result one can deduce the following estimate.

Corollaire 4.2. Under hypotheses of the theorem (4.1), we have:

T T T
32/\4/0 /9526_5“1/)2 < Os°N° </o /sz§5e_sa¢2+/o /9556—S°“|V1/)|2>
T
OS2\ / /Q 2T Y F (1)
+C0s2)\2 g e [¢] |g|dodt

T

FOPN / e~ 2dodt.
S

(4.2)

Proof. Knowing that &*e=*)? > 0, we have:

T T T
52)\4/ /52673041#2 < 52)\4/ /52678041/124-84)\4/ /54675041/}2
0o Ja o Jo 0o Jo
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and the inequality (4.1) is written

ax [0 [ @yt < oo < [ [eems [F] 52e-2”\w|2>
+CsN? / / ¢|vaf* + ostx / [ ey
+CsPN? / | ez vyl
+Cs'A7 /0 [ gteeyrosxt | g [ ey
+COs°N? / i [ gtemen e osint [0 ] gremay?
+Cs2\? / | e eur )

0N / / e F ()
42\ / 20250 |y | g|dordt
S

HOSN / 36202 o dt
S

Note that the first five terms of the second member of the inequality below may be absorbed

T T
by the term C's°\° (/ / E5e5)? +/ / £S5 |V@/}|2> so that one gets
0o Ja 0o Ja

$2\1 /OT/Q§2esaw2 < O8N (/T/ £5esaw2+/0T/Q€5esa’vw’2>
—i—C’sQ)\Q/ /52 ~2say, 1 (4h)

oD / / 6B (1))
+052)\2/E €262 | |gldodt

OSN3 / e~ 22 dodt.
X

T
The corollary is established by noting that the term s\? / / £e7 %% F (1) can be absorbed
0o Jo

T
by the term 32)\2/ / £2e 2% F (¢) and that e=25* < e™5@, ]
0 Jo

Next, to obtain the observability inequality type, we will refer to [4] to the state that for every
Y eC ([0, T]; LA(Q))NL* (0, T; H'(Q)) and thanks to the property (3.1), the term

55 (/OT/SZ€5€_Sa¢2+/0T/Q€56_8a|v¢|2>

T
can be absorbed by Cs®\® / / 572, Consequently, we have the following result.
0 w

Theorem 4.3. There is a positive constant C' depending on T, §2 et w such that

24 /()T/Q§2€_Sa¢2 < C <32)\2 /T/ e YF () + $°N° /()T/0J556_8aw2 (4.3)

4202 / £2e59 |y |g|dodt + s*)3 /E §3e_sa¢2dadt).
T
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